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1.  Multiscale structure and equivariance



Feed-forward Neural Networks
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Common choice of nonlinearity:

�ReLU(z) = max(0, x)
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Activation Functions

ReLU
(Rectified Linear Unit)

- Computes f(x) = max(0,x)

- Does not saturate (in +region)
- Very computationally efficient
- Converges much faster than 

sigmoid/tanh in practice (e.g. 6x)
- Actually more biologically plausible 

than sigmoid

- Not zero-centered output
- An annoyance:

hint: what is the gradient when x < 0?
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Convolutional Neural Networks

�`(f`�1) = (f`�1 ⇤ g`)(x) =
X

y2Z2

f`�1(x� y) g`(y)
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Filter at layer 
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Receptive domain 
(effective receptive field)
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Equivariance to translations



Steerability
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Equivariance (covariance)
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[Cohen & Welling, 2016]



What is the analog of convolutions on 
graphs?



2.  Theory



f`�1

f`

How do we generalize convolution to the 
action of general (compact) groups?



Tg
<latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit>

x

<latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit>

[Cohen, Geiger, Köhler & Welling, 2018]





Group actions

1. Our function lives on a space X
<latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit>

f : X ! C
<latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit>

X
<latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit>

2. We have a group      acting on G
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x 7! Tg(x)
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3. This induces an action on functions 

f

Tg7�! f

0
f

0(x) = f(T�1
g (x))
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cross-correlation4 of the previous layer’s output with a small (learnable) filter hs,

(hs ?fs�1)(x) =
X

y

hs(y�x) fs�1(y), (1)

and then applying a nonlinearity �, such as the Re-LU operator:

fs(x) = �((hs ?fs�1)(x)). (2)

Defining T
x

(hs)(y) = hs(y � x), which is nothing but hs translated by x, allows us to equivalently
write (1) as

(hs ?fs�1)(x) = hfs�1, T
x

(hs)i, (3)
where the inner product is hfs�1, T

x

(hs)i=
P

y

fs�1(y)T
x

(hs)(y). What this formula tells us is
that fundamentally each layer of the CNN just does pattern matching: fs(x) is an indication of how
well the part of fs�1 around x matches the filter hs.

Equation 3 is the natural starting point for generalizing convolution to the unit sphere, S2. An
immediate complication that we face, however, is that unlike the plane, S2 cannot be discretized
by any regular (by which we mean rotation invariant) arrangement of points. A number of authors
have addressed this problem in different ways [14, 15]. Instead of following one of these approaches,
similarly to recent work on manifold CNNs [23, 24], in the following we simply treat each fs and
the corresponding filter hs as continuous functions on the sphere, fs(✓,�) and hs(✓,�), where ✓ and
� are the polar and azimuthal angles. We allow both these functions to be complex valued, the reason
for which will become clear later.

The inner product of two complex valued functions on the surface of the sphere is given by the
formula

hg, hi
S2

=
1

4⇡

Z 2⇡

0

Z
⇡

�⇡

[g(✓,�)]⇤h(✓,�) cos ✓d✓d�, (4)

where ⇤ denotes complex conjugation. Further, h (dropping the layer index for clarity) can be
moved to any point (✓0,�0) on S2 by taking h0(✓,�) = h(✓�✓0,���0). This suggests that the
generalization of 3 to the sphere should be

(h ? f)(✓0,�0) =
1

4⇡

Z 2⇡

0

Z
⇡

�⇡

[h(✓�✓0,���0)]
⇤ f(✓,�) cos ✓d✓d�. (5)

Unfortunately, this generalization would be wrong, because it does not take into account that h can
also be rotated around a third axis. The correct way to generalize cross-correlations to the sphere is
to define h?f as a function on the rotation group itself, i.e., to set

(h ? f)(R) =
1

4⇡

Z 2⇡

0

Z
⇡

�⇡

⇥
h
R

(✓,�)
⇤⇤

f(✓,�) cos ✓ d✓ d� R2 SO(3), (6)

where h
R

is h rotated by R, expressible as

h
R

(x) = h(R�1x), (7)

with x being the point on the sphere at position (✓,�) (c.f. [25][1]).

2.1 Fourier space filters and activations

Cohen et al.[1] observe that the double integral in (6) would be extremely inconvenient to compute
in a neural network. As mentioned, in the case of the sphere, just finding the right discretizations
to represent f and h is already problematic. As an alternative, it is natural to represent both these
functions in terms of their spherical harmonic expansions

f(✓,�) =
1X

`=0

`X

m=�`

bfm

`

Y m

`

(✓,�) h(✓,�) =
1X

`=0

`X

m=�`

bhm

`

Y m

`

(✓,�). (8)

4Convolution and cross-correlation are closely related mathematical concepts that are somewhat confounded
in the deep learning literature. In this paper we are going to be a little more precise and focus on cross-correlation,
because, despite their name, that is what CNNs actually compute.
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Equivariance

X0
<latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit>

X1
<latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit>

X2
<latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit>

T (0)
g : X0 ! X0

<latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit>

T (1)
g : X1 ! X1

<latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit>

T (2)
g : X2 ! X2

<latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit>



L(X1)
T(1)
g
//

�

✏✏

L(X1)

�

✏✏

L(X2)
T(2)
g
// L(X2)

<latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit>



(f ⇤ g)(u) =
Z

G
f(uv�1) g(v) dµ(v)

<latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit>

(f ⇤ g)(u) =
Z

G
f"G(uv�1) g"G(v) dµ(v)

<latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit>



Theorem

A feed-forward neural network is equivariant to the action of a  
compact group      if and only if the linear operation in each 
layer is of the form

G
<latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit><latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit><latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit><latexit sha1_base64="MPlq/OrtUhAYbcMB+KrsmJ7lNqQ="></latexit>

�`(f`�1) = f`�1 ⇤ g`.
<latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit><latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit><latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit><latexit sha1_base64="2qxsmoS2DCRUljno2MchYRQMEaM="></latexit>

[K and Trivedi, 2018]

where     denotes the generalization of convolution to 
homogeneous space of compact groups, defined

⇤<latexit sha1_base64="Qbrb4/2H/NZXRfGmaaVrdEM1XEM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPWqxX635dX8OskqCgtSgQLNf/eoNYpYqrpFJam038BMMM2pQMMlnlV5qeULZhI5411FNFbdhNr91Rs6cMiDD2LjSSObq74mMKmunKnKdiuLYLnu5+J/XTXF4HWZCJylyzRaLhqkkGJP8cTIQhjOUU0coM8LdStiYGsrQxVNxIQTLL6+S9kU98OvB/WWtcVPEUYYTOIVzCOAKGnAHTWgBgzE8wyu8ecp78d69j0VryStmjuEPvM8fHhGORg==</latexit><latexit sha1_base64="Qbrb4/2H/NZXRfGmaaVrdEM1XEM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPWqxX635dX8OskqCgtSgQLNf/eoNYpYqrpFJam038BMMM2pQMMlnlV5qeULZhI5411FNFbdhNr91Rs6cMiDD2LjSSObq74mMKmunKnKdiuLYLnu5+J/XTXF4HWZCJylyzRaLhqkkGJP8cTIQhjOUU0coM8LdStiYGsrQxVNxIQTLL6+S9kU98OvB/WWtcVPEUYYTOIVzCOAKGnAHTWgBgzE8wyu8ecp78d69j0VryStmjuEPvM8fHhGORg==</latexit><latexit sha1_base64="Qbrb4/2H/NZXRfGmaaVrdEM1XEM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPWqxX635dX8OskqCgtSgQLNf/eoNYpYqrpFJam038BMMM2pQMMlnlV5qeULZhI5411FNFbdhNr91Rs6cMiDD2LjSSObq74mMKmunKnKdiuLYLnu5+J/XTXF4HWZCJylyzRaLhqkkGJP8cTIQhjOUU0coM8LdStiYGsrQxVNxIQTLL6+S9kU98OvB/WWtcVPEUYYTOIVzCOAKGnAHTWgBgzE8wyu8ecp78d69j0VryStmjuEPvM8fHhGORg==</latexit><latexit sha1_base64="Qbrb4/2H/NZXRfGmaaVrdEM1XEM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPWqxX635dX8OskqCgtSgQLNf/eoNYpYqrpFJam038BMMM2pQMMlnlV5qeULZhI5411FNFbdhNr91Rs6cMiDD2LjSSObq74mMKmunKnKdiuLYLnu5+J/XTXF4HWZCJylyzRaLhqkkGJP8cTIQhjOUU0coM8LdStiYGsrQxVNxIQTLL6+S9kU98OvB/WWtcVPEUYYTOIVzCOAKGnAHTWgBgzE8wyu8ecp78d69j0VryStmjuEPvM8fHhGORg==</latexit>

(f ⇤ g)(u) =
Z

G
f"G(uv�1) g"G(v) dµ(v)

<latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit>



b
f(k) =

Z
f(x) e�ikx

dx

<latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit>

\(f ⇤�)(k) = bf(k) · b�(k)
<latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit><latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit><latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit><latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit>

Convolution on groups

b
f(⇢) =

Z
f(x) ⇢(x) dµ(x)

<latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit>

\(f ⇤�)(⇢) = bf(⇢) · b�(⇢)
<latexit sha1_base64="diJBsJKQUWEjl8Yxb2f9im/DuSo="></latexit><latexit sha1_base64="diJBsJKQUWEjl8Yxb2f9im/DuSo="></latexit><latexit sha1_base64="diJBsJKQUWEjl8Yxb2f9im/DuSo="></latexit><latexit sha1_base64="diJBsJKQUWEjl8Yxb2f9im/DuSo="></latexit>

(f ⇤ g)(u) =
Z

G
f(uv�1) g(v) dµ(v)

<latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit>



L(X ) = V0 � V1 � V2 � . . .� Vp
<latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit><latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit><latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit><latexit sha1_base64="1cvV2AqKDt3twxQx3P66N/iE9fk="></latexit>

Vi = W 1
i �W 2

i � . . .�Wmi
i

<latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit><latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit><latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit><latexit sha1_base64="PauE0iZE7ru8oez/c8sKB78yCAE="></latexit>

⇢1
<latexit sha1_base64="fiIajP8unTnEbmv4+bGKYyVtYVk="></latexit><latexit sha1_base64="fiIajP8unTnEbmv4+bGKYyVtYVk="></latexit><latexit sha1_base64="fiIajP8unTnEbmv4+bGKYyVtYVk="></latexit><latexit sha1_base64="fiIajP8unTnEbmv4+bGKYyVtYVk="></latexit>

⇢2
<latexit sha1_base64="tN9WVI4bKMtn/8G/v7NDkbi6O44="></latexit><latexit sha1_base64="tN9WVI4bKMtn/8G/v7NDkbi6O44="></latexit><latexit sha1_base64="tN9WVI4bKMtn/8G/v7NDkbi6O44="></latexit><latexit sha1_base64="tN9WVI4bKMtn/8G/v7NDkbi6O44="></latexit>

⇢p
<latexit sha1_base64="cTg0Dar9cYSbxY03nDSMX6o0zuA="></latexit><latexit sha1_base64="cTg0Dar9cYSbxY03nDSMX6o0zuA="></latexit><latexit sha1_base64="cTg0Dar9cYSbxY03nDSMX6o0zuA="></latexit><latexit sha1_base64="cTg0Dar9cYSbxY03nDSMX6o0zuA="></latexit>

⇢0
<latexit sha1_base64="jU4xqcCfM2hu8rEYhouJ0n4u0xY="></latexit><latexit sha1_base64="jU4xqcCfM2hu8rEYhouJ0n4u0xY="></latexit><latexit sha1_base64="jU4xqcCfM2hu8rEYhouJ0n4u0xY="></latexit><latexit sha1_base64="jU4xqcCfM2hu8rEYhouJ0n4u0xY="></latexit>



bf(⇢i) =
Z

G
f(u) ⇢i(u) dµ(u) i = 0, 1, 2, . . .

<latexit sha1_base64="vDCpewG/2BybnRzgxf3vOzuOGG8="></latexit><latexit sha1_base64="vDCpewG/2BybnRzgxf3vOzuOGG8="></latexit><latexit sha1_base64="vDCpewG/2BybnRzgxf3vOzuOGG8="></latexit><latexit sha1_base64="vDCpewG/2BybnRzgxf3vOzuOGG8="></latexit>

df ⇤g(⇢i) = bf(⇢i) · bg(⇢i)
<latexit sha1_base64="EXm3h0JCkdYhxU5F6royeN8ODsk="></latexit><latexit sha1_base64="EXm3h0JCkdYhxU5F6royeN8ODsk="></latexit><latexit sha1_base64="EXm3h0JCkdYhxU5F6royeN8ODsk="></latexit><latexit sha1_base64="EXm3h0JCkdYhxU5F6royeN8ODsk="></latexit>

matrix multiplication



Case 1:                       f`�1 : G/H ! C
<latexit sha1_base64="fuF9MBuJrGoBKQH4UOzWXUudi/4="></latexit><latexit sha1_base64="fuF9MBuJrGoBKQH4UOzWXUudi/4="></latexit><latexit sha1_base64="fuF9MBuJrGoBKQH4UOzWXUudi/4="></latexit><latexit sha1_base64="fuF9MBuJrGoBKQH4UOzWXUudi/4="></latexit>

f` : G ! C
<latexit sha1_base64="+7amy3uM9AsEN8yO6iJ42jU9KsI="></latexit><latexit sha1_base64="+7amy3uM9AsEN8yO6iJ42jU9KsI="></latexit><latexit sha1_base64="+7amy3uM9AsEN8yO6iJ42jU9KsI="></latexit><latexit sha1_base64="+7amy3uM9AsEN8yO6iJ42jU9KsI="></latexit>

275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329

On the Generalization of Equivariance and Convolution in Neural Networks

transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).
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transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).



Fourier Space Neural Networks
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3. Covariant graph neural networks
[K., Pan, Hy-Truong, Trivedi & Anderson]



Multiscale structure in graphs
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Message passing neural networks (MPNNs)



Permutation covariant activations
How does a given activation transform when its receptive field is subjected to a 
permutation     ?�
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Permutation covariant operations:

Ci,j =
∑

a

Aa,i,j Ci,j =
∑

j

Ai,a,j Ci,j =
∑

k

Ai,j,a

Ci,j =
∑

i

Ai,i,j Ci,j =
∑

i

Ai,j,i Ci,j =
∑

i

Ai,j,j

Figure 1: There are six different ways of covariantly reducing a third order tensor to a second order tensor:
three different ways of projecting along each of its dimensions, and three different ways of taking the “trace”
along a pair of dimensions.

1. Projections 2. DiagonalsCi,j =
∑

a

Aa,i,j Ci,j =
∑

j

Ai,a,j Ci,j =
∑

k

Ai,j,a

Ci,j =
∑

i

Ai,i,j Ci,j =
∑

i

Ai,j,i Ci,j =
∑

i

Ai,j,j

Figure 1: There are six different ways of covariantly reducing a third order tensor to a second order tensor:
three different ways of projecting along each of its dimensions, and three different ways of taking the “trace”
along a pair of dimensions.

3. Contractions

Ck =
X

i,j

Ai,j,k
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Permutation covariant operations:

5. Stacking

Ci,j,k = A(k)
i,j
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4. Hadamard products

Ci,j,k = Ai,j,kBi,j,k
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6. Tensor products

Ci,j,k = Ai,jBk
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[Duvenaud et al., 2015]  [Kriege, 2016] [Niepert, 2016]
[Hachmann et al., 2011]

Under review as a conference paper at ICLR 2018

TABLE 1. HCEP regression results

Method Train MAE Train RMSE Test MAE Test RMSE
Lasso 0.863 1.190 0.867 1.437

Ridge Regression 0.849 1.164 0.854 1.376
Random Forest 0.999 1.331 1.004 1.799

Gradient Boosted Tree 0.676 0.939 0.704 1.005
Weisfeiler-Lehman Graph Kernel 0.805 1.111 0.805 1.096

Neural Graph Fingerprint 0.848 1.187 0.851 1.177
Learning Convolution Neural Network 0.704 0.972 0.718 0.973

CCN 2D 0.562 0.773 0.570 0.773

TABLE 2. Kernel Datasets Classification results(Accuracy +/- std)

Method MUTAG PTC NCI1 NCI109
WL 84.50 ± 2.16 59.97 ± 1.60 84.76 ± 0.32 85.12 ± 0.29

WL-Edge 82.94 ± 2.33 60.18 ± 2.19 84.65 ± 0.25 85.32 ± 0.34
SP 85.50 ± 2.50 59.53 ± 1.71 73.61 ± 0.36 73.23 ± 0.26

Graphlet 82.44 ± 1.29 55.88 ± 0.31 62.40 ± 0.27 62.35 ± 0.28
p-RW 80.33 ± 1.35 59.85 ± 0.95 TIMED OUT TIMED OUT
MLG 87.94 ± 1.61 63.26 ± 1.48 81.75 ± 0.24 81.31 ± 0.22

PSLR k = 10 (Niepert et al) 87.37 ± 7.88 58.57 ± 5.46 70.00 ± 1.98 N/A
Neural Graph Fingerprint 89.00 ± 7.00 57.85 ± 3.36 62.21 ± 4.72 56.11 ± 4.31

CCN 2D 91.64 ± 7.24 70.62 ± 7.04 71.02 ± 4.26 71.42 ± 2.72

TABLE 3. QM9 regression results(Test MAE)

WLGK NGF LCNN CCN 2D
alpha 0.46 0.43 0.20 0.18
Cv 0.59 0.47 0.27 0.23
G 0.51 0.46 0.33 0.29

gap 0.72 0.67 0.60 0.56
H 0.52 0.47 0.34 0.29

HOMO 0.64 0.58 0.51 0.40
LUMO 0.70 0.65 0.59 0.54

mu 0.69 0.63 0.54 0.49
omega1 0.72 0.63 0.57 0.48

R2 0.55 0.49 0.22 0.19
U 0.52 0.47 0.34 0.30

U0 0.52 0.47 0.34 0.29
ZPVE 0.57 0.51 0.43 0.38

features that better inform the target quantum properties. Additionally, we did not have time to run
our experiments on QM9 to full convergence before the submission deadline.

7. CONCLUSION

We have presented a general framework for producing covariant graph neural networks which en-
compasses other message passing approaches as special cases, but takes a more general and prin-
cipled approach to ensuring covariance with respect to permutations. Our results on benchmark
datasets demonstrate our framework’s effectiveness.
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4.  SO(3) covariant neural networks



Multiple scales of materials modelling
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The GDB-9 dataset

[Ramakrishnan et al., 2014] [von Lilienfeild et al.]

134k small organic  
molecules modeled with DFT

Targets: 15 physical/
chemical properties

[B3LYP/6-31G(2df,p)]
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But what form should the nonlinearity take?
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The tensor product of two irreducible representations of a 
compact group      decomposes into irreducibles in the form 
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The Clebsch-Gordan product



General form of aggregation:
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The nonlinearity is a low order Clebsch-Gordan product
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[“Tensor Field Networks” by Thomas et al., 2018]  [“Clebsch-Gordan networks”, 
K., Trivedi & Zhen , 2018]  [“3D steerable CNNs”, Weiler et al., 2018]

Clebsch-Gordan gates
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1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.
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1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.
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1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.
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1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.
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VertexFn inputs;

VertexFn L1 = 
aggregate1D(perc(inputs,W1));
EdgeFn   L2 = 
scatter(L1)*scatter(L1);
EdgeFn   L3 = 
perc<ReLU>(scatter(L1),W2);
EdgeFn   L4 = 
perc<ReLU>(concat(L2,L3));
VertexFn L5 = gather(L4);
VertexFn L6 = 
perc<sigmoid>(L5,W4);

GlobalFn L8 = 
average(aggregate0D(L6));
GlobalFn L9 = 
perc<sigmoid>(L8,W5);
GlobalFn 
output=squared_error_loss(L9,
target);

GNN grammar

CCNlayer0D 3
CCNlayer1D 3
ReLUlayer 2
CCNlayer0D 4
ReLUlayer 3
AveragingLayer 3
LinearFClayer 1
SquaredLossLayer 
1

GNNlayerDescr

1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.

1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.

1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.

1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.
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However, a tensor product of representations is itself a representation of SO(3), therefore, similarly to (3),
w must have a decomposition of the form

w = S
[ L⊕

ℓ=0

τℓ⊕

m=1

wℓ
m

]
, (5)

where each wℓ
m is irreducible. This is called the Clebsch–Gordan decomposition or Clebsch–Gordan

transform. FastCG addresses the problem of efficiently computing this transform. More specifically, it
provides routines for computing the {wℓ

m} irreducible fragments of w from the irreducible fragments of
v1, . . . ,vk:

{{[v1]
ℓ
m}ℓ,m, . . . , {[vk]

ℓ
m}ℓ,m} !−→ {wℓ

m}ℓ,m. (6)

An important special case is when v1 =v2 = . . .=vk =v , i.e., when w is the k’th tensor power

w = v⊗k = v ⊗ v ⊗ . . .⊗ v︸ ︷︷ ︸
k

. (7)

The fact that factors in the product are the same induces symmetries in w that can be exploited computa-
tionally. For this reason, FastCG treats tensor products and tensor powers separately.

Products of vectors consisting of a single fragment

The simplest type of Clebsch–Gordan decomposition occurs when we take the product of two vectors u and
v, each consisting of just a single fragment uℓ1 and vℓ2 . Representation theory tells us that in this case
when we decompose z = u ⊗ v into irreducible fragments, we get exactly one fragment for each value of ℓ
from | ℓ1 − ℓ2 | to ℓ1 + ℓ2:

u⊗ v =
ℓ1+ℓ2⊕

ℓ=|ℓ1−ℓ2|

zℓ. (8)

In this equation and those that follow, to simplify the notation, we leave the S transformation matrix that
appeared in (5) implicit. The actual elements of z can be computed relatively easily from uℓ1 and vℓ2 , since
for this case there are explicit formulae for the elements of S (we will denote the entry of S connecting
[uℓ1 ]i1 [v

ℓ2 ]i2 with [zℓ]i as C(ℓ1, i1, ℓ2, i2 ; ℓ, i).)

Assuming for the sake of example that ℓ1 = ℓ2 = 1, we can depict the Clebsch–Gordan decomposition of
u⊗ v graphically as

u1 ⊗ v1 !→

z0

z1

z2

Note that the multiplicity of each irrep on the right hand side of (8) is one (or zero). Also note that the
dimensionality of the vectors on the two sides of the arrow match up. On the left hand side we have the
product of a 2ℓ1 +1 dimensional vector with a 2ℓ2 +1 dimensional vector, so u ⊗ v is (2ℓ1 +1)(2ℓ2 +1)
dimensional. The dimensionality of the right hand side (assuming without loss of generality that l2 ≤ l1) is

ℓ1+ℓ2∑

ℓ=ℓ1−ℓ2

(2ℓ+ 1) =
((2(ℓ1+ℓ2)+1) + (2(ℓ1−ℓ2)+1)

2
((ℓ1+ℓ2)− (ℓ1−ℓ2)+1) = (2ℓ1+1)(2ℓ2+1).



As a simple example, the product of two vectors u and v, both of type τ = (1, 2) is of the form

u0
1

u1
1 u1

2

⊗
v0
1

v1
1 v1

2

"→

z01

u0
1⊗v0

1

z02

u0
1⊗v1

1

z03

u0
1⊗v1

2

z04

u1
1⊗v0

1

z05

u1
2⊗v1

2

z11

u0
1⊗v1

1

z12

u0
1⊗v1

2

z13

u1
1⊗v0

1

z14

u1
2⊗v0

1

z15

u1
1⊗v1

1

z16

u1
1⊗v1

2

z17

u1
2⊗v1

1

z18

u1
2⊗v1

1

z21

u1
1⊗v1

1

z22

u1
1⊗v1

2

z23

u1
2⊗v1

1

z24

u1
2⊗v1

2

Once again, the dimensionalities match up, since on the left hand side we have (1+ 2×3)× (1+ 2×3) = 49,
while on the right hand side, 5×1 + 8×3 + 4× 5 = 49.

Naturally, in higher order Clebsch–Gordan products, some of the Zℓ
I subparts will be composed of multiple

fragments. For example, taking the product of u,v and w, each of type (1, 1), gives

u0

u1

⊗
v0

v1

⊗
w0

w1

"→

u0⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v0⊗w1 u0⊗v1⊗w0 u1⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u1⊗v1⊗w1

Once again, (1+3)× (1+3)× (1+3) = 64 and (5×1) + (9×3) + (5×5) + (1×7) = 64.



Computation graphs
As discussed in Part 1, higher order CG-product and CG-power computations break down into a sequence of
elementary Clebsch–Gordan transforms. One of the key features of FastCG is that it constructs an explicit
computation graph to represent this. For example, the actual graph used by FastCG to compute the product
of three vectors u,v and w, each of type (1, 1) is the following:

u0 u1 v0 v1 w0 w1

TP0
TP1

TP2
TP3

TP4
TP5

TP6 TP7 TP8

TP9
TP10

TP11
TP12

z0 z1 z2 z3

Here TP0–TP12 are TPnode<TYPE> objects, and each pair of incoming arrows signifies that the values of the
parent nodes are to be combined with an elementary CG transform to yield the appropriate part of the child
node’s value. Each TPnode holds the following information:

◦ A pointer to an SO3part object that holds the value of the node.
◦ A pointer to an SO3part object that holds the gradient at the node if backpropagation is required.
◦ Pointers to each pair of nodes that must be combined to compute the value of the node.

In contrast, the dashed arrows signify that the data matrices of the inputs/outputs are shared with the
TPnode, obviating the expense of explicit copying.



1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0 ,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0 ,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1 ,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1 ,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2 ,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2 ,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.



However, a tensor product of representations is itself a representation of SO(3), therefore, similarly to (3),
w must have a decomposition of the form

w = S
[ L⊕

ℓ=0

τℓ⊕

m=1

wℓ
m

]
, (5)

where each wℓ
m is irreducible. This is called the Clebsch–Gordan decomposition or Clebsch–Gordan

transform. FastCG addresses the problem of efficiently computing this transform. More specifically, it
provides routines for computing the {wℓ

m} irreducible fragments of w from the irreducible fragments of
v1, . . . ,vk:

{{[v1]
ℓ
m}ℓ,m, . . . , {[vk]

ℓ
m}ℓ,m} !−→ {wℓ

m}ℓ,m. (6)

An important special case is when v1 =v2 = . . .=vk =v , i.e., when w is the k’th tensor power

w = v⊗k = v ⊗ v ⊗ . . .⊗ v︸ ︷︷ ︸
k

. (7)

The fact that factors in the product are the same induces symmetries in w that can be exploited computa-
tionally. For this reason, FastCG treats tensor products and tensor powers separately.

Products of vectors consisting of a single fragment

The simplest type of Clebsch–Gordan decomposition occurs when we take the product of two vectors u and
v, each consisting of just a single fragment uℓ1 and vℓ2 . Representation theory tells us that in this case
when we decompose z = u ⊗ v into irreducible fragments, we get exactly one fragment for each value of ℓ
from | ℓ1 − ℓ2 | to ℓ1 + ℓ2:

u⊗ v =
ℓ1+ℓ2⊕

ℓ=|ℓ1−ℓ2|

zℓ. (8)

In this equation and those that follow, to simplify the notation, we leave the S transformation matrix that
appeared in (5) implicit. The actual elements of z can be computed relatively easily from uℓ1 and vℓ2 , since
for this case there are explicit formulae for the elements of S (we will denote the entry of S connecting
[uℓ1 ]i1 [v

ℓ2 ]i2 with [zℓ]i as C(ℓ1, i1, ℓ2, i2 ; ℓ, i).)

Assuming for the sake of example that ℓ1 = ℓ2 = 1, we can depict the Clebsch–Gordan decomposition of
u⊗ v graphically as

u1 ⊗ v1 !→

z0

z1

z2

Note that the multiplicity of each irrep on the right hand side of (8) is one (or zero). Also note that the
dimensionality of the vectors on the two sides of the arrow match up. On the left hand side we have the
product of a 2ℓ1 +1 dimensional vector with a 2ℓ2 +1 dimensional vector, so u ⊗ v is (2ℓ1 +1)(2ℓ2 +1)
dimensional. The dimensionality of the right hand side (assuming without loss of generality that l2 ≤ l1) is

ℓ1+ℓ2∑

ℓ=ℓ1−ℓ2

(2ℓ+ 1) =
((2(ℓ1+ℓ2)+1) + (2(ℓ1−ℓ2)+1)

2
((ℓ1+ℓ2)− (ℓ1−ℓ2)+1) = (2ℓ1+1)(2ℓ2+1).



As a simple example, the product of two vectors u and v, both of type τ = (1, 2) is of the form

u0
1

u1
1 u1

2

⊗
v0
1

v1
1 v1

2

"→

z01

u0
1⊗v0

1

z02

u0
1⊗v1

1

z03

u0
1⊗v1

2

z04

u1
1⊗v0

1

z05

u1
2⊗v1

2

z11

u0
1⊗v1

1

z12

u0
1⊗v1

2

z13

u1
1⊗v0

1

z14

u1
2⊗v0

1

z15

u1
1⊗v1

1

z16

u1
1⊗v1

2

z17

u1
2⊗v1

1

z18

u1
2⊗v1

1

z21

u1
1⊗v1

1

z22

u1
1⊗v1

2

z23

u1
2⊗v1

1

z24

u1
2⊗v1

2

Once again, the dimensionalities match up, since on the left hand side we have (1+ 2×3)× (1+ 2×3) = 49,
while on the right hand side, 5×1 + 8×3 + 4× 5 = 49.

Naturally, in higher order Clebsch–Gordan products, some of the Zℓ
I subparts will be composed of multiple

fragments. For example, taking the product of u,v and w, each of type (1, 1), gives

u0

u1

⊗
v0

v1

⊗
w0

w1

"→

u0⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v0⊗w1 u0⊗v1⊗w0 u1⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u1⊗v1⊗w1

Once again, (1+3)× (1+3)× (1+3) = 64 and (5×1) + (9×3) + (5×5) + (1×7) = 64.



Computation graphs
As discussed in Part 1, higher order CG-product and CG-power computations break down into a sequence of
elementary Clebsch–Gordan transforms. One of the key features of FastCG is that it constructs an explicit
computation graph to represent this. For example, the actual graph used by FastCG to compute the product
of three vectors u,v and w, each of type (1, 1) is the following:

u0 u1 v0 v1 w0 w1

TP0
TP1

TP2
TP3

TP4
TP5

TP6 TP7 TP8

TP9
TP10

TP11
TP12

z0 z1 z2 z3

Here TP0–TP12 are TPnode<TYPE> objects, and each pair of incoming arrows signifies that the values of the
parent nodes are to be combined with an elementary CG transform to yield the appropriate part of the child
node’s value. Each TPnode holds the following information:

◦ A pointer to an SO3part object that holds the value of the node.
◦ A pointer to an SO3part object that holds the gradient at the node if backpropagation is required.
◦ Pointers to each pair of nodes that must be combined to compute the value of the node.

In contrast, the dashed arrows signify that the data matrices of the inputs/outputs are shared with the
TPnode, obviating the expense of explicit copying.



or, specializing to the case ℓ1 = ℓ2 = ℓ0,

C(ℓ0, i1, ℓ0, i2 ; ℓ, i) = (−1)2l0−ℓ C(ℓ0, i2, ℓ0, i1 ; ℓ, i).

Plugging in to (11), this implies that when 2ℓ0− ℓ is odd, the constribution of any [vℓ0 ]i1 [v
ℓ0 ]i2 term will be

exactly cancelled out by the corresponding [vℓ0 ]i2 [v
ℓ0 ]i1 term. In other words, when 2ℓ0 − ℓ is odd, wℓ =0.

As a simple example, if ℓ0 =1,

v1 ⊗ v1 #→

w0

w1

w2

where the ℓ = 1 has been shaded to show that it vanishes. FastCG’s CGpower function recognizes this
phenomenon and does not compute fragments that are structurally zero in this sense. Hence, the ouput of
a call to CGpower in this case would just be an SO(3)–vector of type (1, 0, 1).

In higher order tensor powers symmetries can also manifest in less obvious forms. Continuing the above
example, consider the third order tensor power v⊗v⊗v (where again v consists of a single ℓ=1 fragment).
Breaking up the product in the form (v⊗v)⊗v and using our above result on the form of v⊗v would seem
to give

v1 ⊗ v1 ⊗ v1 #→

u0

u2

⊗ v1 #→

w1
1 w1

2

w2

w3

u0⊗v1 u2⊗v1

u2⊗v1

u2⊗v1

#→
w̃1

1

w̃3

However, a careful analysis shows that actually (a) the two ℓ=1 components in the result are scalar multiples
of each other and (b) the ℓ= 2 component is structurally zero. Therefore, the correct reduced type of w is
(0, 1, 0, 1).

Finding the symmetries of higher order tensor powers requires determining how the symmetric group acts on
each isotypic part of the product vector. Solving this problem analytically is fairly involved. Instead of an
analytic solution, the CGpower routines in FastCG run a series of empirical tests on random SO(3)–vectors
to find rank deficient SO(3)–parts (both in the final result and in the intermediate stages of the computation)
and reduce them by the appropriate basis transformation. Since this process needs only be carried out once
for tensor powers of a given type, the result and subsequently reused. This strategy considerably accelerates
the computation of high order CG powers.



L= (1, 1), S = {}L= (1, 1), S = {(1, 2)}

L= (1, 1, 1), S = {(1, 2)}

L= (1, 1, 1), S = {(2, 3)}

L= (1, 1, 1), S = {(1, 2, 3)}

Figure 2: The compute-graph for computing the symmetrized third order CG-power of an SO(3)-vector of
type (0, 2). SPnodes sharing the same major label L and symmetry label S are grouped together with blue
dashed rectangles.
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