
GOALS Free Prob Lecture It
Connections between free classical probability.

D

Ihm: Wigner (55) : for each new, let An be a self-adjant"NW random matrix with
entries Aij Satisfying
-

· Ajj Hij
·IfiticReCAii), FuCAi;) are independent Gaussians of varie It
Air is a real Gassion of Variance
· for 155

,
entres Aij are classically independent.

Then An converges to the semicircles liv of varisse 1 i. f.
↓ EOTr(An*)-> e(X&) whe xe,e) is semicinal of Varie 1.
Voiculesch upgraded this result to "Greeness"

#hm Voiculescu (1851 : Let &An(s)/sts] be a family of independent Gaussian random matrices
i
.

e. each Anls) has entries distributed as An above ESANIS))ij isi,Se5] are independent.
then : [Ans) converses indistribution to a gree semicircular family Ess i

. e . XstAe) frecemirc (1)

&tr(Ap(s) ---An(s)ge(Xsi - Xsm)
Furthermore [Aw(Si)) are "asymptotically free" from the algebra of diagal matrices.



comment : This shows that the free Semisicular lar has metrical microstates i. e . the lar of Exsises is

approximated by that of matrices.
Cannes Embedding (recently proven false) asks whether any generating set Exibits in any# factor has matrical
microstates. No explicit counterexample has been found.

Byef : A circular element in (A
,
e)
, X
,
is one whe rely) simly) are free-semisivlar of the same variance.

: Suppose (By(ses is a family of lat) self-adjant complex matrices sit.

· Rerb)
,Fulrif) are independent Gaussians of varie it

&

-

· EBw(s)ijliges3 is a classically indemacht family.

Then EBNIS)S converses to a free circular family EYgises of variane I
: Note Bils-Buls)" satisfy condition of voiciles's these

2 2 ;



Applications to the structure of free grap factors :

Lemma : #f X (A,e) is semicircular pe(A,e) is a projection that is free from X
, then is

semicircle. in (pAp,ete)
I : Madel X as a lit of An abou Ep by the matricIwe ne

x )
The exp is modeled by MINMIN) self adiant Gaussin matrix of the appropriate variancea

Lemma : Let EX(is)/Sin3 sts) be a free semicirc family Exliis)15iajam , seSJ

be a free Circular family· From Sme X's in (At)
.

In (AQMn
,
extr) set

Y(th,5)
*

*(
(

Then EXses is a free semiciralar fanly

# a is a normal element free fraElissCliis))the



i use matrix models Approx X(is) by Self-adiant Gaussian matrices
x(iciss) by Gassion iatrices.

Xs is approxucted by a self-adiant Gaussian matrix,

Model a by a diagonal mentrix. Then theabare matrix is also a diagal
Matrix

Prop : (As)y= L(f(n2(1S1 -1) + 1))
Sketch of Pf for N=2 S=21

,
23 :

Model LCF) by :[ ] My Free
, XX-Smicia Y Ciral,

Luvy for u a Hear Unitary freefe XXX. By examining spect projecti,as

2)of [0] are in this UN, hence so e[]



Polar decomp of yis Yirb v Haar unitary &b diffice . E both free

So geti [U0] C JJ (0)(0] The generat is

S S
under 2 sel [u0)(vi) () o][VOT
which generate ((45) (5= 4(2-1)

can use idea to develop L()+LAH(t)

See Dykena's "Interpolated free groups


