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Which points on one object 
correspond to points on another?



What distinguishes shapes from 
one another?



How can we tile a shape 
with simpler elements?



 Efficient
Surfaces have many vertices and triangles

 Discriminative
Must be able to distinguish between shapes

 Multiscale
Resilient to noise, small changes

 Well-justified
Connection to differential geometry



Not the same.

Image from: Raviv et al.  “Volumetric Heat Kernel Signatures.”  3DOR 2010.



Intrinsic structure is incomplete



Interesting geometry still outside



Talk to Maz!

Talk to Yu!



Geometry processing algorithms

tuned for volumes.
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http://pngimg.com/upload/hammer_PNG3886.png

You can learn a lot 
about a shape by 
hitting it (lightly) 
with a hammer!



Not the same.



 Advantages of spectral geometry
Multiscale, linear algebra, PDE interpretation

 Complete characterization of shape
Fully encodes geometry, no judgment call about what’s 
relevant for a computational problem

 Computed from boundary
For efficiency and consistency



[Rustamov et al. 2013]

Functional map pulls back products

Trick:

Compare surfaces 
by comparing inner 
product matrices.



Given

area-based and conformal 
inner product matrices,

can you compute

lengths and angles?

[Rustamov et al. 2013]



Precisely
what do shape 

differences determine 
on meshes?

Edge 
lengths.“Functional Characterization of Intrinsic and 

Extrinsic Geometry.”  Corman et al.  TOG 2017.



Throw in the 
offset surface.
Encodes mean curvature!



Surface eigenfunctions:

Volume eigenfunctions:

• Isometry invariant
•Easy to compute

•Volume dependent
•Requires tet mesh

Wang, Ben-Chen, Polterovich, and Solomon. "Steklov Spectral Geometry for Extrinsic Shape 
Analysis." ACM Transactions on Graphics (TOG), 2019.



Surface data to surface data



Polterovich & Sher:  “Heat invariants of the Steklov problem.”
J. Geometric Analysis 25.2 (2015):  924-950.



Proof suggested by Mikhail Karpukhin



Boundary element method (BEM)

(see paper for details)



Steklov

Laplacian
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Sphere tet mesh from http://doc.cgal.org/latest/Mesh_3/index.html

Frame per element on a tet mesh



Work from boundary representation

Solomon, Vaxman, and Bommes. "Boundary Element Octahedral Fields in Volumes." 
ACM Transactions on Graphics (TOG) 36.3, 2017



Used to guide meshing
https://design.tutsplus.com/



Original idea in [Huang et al. 2011]
Visualization from [Ray, Sokolov, and Lévy 2016]

Nine spherical 
harmonic coefficients 

per point



Once per boundary surface
Uses Dirichlet-to-Neumann!

Once per sample point

Select interior point

Boundary 
coefficients

Interpolate 
coefficients





Once per boundary surface
Uses Dirichlet-to-Neumann!

Once per sample point

Select interior point

Boundary 
coefficients

Interpolate 
coefficients

Not rotations of 𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒





https://design.tutsplus.com/

Rotations Octahedral 
group

Algebraic variety!

Octahedral variety
“Algebraic Representations for Volumetric Frame Fields.”  Palmer, Bommes, & Solomon.



Space of rotations Wigner d-matrices

Octahedral variety Orbit of f

Isometry (up to scale)



 MBO

 Diffuse-and-project

 SDP relaxation of projection operator

▪ Open problem:  Exact recovery?

 Riemannian trust region (RTR)

 Gradient descent along constraint manifold

 Closed-form exponential map

But:
Both require a tet mesh



Orthogonally-decomposable tensors



[Ray et al. 2016] MBO+RTR



What singular 
structures are possible?

What is the relationship 
between meshes and fields?



Realize singular graph as a mesh?

Complete local theory; global necessary condition; repair algorithm

Liu, Zhang, Chien, Solomon, and Bommes. 
"Singularity-Constrained Octahedral Fields for Hexahedral Meshing." SIGGRAPH 2018.
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NC12



Maryland district 1
Example courtesy Mira Bernstein and Assaf Bar-Natan



Isoperimetric profile



Theoretical properties:

• Convex function of t
• Minimized at any t for a circle
• (Surprising) optimal f takes 

on at most 3 values:  {0, c, 1}

DeFord et al.  Total Variation Isoperimetric Profiles.  SIAM SIAGA, pending revision.





Works in 3D (Why bother? Why not!)



Current focus:
Sampling in the space of districting plans



Features vs. curvature directions



Vectorial total variation

Vector of frame 
coefficients

Vectorial analog of 𝑳𝟏 norm
(convex)

Surface 
(not volume!)

“Spherical Harmonic Frames for Feature-Aligned Cross-Fields.” 
Zhang, Vekhter, Bommes, Vouga, & Solomon; in preparation.



Separates features from smoothness

Intrinsic smoothness Crease alignment





Processing volumetric data requires unique

algorithms & representations.

Shape features

Meshing

Multiscale
analysis



Questions?


