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overview

o fundamental problem: before we set out to do anything with objects,
we usually need a notion of separation between them

@ usually well-known for same type of objects of the same dimension

@ what about same type of objects of different dimensions?

problem 1 distance between two linear subspaces of different
dimensions?

problem 2 metric between two linear subspaces of different dimensions?

problem 3 distance between two affine subspaces of the same
dimension?

problem 4 distance between two affine subspaces of different
dimensions?

problem 5 distance between two covariance matrices of different
dimensions?
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linear subspaces
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why subspaces

@ k objects: genes, tweets, images, etc
@ n features: expression levels, term frequencies, frames, etc
o jth object described by feature vector a; = [ay}, ..., a,]" € R”
o data set described by A = [ay, ..., ax] € Rk
» massive: n large
> high-dimensional: k large
@ often what is important is not A but subspace defined by A

> span{aj,...,ax} or p+span{a; — p,...,ak — p}
» principal subspaces of A defined by eigenvectors of covariance matrix
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classical problem

Problem

a,...,ax € R" and by, ..., by € R” two collections of k linearly
independent vectors; want measure of separation of subspace spanned by
ai,...,ax and the subspace spanned by by, ..., by

@ two possible solutions: distances or angles between subspaces of the
same dimension

@ turns out to be equivalent
o classical problem in matrix computations [Golub—Van Loan, 2013]
@ notations:

> write (a1,...,ak) = span{ai,...,ak}
> subspace A C R”, write P4 € R™" for orthogonal projection onto A
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principal angles between subspaces

@ standard way to measure deviation between two subspaces

e measure principal angles 61, ...,0, € [0,7/2] between them

@ define principal vectors (af, bJ*) recursively as the solutions to the
optimization problem

maximize a'b
subject to ac(ay,...,a), be (b, .., by,
aTal e aTajf]_ = 0’ ”a” = 1’
bThy = o= bTbiy =0, ||b] = 1,
forj=1,...,k

@ principle angles given by
kT px c_
costy =a; by, j=1,....k
@ clearly ; < --- <6y
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readily computable

@ may be computed using QR and svD [Bjorck—Golub, 1973]

@ take orthonormal bases for subspaces and store them as columns of
matrices A, B € R"™k (e.g., Householder QR)

let SVD of ATB € Rk*k be

ATB=UzVT

where ¥ = diag(o1,...,0k) and 01 > - -+ > oy are the singular values

note 0 < o; < 1 by orthonormality of columns of A and B

principal angles given by

cosbi=o0;, i=1,...,k

principal vectors given by

AU:[pla"'vpk]a sz[q17"'aq/]
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basic geometry of subspaces

@ k-dimensional linear subspace A in R" is an element of the
Grassmann manifold Gr(k, n)

Stiefel manifold: V(k, n) set of n x k orthonormal matrices A € R"*k

Grassmann manifold: A = span(A) € Gr(k, n) represents an

equivalence class
Gr(k, n) = V(k,n)/ O(k)

rich geometry: smooth Riemannian manifold, algebraic variety,
homogeneous space, geodesic orbit space
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Grassmann distance

@ geodesic distance: along geodesic between A and B on Gr(k, n)

B 1/2
dor(k,n) (A, B) = [Z,:l 9?]

® dgr(k,n) is intrinsic, i.e., does not depend on any embedding

® but dg(k,n)(A,B) undefined for A € Gr(k,n), B € Gr(/,n), k # |
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distances between equidimensional subspaces

1/2
Grassmann distance der(k,m (A, B) = <fo:1 9,2)
Asimov distance Gr(k n)(A, B) = 6,
1/2
Binet—Cauchy distance dgr(k n)(A, B) = (1 - Hfil cos? 0;
1/2
Chordal distance dEr(k n)(A,B) = <Zf-<:1 sin~ 6
Fubini-Study distance dgr(k n)(A, B) = cos™? <Hf-‘:1 cos 0,)
1/2
Martin distance Gr(k n)(A, B) = (Iog Hf-;l 1/ cos? 9,-)
1/2
Procrustes distance dér(k n)(A, B)=2 (Zf-;l sin2(9,-/2)>
Projection distance dGe(k n)(A, B) = sin 0
Spectral distance dE,(k n)(A, B) = 2sin(6x/2)
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distances between nonequidimensional subapces?

@ dependence on principal angles not a coincidence

Theorem (Wong, 1967; Ye-LHL, 2016)

any valid distance function d(A,B) on subspaces must be a function of
only their principal angles

ATB = U(cos®@)V', © = diag(bs,...,0k)

@ however none works for subspaces of different dimensions

@ one solution: embed Gr(n,0),Gr(n,1),...,Gr(n,n) in some bigger
space and measure distance in that space

J. Conway, R. Hardin, N. Sloane. “Packing lines, planes, etc.: Packings in Grassmannian
spaces,” Exp. Math., 5 (1996), no. 2, pp. 139-159
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example

e simultaneous embedding of Gr(n,0),Gr(n,1),...,Gr(n, n) into sphere
in R(=1(n+2)/2 55 orthogonal projectors
o chordal distance [|AAT — BBT||r = v2dg,, (A, B)

/—f\ trace = m
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instrinsic distance?

@ want an intrinsic distance for subspaces of different dimensions

@ must agree with the geodesic distance on Gr(k, n) when both
subspaces are of the same dimension

. 1/2
dGr(k,n)(A7IB) = [ZI:I 0/2:|

@ solution: inspired by Schubert calculus
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what we propose

@ given subspaces A of dimension k and B of dimension /
@ WLOG assume k < /

o define
Q.(A) ={YeGr(l,n): ACY}
Q_(B) = {X € Gr(k,n) : X C B}

o Q.(A) and Q_(B) are Schubert varieties in Gr(/, n) and Gr(k, n)
respectively

@ two possibilities for our distance:

5.(A,B) = min{dg,(1.n (X, B) : X € Q,(A)}
5_(A,B) = min{de(in(Y,4) : Y € Q_(B)}
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intrinsic distance for inequidimensional subspaces
Theorem (Ye-LHL, 2016)

for any two subspaces A of dimension k and B of dimension |,

5.(A,B) = 5_(A,B)

@ denote common value by §(A,B)

Theorem (Ye-LHL, 2016)

for any two subspaces A of dimension k and B of dimension |,

min 1/2
(S(A,E) _ |:Z (k,1) 912:|

i=1

where

A'B = U(COS @)VT, 0= diag(Hl, 000 ,Hmin(k,,), 1, cocsy 1)
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pictorial view
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properties

agrees with dg(x,,) When k =1

easily computable via singular value decomposition

does not depend on n: inclusion
i:Gr(k,n) — Gr(k,n+1)

is isometric and dg(x o) defines metric on Gr(k, o)

distance in the sense of distance of a point to a set
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extends to all other distances

Theorem (Ye-LHL, 2016)

does not matter if dg(k,n) IS replaced by any other distances, always have
51(A7B) = 5i(A7B)’ EXS a? B? ﬁ? /"L7 7T7 p? U? (ZS

Asimov distance 6%(A,B) = Omin(k,1)

Binet—Cauchy distance §°(A,B) = ( m'n(k " cos? 0; i
Chordal distance §%(A,B) = ( yoming k’ ) sin2 1
Fubini-Study distance  §?(A,B) = co (H;mq(k N cos 0;)

1/2
Martin distance SH(A,B ( Hm'n(k N1/ cos?0; ) /

Procrustes distance §P(A,B) =2 (me(kl sin (9i/2))

) =

) =
Projection distance 6™ (A, B) = sin Omin(k,1)
Spectral distance 67 (A, B) = 2sin(Omin(k,1)/2)
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metric?

@ 0 is a premetric but not a metric on doubly infinite Grassmannian
o
Gr(oo, ) = |_| Gr(k,0)
k=1
which parameterizes subspaces of all dimensions
e eg, 0(A,B) =0if A C B, triangle inequality not satisfied

@ no mathematically natural way to make Gr(oco, c0) into a metric
space: category of metric space does not admit coproduct
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our proposal

@ given two subspaces in R", A of dimension k and B of dimension /

@ WLOG assume k < [, principal angles 01, ...,0x, now define
Opsr = =0 = 7)2
@ get metrics on Gr(oo,00) [Ye-LHL, 2016]
I 1/2 k 1/
doroc.oe) (0, B) = (32 02) " = (U= k)m2/a+ > 07)
I 1/2 k 1/2
o000y (A, B) = (Z__lsin2 9,-) - (/ — kY sin? 9,-)

dp

£ (o0 (A B) = (2 2:21 sin2(9,-/2)>1/2 = ( k+22 sin2(6;/2) ) v

@ essentially root mean square of two pieces of information: 6*(A,B)

and €(A,B) = |dim A — dim B|!/2

0 o000y (5 B) = 1/07(A, B)2 + c2e(A, B)?
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moreover

@ what about * = o, 8, ¢, u, w,07?

@ not very interesting:

. A& ik ooy (A, B) if dimA =dimB = k
dGr(oo,oo)(AaB) = Gr(k.c0) o .
Cu if dimA #£dimB
@ constants ¢, > 0 given by
C=C=T7/2, CB=Cp=0Cr=0Cx=Cp=1, = V2, Cy = 0

@ how to interpret?

2% (1) 5 B) = o0 o) (A B) = | maxe dlgyp ) (Y, 4)

provided n > 2/
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summary in english

given two subspaces in R”, A of dimension k and B of dimension /

distance of A to nearest k-dimensional subspace contained in B
equals distance of B to nearest /-dimensional subspace containing A

@ common value gives distance between A and B

distance of A to furthest k-dimensional subspace contained in B
equals distance of B to furthest /-dimensional subspace containing A

@ common value gives metric between A and B
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volumetric analogue

® ik n natural probability density on Gr(k, n)
e what we showed [Ye-LHL, 2016],

1 (2 (A)) = 11 (- (B))

@ probability a random /-dimensional subspace contains A equals
probability a random k-dimensional subspace is contained in B

@ common value does not depend on the choices of A and B but only
on k, I, n and is given by

I
MG | )
(= kT, k1 wi

W = 7™/2 /T (1 + m/2) is volume of unit 2-norm ball in R™
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affine subspaces
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affine subspaces

e A € Gr(k, n) k-dimensional linear subspace, b € R" displacement of
A from the origin

o A=ay,...,ax] € R™X basis of A, then a k-dimensional affine
subspace is

A+b={Mar+ -+ axr+beR": \1,.... \( € R}
@ [A, bg] orthogonal affine coordinates if
[A, bg] € RTKHD) - ATA—= | AThy =0

o Graff(k, n) Grassmannian of affine subspaces in R” is set of all
k-dimensional affine subspaces of R”
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Grassmannian of affine subspaces
e Graff(k, n) is smooth manifold
o Graff(k, n) is universal quotient bundle of Gr(k, n)
0— S — Gr(k,n) x R" — Graff(k,n) — 0
e Graff(k, n) is homogeneous space
Graff(k, n) =2 E(n)/(O(n — k) x E(k))

where E(n) is group of orthogonal affine transformations
e Graff(k, n) is Zariski open subset of Gr(k + 1, n+ 1)

Gr(k+1,n+1)=XUX, X =Graff(k,n), X°=Gr(k+1,n)

o first three do not give useful distance on Graff(k, n), last one does
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embedding Graff(k, n) into Gr(k +1,n+ 1)
J: Graff(k,n) = Gr(k+1,n+1), A+ b~ span(AU{b+eny1})

A+b
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distance between affine subspaces

@ define distance between two k-dimensional affine subspaces as
darafi(k,n) (A + b, B + ¢) = dgr(kt1,n+1) (A + b),j(B + ¢))

@ reduces to Grassmann distance when b=c =0

e if [A, bo] and [B, cg] € R™(k*+1) are orthogonal affine coordinates,

then
k+1 2) 1/2

deraff(k,n) (A + b, B +c) = (Zl.zl i

o affine principal angles defined by
qﬁ,-:cosflT,-, i=1,...,k+1,

where 71 > -+ - > 7441 are singular values of

A bo/\/1+|!b0|!2] {B @/ V1t ]al?| o peernxktn
0 1/y1+|boll*] [0 1/y/1+|coll?
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affine subspaces of different dimensions?

Qu(A+b)={X+yecGraff(l,Ln): A+ bC X+y}
Q. (B+c)={Y+zeGraff(k,n): Y+zCB+c}

Theorem (LHL-Wong-Ye, 2018)
k <I1<n, A+ b e Graff(k,n), B+ c € Graff(/, n), then

deratf(k,n) (A + b, Q-(B + ¢)) = dgraf(,m (B + ¢, 2 (A + b)),

and their common value is

6(A+ b, B + C) _ (Zmin(k,l)—‘rl ¢2>1/2’

i=1 !
where ¢1, ..., Gmin(k,1)+1 are affine principal angles corresponding to
A bo//1+ Hbo!|2] [B co/v/1+ |l |2} RUHL)x(1+1)
0 1/yv1+|bol?] [0 1/v/1+|lcol?
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works with other distances too

common value §*(A + b, B + ¢) given by:

k+1 1/2
5%(A+ b, B+ ¢) = dus1, &P (A+ b,B +c) = (1‘H,+1 cos2¢,-) ,
- . " k+1 1/2
0" (A + b,B + c) = sin ¢, MA+b,B+c)= (Iong 1COS2¢,) ,
67(A + b, B+ ¢) = 2sin(¢xs1/2), 6°(A+b,B+c) = cos*l(l_[,kfl1 cos ¢,-),

1/2

§"(A+b,B+c) = (Zk: sin®6;) , F(A+bB+c)=(2 Z:l sin®(¢: /2))1/2
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ellipsoids
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same thing different names

@ real symmetric positive definite matrices A € R"*"

@ ellipsoids centered at the origin in R”,
Ea={xeR":x"Ax < 1}
@ inner products on R”,
()4 R"XR" 5 R, (x,y)— x"Ay
@ covariances of nondegenerate random variables X : Q — R”,
A = Cov(X) = E[(X — p)(X — )]

@ many more: diffusion tensors, sums-of-squares polynomials,
mean-centered Gaussians, etc
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PSD cone

S™ vector space of real symmetric or complex Hermitian matrices

ST, cone of real symmetric positive definite or complex Hermitian
positive definite matrices

rich geometric structures

» Riemannian manifold

> symmetric space

» Bruhat-Tits space

» CAT(0) space

» metric space of nonpositive curvature

@ Riemannian metric
ds? = tr(A1dA)?

induced by the trace inner product tr(A"B) on tangent space S”
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Riemannian distance

@ most awesome distance on Sf_:

n B 1/2
518", xS", 5 R,, 62(A B)= [ijl log2(\;(A 13))}

@ invariant under

> congruence:

52(XAXT, XBX™) = 65(A, B)
> similarity:
So(XAX ™ XBX™1) = 6,(A, B)
> inversion:
52(A7E, B7Y) = 53(A, B)

o for comparison, all matrix norms are at best invariant under

> unitary transformations: Frobenius, spectral, nuclear, Schatten, Ky Fan
» permutations and scaling: operator p-norms, Holder p-norms, p # 2
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important in applications

optimization 0, equivalent to the metric defined by the self-concordant log
barrier in semidefinite programming, i.e., logdet : ST, — R

statistics d» equivalent to the Fisher information metric for Gaussian
covariance matrix estimation problems

linear algebra d, gives rise to the matrix geometric mean

other areas computer vision, medical imaging, radar signal processing,
pattern recognition

o for Ac ST, B€ ST, m# n, can we define 6,(A, B)?
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analogues of our Schubert varieties

@ assume m<n, AeST,, 6 BeSI,

@ convex set of n-dimensional ellipsoids containing 4

Q+(A) = {G = [g}: gz] esSl, G =X A}

@ convex set of m-dimensional ellipsoids contained in £g
Q_(B) = {H S ST+ : B =< H},

where Bii is upper left m x m principal submatrix of B

H n
@ recall partial order on Sf,

A=<B if and only if B—-AcS]
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Riemannian distance for inequidimensional ellipsoids

Theorem (LHL-Sepulchre-Ye, 2018)
for any A€ ST, and B € S

47

62(A,Q-(B)) = 02(B,Q:(A))

@ denote common value by 65 (A, B)

Theorem (LHL-Sepulchre-Ye, 2018)

if Bi1 upper left m x m principal submatrix of B, then

53(A, B) = [Z; log? X (A~ Bu1))| v

where k is such that \j(A™1B11) <1 forj=k+1,...,m
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summary in english

@ given two ellipsoids, £4 of dimension m and £g of dimension n

@ distance from &4 to the set of m-dimensional ellipsoids contained in
Ep equals the distance from £g to the set of n-dimensional ellipsoids
containing €4

@ common value gives distance between £4 and &g

L.-H. Lim (Chicago) cross-dimensional distances 38 /39



references

@ L.-H. Lim, R. Sepulchre, and K. Ye, “Geometric distance between positive definite
matrices of different dimensions,” IEEE Trans. Inform. Theory, to appear.

@ L.-H. Lim, K. Wong, and K. Ye, “The Grassmannian of affine subspaces,”
http://arxiv.org/abs/1807.10883.

@ K. Ye and L.-H. Lim, “Schubert varieties and distances between subspaces of
different dimensions,” SIAM J. Matrix Anal. Appl., 37 (2016), no. 3,
pp. 1176-1197.

L.-H. Lim (Chicago) cross-dimensional distances 39 /39


http://arxiv.org/abs/1807.10883

