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2. Tukey’s median
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AN Example

coordinatewise Tukey'’s
median median
1
breakdown point — %
convergence rate P p
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convergence rate p 2 p 2
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[CGR15]
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X 4 1 n 1 n N
0 = arg max min { — Hu! X, >ulnt A= ol X <ot >
gnE]R}gHuH:l n; { ’ 77} n; { b= 77}

RS T T
= arg max min — E {u" X; > u n}.
NERP |Jul|=1 1 =

[Tukey, 1975]
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Regression Deptn

model y| X ~ N(X1B, 0%
embedding Xyl X ~ N XX1B, 02 XX
projection w Xyl X ~ Nu' XX18,0%u! XX u)

\

( n n
A 1 1
—argmax min < — > Hu! X;i(y; — XIn)>00A =Y Hu! Xi(y; — Xin) <0}
B gmax min \”;—1: {u! Xi(ys = XJ'm) > 0} A = ) T{u' Xi(yi — X'p) < 0}

1=1 y

[Rousseeuw & Hubert, 1999]



Tukey’s depth Is not a special
case of regression depth.
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B € RP*™

population version:
D(B,P) =inf P{(U'X,Y —B"X) >0
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empirical version:

EESUINNS & o Ty v _ BTy,
D(B,{(XZ,YZ)}Z.:l)_nl}fn;]l{<U X;,Y; — BTX;) > 0}

[Mizera, 2002]
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_ T _ pT
D(B,P)_lgfp{w X,Y —-B'X)>0}

p=1,X=1¢€ckR,
D(b,P) =inf P {u' (Y —b) > 0}
m =1,

D(B,P) = inf P "X (y— 8"'X) >0}
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Proposmon For any 5 > ()

loa(1/0)
sup  |D(B,P,) BIP’|<C\/pm \/Og /9)
BeRpXxm

‘with probability at least 1 —25. |

Proposition. fv,

sup |D(B, (1 — €)Pp~ + €Q) — D(B, Pp+)| <
B,Q
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(X,Y)~Pg: X ~N(0,%), Y|X~ N(B'X,o%l,)

(X17Y1)7 e (Xnay’n) ™~ (1 - E)PB T EQ

‘Theorem [G17]. For some C > 0, |

S

Tr((B — B)TS(B — B)) < Co? (% y 62) |

2
1B — BHF<C (@VE)
T

‘with high probability uniformly over B,Q.
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X1,..,. X0~ (1—=¢)N(0,X2) + €Q.
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Covarlance Matrix

{X;}* 1) = min min «

lul[=1
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Covarlance Matrix

DI { X} ) = ”thn min ¢ — Z]I{MTX 2> ulTu}, - ZH{\uTX 2 < u'Tu}
ul|=1

\

I'=argmaxD(, {Xi}im) S =T/8




Covarlance Matrix

DI, {X;} ) = ”H|1|1n min ¢ — Z]I{MTX 2> ulTu}, - ZH{\UTX 2 < u'Tu}
ul|=1

\

\’L]. zl J

[' = arg I%lf}g)ip( AXitiz) Y =T/p

‘Theorem [CGR15]. For some C > 0,

ISz <c(Lve
op n
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Computational Challenges

X1,y Xy~ (1= €)N(8, 1) + €Q.

Lal, Rao, Vempala
Diakonikolas, Kamath, Kane, Li, Moitra, Stewart
Collier and Dalalyan
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Advantages of Tukey Median

- A well-defined objective function
- Does not need to know €
- Does not need to know ).

- Optimal for any elliptical distribution



A practically good algorithm?®
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f-divergence Df(P||Q):/f<§) dQ

flu) = Sgp(tu — (1))



f-Learning

variational
representation

= sup |
T

)i
q

f-divergence Df(P||Q):/f<Z_9

":XNPT(X) — It




f-Learning

f-divergence D;(P|Q) = / f <1_9
varlatlonql _ sup [Ex_pT(X) — E
representation T

optimal T T(x) = f <p($




f-Learning

f-divergence Df(P||Q):/f<§) dQ

variationql — sup [ExpT(X) — Ex~of (T(X))]
representation T
_ o (p(@)
optimal T @) =1\ 4@

[Nguyen, Wainwright, Jordan]



f-Learning

f-divergence Df(PHQ):/f(]_?

)i
q

variational  _ . 7(x)_E

representation T

= sup 4 Expf (jggg) —Ex~of” (f/ (




f-Learning

%ZT(XZ-) —/f* (T)dQ ¢
\ 1=1 J

(i (89)-/r (@)




f-Learning

‘n \
1
' ~N"1(X,) — | (1) d
IIlelIlmea,Xini:l (X;) /f (1) dQ

min max (l ~ —Q(Xi)>_ *( /(@)) |
Qch}eaQin;f (Q(Xi) /f v dQ/




f-Learning

QeQ TeT

f-GAN min max < %ZT(X’L) — /f* (T') d@ ¢

\ 1=1

| (1 & G(X:)
_ g min max { — / (
f-Learning Q€0 Oeo n;f q(X;)

)-[r ()=




f-Learning

f-GAN min max < %ZT(X’L) — /f* (T') d@ ¢

QeQ TET

eaming g {15 (35) - [ (7 (1))

Qe QQQ

[Nowozin, Cseke, Tomioka]
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f-Learning

Jensen-Shannon f(z) = zlogz — (z + 1) log(z + 1) GAN

Kullback-Leibler flz) =xlogx MLE
Hellinger Squared flz)=2-2yx (related to) rho

Total Variation flz)=(z—1), depth

[Goodfellow et al., Baraud and Birge]



T'V-Learning

4 )

1 e [ §(X; ;
minrpazﬂ—g H{M21}—Q<g21>>
Q€Q geg | 1 “ q(Xi) q )

[Yatracos, 1985]
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| (1S (G(X0) } (g )
min max { = 1[{—21 —QlIx>1
€Q QcO \nz (J(Xi) q )
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1§ X ~
minrpag<—2ﬂ{q : 21}—Q<g21>
Q€L Qe | 1! q(X5) q




T'V-Learning

| 1 [ (X)) } (c’i )
mmmax<—§ I[{ >1,—Ql=>1],
QEQ e | 1 q(X;) q

\ 1=1 /

0={N@.1,):0eR} Q={N(@.1,):6 €N ()]

r— 0

1 T+ T
Tukey depth rglgg“gﬂllglgz;ﬂ{u Xi > u'0}

1=
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| (1S (G(X0) } (g )
min max { = 1[{—21 —QlIx>1
€Q QcO \nz (J(Xi) q )




T'V-Learning

1 (d(X) ; \
min max 4 — I - >1}— <Q>1
Q€Q Qe n; {(J(Xi) N “\a=)]

/

0 = {N(o, N): % e RPXP} O — {N(o, )5 =%+ rudd, |ul| = 1}




T'V-Learning

(1S [G(X; ; \
min max < —ZH{Q( ) 21}_@(@ Zl) >
QEQ@eg | n = La(Xi) q

/

0 = {N(o, N): % e RPXP} O — {N(o, )5 =%+ rudd, |ul| = 1}

*—m



T'V-Learning

(1 [ 3(X) i_ .\
min max < EZH{Q(XQ 21}—@(5 Zl) 5

QREQ OcO

(related to)
matrix depth

max min {(i Z]I{\uTX \2 < uTZu} P(Xl <1 ) A ( En:]lﬂuTX ]2 > uTEu} P(Xl > 1))}

> =1
ol — —
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- argmin sup | — E
n wpb |NE 14 emwtXimb Tl

logistic regression classifier

‘Theorem [GLYZ18]. For some C > 0, f-
[f-0*<c(tve)

n

'with high probability uniformly over 6 e R?,Q.



TV-GAN

very hard to optimize!
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JS-GAN

- 1"

¢ = argmin max | — E logT'(X;) + Eylog(l —T(X))
n
| =1

numerical
experiment

neRP

TeT

X1, Xp ~ (1= €)N(0,1,) + eN (0, I,)

+ log 4



= i "N log T(X;) + E, log(1 — T(X log 4
Argmin o ~ ) _log T(X;) + Eylog(1 — T(X)) | +log

numerical

: X1, ... X~ (1—€)N(,1I,) + eN(6, 1)
experiment g g

7 [ t\\"':
(4
X TR

PORAX
N
XONE

RSo S ‘

S
AN




~ 1
= =S log T(X;) + By log(l — T(X log 4
Ege%l;nr%lg;s nz og T'(X;) + Eylog( (X))| + log

numerical
experiment
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Ege%l;nr%lg;s nz og T'(X;) + Eylog( (X))| + log

numerical
experiment
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A classifier with hidden layers leads to robustness. Why?

| |
y T Qlog =%

JS4(P, Q) = max _P log T —rx

- log 4.




JS-GAN

A classifier with hidden layers leads to robustness. Why?

JS,(P = Pl |
9( 7@) gé?&}g _ Ogl—l—e_ng(X) @logl—l—ewT

- log 4.

JS,(P,Q) = 0 <= Pg(X) = Qq(X)



JS-GAN

é’\ argmin max | — log T(X —I—E log(1l —T(X + log 4
ngeRp max Z g g(1 —T(X))| +log

Theorem [GLYZ1 8] For a neural netvvork
.class T with at least one hidden layer and
‘appropna.e regularization, we have

| , c + € (indicator/sigmoid/ramp)

L SR

: plng
n

with high probability uniformly over o <®.Q. |

- € (ReLU after top two layers) f
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unknown

covariance? X1, Xp~ (1 —€)N(0,2) + e

h.3 "N logT(X;) +E _
(6,%) = Argmin pax nz og T(X;) + Exun(yr log(l — T(X))




unknown

JS-GAN

X1,y X~ (1= €)N(0,%) + €Q

covariance?

(0,%) =

argmin max

— log T'(X
TeT Zog(

n,I’

5

+ Ex @ log(l —T(X))

no need to change the discriminator class
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= argmin max
T TeT

JS-GAN

P
- Z logT'(X;) + Exn(o,r)log(l —T(X))
=1




S — ' =N og T(X;) + Ex o log(1 — T(X
argmin max n; 0g T(X;) + Exn(or log(l — T(X))

sigmoid

7/ sigmoid
\“:1'2"-

A

AN
SO\
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argmin max n; 0g T(X;) + Exn(or log(l — T(X))

sigmoid
7 7% sigmoid
BTN ™

L\
at
AW

optimal for mean estimation




S — ' =N og T(X;) + Ex o log(1 — T(X
argmin max n; 0g T(X;) + Exn(or log(l — T(X))

sigmoid

optimal for mean estimation
but inconsistent for
covariance estimation




~ 1
Y, = argmin max | — log T
gr T€7}S mn Z 05

sigmoid

7 7% sigmoid
t‘:ﬁ"-"-

L\
ERE
T\

e

optimal for mean estimation
but inconsistent for
covariance estimation




> = argmin max | — Z logT'(X;) + Exn(o,r)log(l —T(X))

T TeT [N 4
L =1

sigmoid

7 7 sigmoid
t‘:ﬁ"-"-

L\
RSy

X

optimal for mean estimation
but inconsistent for
covariance estimation

optimal without contamination




> = argmin max | — Z logT'(X;) + Exn(o,r)log(l —T(X))

T TeT [N 4
L =1

sigmoid

7 7 sigmoid

A

N\
SO\

optimal for mean estimation
but inconsistent for
covariance estimation

optimal without contamination
but not robust
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>, = argmin max
T TeT

sigmoid

add an extra intercept neuron

T

Z logT'(X;) + Exn(o,r)log(l —T(X))
i—1




>

= argmin max
T TeT

sigmoid

T

Z log T'(X;) + Ex~n(o,r) log(l — T(X))

1=1

add an extra intercept neuron

-
e o
S sigmoid
WK
XA
5 e
/’Q; N b,
oW
R
o

add an extra sigmoid layer




JS-GAN

. 1"
S ' SN log T(X;) + E log(1 — T(X
argmin max n; 0g T(X;) + Exno,r) log( (X))

‘Theorem [GYZ19]. For the above two
‘neural network classes, we have *

p + €2 (2-layer sigmoid with intercept) :

IS —x2 < {n
i lop S plogp
T

- € (3-layer RelLU)
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