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Goals

» A simple and natural way to compare densities with
unnormalized /unbalanced total mass.

S. Osher M. Puthawala



http://www.math.ucla.edu/~mputhawala/

Distance among histograms

Measuring the closeness among density functions (histograms) plays
crucial roles in applications, such as

> Image processing and Inverse problems (Li et. al 2018, Yang et.al
2018, Puthawala et.al. 2018);

» Machine learning (Lin et. al 2018);
> Mean field games (Chow et. al 2018).

e Probability distributions and histograms
— Images, vision, graphics and machine learning
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Transport Distance

Optimal transport provides a particular distance (W) among histograms,
which relies on the distance on sample spaces (ground cost c).

Denote Xg ~ p® = d,,, X1 ~ p! = d,,. Compare

W (p°, ph) inf // c(x,y)m(x,y)dxdy = c(xg, x1);
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Goals: Unnormalized Transport

Main Questions
In real applications such as inverse problems and image processing, one
needs to measure unnormalized /unbalanced densities.
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Solutions:
We propose a simple and natural modification of optimal transport to

compare unnormalized /unbalanced densities, and introduce an efficient
numerical scheme.
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Compared to the above approaches, unnormalized OT has a closed-form

Unnormalized Monge-Ampere equation,

is able to be solved by a very simple and efficient Primal-Dual algorithm
(Chambolle-Pock).



Optimal transport

What is the optimal way to move or transport the mountain with shape
X, density pY(z) to another shape Y with density p'(y)?

The optimal transport problem was first introduced by Monge in 1781,
relaxed by Kantorovich by 1940. It introduces a particular metric on
probability set. In literatures, the problem is often named Earth Mover's
distance, Monge-Kantorovich problem and Wasserstein metric, etc.



Normalized Optimal Transport

Balanced case

/ o (2)dir — / oo () d.
reA T(x)eA

where T is a smooth one to one map on R%:

det(VT'(2))p1(T'(x)) = po(x),

This is called the Jacobian equation underdetermined.



LP Monge—Kantorovich—\Wasserstein distance

Given two measures p°, p! with equal mass. Consider

(Wy(po, p1))” = inf / & — T(@)|P po()dz

where the infimum is among all transport maps T, which transfers p"(x)
to pl(x), i.e.

po(@) = p1 (T(x))det(VT ()
The minimizer T' is the optimal transfer, which solves L?
Monge-Kantorovich problem.



Monge—Ampere equation

Brenier showed for p = 2, uniqueness of optimal transfer T°, such that
T(x) =V (x).

This means
det(HessWU (x))p1 (VY (x)) = po(x).

It I1s the Monge-Ampere equation, which is hard to solve directly.
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Dynamical formulation
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Benamou—Brenier

The distance has an important fluid dynamics formulation
(Benamou-Brenier 2000). Then the square of L? Kantorovich distance
satisfies

(Wa(po, p1))? = in / / ot 2)|2p(t, x)dedt |

PV

where infimum runs over the continuity equation, such that

Oipt +V - (pv) =0, po=po, p1=p1.
Here the minimizer satisfies
v(t,z) = VO(t,x),

and

) 1 ,
5 2(t) + S[Ve(t,z)|* =o.

We shall focus on this formulation, and further propose an extension.
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Unnormalized Optimal Transport

Define

UW, (1o, ,ulp—mf/ /Hvthp (¢, x)dxdt + — /\f )|Pdt - |

U,y f

such that the dynamical constraint: the unnormalized continuity equation
holds

Op(t, x) +V - (u(t, z)o(t, ) = f(2),
with
#(0,2) = po(z), p(l,z) = p(z).

In this talk, we mainly consider p =1, 2.
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Snowing and melting

The source function f(t) introduce the precisely co-dimensional one
variation into the density space.
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New metric
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FIGURE 2. A plot of the asymptotic behavior of UW5 in a with balanced
and unbalanced inputs. Balanced: (A) UWa(pp, p1;), (B) f/(¢; ), (C)
®’(t, z; @), and unbalanced: (D) UWa2(po, p1; @), (E) f(t; a), (F) ®(t, z; a).



Unnormalized ! Wasserstein metric

Let p = 1:

UW (110, 11) = inf //HvHudde— / F()|dt - |

v, f(t)
O + V- (pv) =
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Time independent solution

Denote

with the fact

/01 f(ydt =c= ’—;2’(/9#1(1:)@; _ /Quo(ai)dx).

then by Jensen’s inequality and integrating the time variable ¢, we obtain

UW1 (10, 1)

~inf /Hm o+ | [ nofw)do— [ noda]

1 () — piolz) + V- miz) = \m(/ <>da:—/Quo<x>d:c)}.
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Closed form solution

In one space dimension on the interval Q = [0, 1], the L unnormalized
Wasserstein metric has the following explicit solution:

UW1 (po, pi1) /‘/ p1(y)dy — / o(y)dy—aﬁ/Q(M(Z)—uo(Z))dz dx
E(|/Q (= )dz—/ O(Z)dz).
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Algorithm

In high dimensional sample space, the L; unnormalized OT problem
forms

minimize ||m|12 subject to div(m)+pu' —pu’ =c.

It is a particular example of compressed sensing. It can be solved easily
by Primal-Dual algorithm (Chambolle and Pock).
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Primal-Dual updates

Consider the Lagrangian of UOT:

L(m, @) = //um\|+<1><dw< )+ 1 — 10)d.

where ®(t, x) is the Lagrange multiplier of the unnormalized continuity
equation. The primal-dual update forms

)
mF (¢, z) —arglnf L+ —/ / Im(t, z) — m®(t, z)||*dxdt

27’1

OFTL(t x) —argsup L — —/ / (¢, ) — P*(t, x)||>dedt

\

where m, ® are taking the gradient descent, ascent directions
respectively, with 71, 7o being the stepsizes.
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Algorithm: 2 line codes

Primal-dual method

For k=1,2,--- Iterates until convergence

mPT1 = shrink(m” + uV®*, u) :

OrFTL = ®F + 7{div(2m* Tt — mF) + pt —p¥ + ¢} ;
End

il

Here the shrink operator for the ground metric

shrink(y, a) := H ]

max{||y|| — a,0} , where y € R? .
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Examples
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FIGURE 5. Plots of the pg, p1 and m(x) for UW1(po, p1) for the two gauss-
ian movement (A) po, (B) p1, (C) m(z) and two (D) po, (E) p1, (F) m(z).
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Let p = 2:

tmmwul—g%b//Ww%wﬁ+ /fw%th

Unnormalized L? Wasserstein metric

O+ - (o) = £(1)}.
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Minimizer system

The minimizer (v(t,x), u(t,x), f(t)) for UOT problem satisfies

o(t, 7) = VO(t, ), f(t):aﬁ [ (t,a)dn

and

Ou(t ) + V - (ult, ) V(L 7)) = aﬁ (t,a)io

1

p(0,2) = po(z),  p(l,z) = pi(z).
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Unnormalized Monge-Ampere equation

Denote

U(z) = 5 ||z[|* + (0, 2),

—+ Do

Following the Hopf-Lax formula, the minimizer of unnormalized OT

satisfies

(1, V¥(2))Det(V2¥(z)) — (0, z)
:oz/1 Det (tV2\IJ(x) + (1 — t)]I)-

/Q(‘I’(y)— Hyzuz : tuw(yz)—yr|2)Det(N2q,(y)+(1_t)ﬂ)dydt.
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Unnormalized Kantorovich problem

5UWa (0. ) =sup { [ (L o)u(ta)dz = | (0.0)u(0,2)ds

_ %/01 (/QCI)(t,m)d:c)2dt}

where the supremum is taken among all ®: [0, 1] — € satisfying

1
0:(t,) + 5| VO(t,z)|* < 0.
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Algorithm

Denote m(t, ) = u(t, z)v(t,x). Consider the Lagrangian of UOT:

1

Q
/ / (¢, x) 315# (t,x)+ V- -m(t,x) — f(t))dxdt,

where ®(t, x) is the Lagrange multiplier of the unnormalized continuity
equation. This formulation allows us to apply the primal dual algorithm
for

inf sup L(m, u, f, P).
m,u f,(I)
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Primal-Dual updates

( 1 1
mF (¢, z) =arginf £+ —/ / Im(t, z) — m®(t, z)||*dzdt

(¢, ) —argmf L+ —/ / 1t ) — p®(t, z)||*dadt
P () =argint £+ - / 1£(8) — 15 ()] Pt
OF (¢ 1) —argsup L — —/ / (¢, ) — P*(t, x)||>dedt

(maﬂaf):( k+17 k+17fk+1 7/’6 fk)



Algorithm

Algorithm: Primal-Dual method for Unnormalized OT

NS oo s W b=

For k =1,2,--- lterate until convergence

pk(t,x)+11
k2
pEri(t, z) = arginf,, (W — 0P pu+ 5| — m?) (t, x);
fEri) = P (71 Jo, @(t, x)dx + f"’(t))

b (1) = gt G (n V(@) + mh (1))

O (L, ) = BF (L, a:)+72(atuk+1( 2) + V-t x) — f(t));

(W, fi, f) = 2(mPHL k1] Ry — (mk k) R,
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FIGURE 3. Plots of the wu(t,z,y) and f(t) for UWs(pg,p1). (A)

p#(0.00,z,y), (B) u(0.21,z,y), (C) p(0.50,z,y), (D) pn(0.79,z,y), (E)
#(1.00,z,y), (F) f(t).
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Example ||
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FIGURE 4. Plots of the wu(t,z,y) and f(t) for UWa(po,p1). (A)
1(0.00,z,y), (B) w(0.21,z,y), (C) w(0.50,z,y), (D) w(0.79,z,y), (E)
#(1.00,z,y), (F) f(t).
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Discussions

The unnormalized OT opens many interesting fields:

>

>
>
>
>

Finding closed-form solutions of unnormalized OT;
Modeling inverse problem via unnormalized OT;
Geometric properties of unnormalized OT;
Gradient flows via unnormalized OT;

Mean field games and control problems in unnormalized density
space.
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