D2

[nstantons
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Lagrang(ahg

»Mahigolds w/ v C/P

[ Vector Cross Pnéa[uctj.

Naicl«unj Covvan Le ong.
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+ Vector Cross Phaduct (V.C.P)
—  Kaihlea /S’ymplechc Mani{ou

Holomor 'C) La YQa&v@y
Curve < Su M:?ﬂ:(’old

- Ga - 'n’\avu‘po‘d,

Associa":,ive ) Co a.ssocia&‘ve
a(Su\:manifou < Sobmanifold

- C- V.C.P.

- CalaLi - Yau Mam{olo\

omplex H
%( SLaj > CC mple » ypensurfém
) SL“SG%—W&..

— Hypenkihlen Manifold.

Holomovphu:) Cam lex L vangian
9< furve < Su{man H




I " e e
S e S e oz

04,

é gymplecjcic Geomekry
[ Revie w],

| (M™, ) w € M)
{ dw =o

W >0

Example, M= C"
= dxtady 4o dotdy”

metric

g = xf+@yf +..... Hda + @y

complex stv.

1 (%) = 3% ws
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complex strveture,

(1-fold v.C.P.)
) G.Cf(M) J: Tm—Tm, 3=-1

via metric

wu,v) = 9(Jju, v),

(M, @w.7.9)  Almost Kahlen mfd.
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an

M. g9 | . J)
(M9 - g -5

:De:fin'\‘\:ion? A2 e M

Holomorplwic Curve / Instanton

is | A Preservecl Ly J

;ﬁ?& A calibnated loy 78 ,.-.e.wlA:)JA:)

’:: Absolute  minimom MGQ.]
Avea (A) = S [co]
A

(topologi cal)

Remaﬂk: fgounclany '\/alue Pno\olem
2A =« C e M

wlc-‘-'-o.




=8 2n
1o. (M., 9. w. 3)
N

.:De‘gim":ion: Cn — Mzh

Laqranq«'on sul:mani‘?o)al 4‘30
\/ v

Renmank :
#-{ " s{ankcns‘NCM}

Q) 9/4 —- ¢ N [%rot ov Invaniavfl::
- i en

W sA<C ., Fukaya-Floea (’aéffor/.



>/1\g. § \/ec{:or (voss Pnoduc*_.

Example . (R® . x ).

Example - (M*™ , T)
:DeJ;ini\:ion: (Mm . 3) Kiemannian

[Grayl. manifold.
X:ATw—Tm r-{old.VCP
it. (1)
rF %(Vu,......,v\-) _l_ V,
(ii) Vi,......, ¥v = or{honovmal

ﬁ,*’X(\I.,......‘, Vv)\ = 1

HE G @ (Vis e, Ve Vr+a)-‘-'A.<X(v.,-—-,\/r) , Vr+|>
'H\EV\ (e = Q\‘“\"(M)
(iif) de = o

I

(&8 Ve =o ln’cegr@l_&VCjJ
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(M™ ., 9) o ddd ver

© f{ﬁ(M) 'X /\vTM —> I
fe(v. , Ve, V~r-n)- < Xlwy, . , Vraiy

Deok—. v+l m
o A <= M _instarton
ig A -Presefwed b7 X

[<"::> A caibrated by @ ]

wt R
D@Sm . C < Mm l_agrar\q:'ar\

if { CQIC — O
dimC—‘—'k = n+‘{“-.-l

Remark : dimC > = | #£0.
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§ (uhpan ame%riz enD Loop Space
I h":eJ\Pre":a“:ion ]

(M.,93) e (M

Fix ANY, Z7
0{%2 M 2 Mop(Z . Mhnbes / Dif§ ().

Tmngaression —3p

Wym = @ e P (LM,

P
M
That is,
~~~~~ ¥ B
uv € N(Ng/m).
waan (K ,V)
~ S ZuA\l‘(e

z
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Al

rem. (M7, q) @ ey (M)
s a)JBM S Oa(£ﬂM)

Q) Q. v-JMVCP  ,y g - 1-Jold VP
| on M on fnf‘/\.
(i.c. Qymplec{'fc)'

() CecM & L.C c £zM

(e- Laaransia\n ﬁ;ajfahaian

(Ahm C=(Mmnar-0/a )

(3) D:“';?ZCM & D < LM

A\""\'l
{‘a {o“ fns“:an‘&‘OV\
H‘\S n
ne "\o'omor "\n c)
curve

WMC\&




§ Ex amples / Classf‘g'cal;\'on.
10 Kahlea /Symplec‘l‘\'c Manifolds.

(v=1).

(M™, %, @) =(M. T . w)

e ? .

Cpx. sympl.

{: | 2 -EOTM~

Llprongin (seoel 48,
Jrory
L Volume J}OT'W\ (v =n-1)

(M7, 9) @ = Y €Q"(M)
= Aty dx'a--adx

L 2"

. Instantons Ah — M ( domain inM)

open

’ Lo.ar‘t:v\aians (Qh-! (a M“

Hy rmsunfaces




pP I}
3 Ga - manijfold (r=2)
(M, 9) =0 e O'(M)

B 7 € . <t
ey M= X xS

Calabi-Yau 3-&0\4 .
OM: RQQX + WOy « de

(Qhen M1 = Im O

X(u.v) =— uxvu
Im(U'V)



(Mg, Q)) + Ga-mfd.
QO w,v,wW) = 3(u>«v,W).

. lv\sjcawl'.on Az < M Pnesvwo«l \)7 X
I (Calib. Ly ﬂ).

Associa{ive

_ 4 _ ﬂ' -0
. tﬂjrlTnTan C M (cal;\,,chr *CL).

C o associm’:ive .

Remank: Count A
when C ~ Ca, (L. - X.W. Wang).

A
~~ $H holo. curves in Cq,' (& bubbles)

T%S SeiLma-\Ui‘\:“:m Inv. of Cn,
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4: Spin(q)-mani‘gou (r=3)
MS’
;3 M% ~ -Z“I x Sl

Ggmfd.
@y = Qz.d0 + *¥o

L

Example: ™M = O
Ux Vv xw =X (U, v, wW)
= 4 [u@w - www]

2
- 1 S‘La\n‘k Aq M veserved by X
“n (adib. by ).

C07\e7

* ’Pﬂoposi'l:ion : il @—Lasrovwa\'ah
n ahy gp\'n(?)- mani‘go,A,

Remark : Mo othen VCP —
Classij:-‘ca%ion 57 Bnown—eray,




In ‘fac);, we can also allow

\(wzg Q.
(M”™, 9) @ € Q'(M)
{ de = o
lel=1
E9Y

. 5: M —_—> S' Riemannian
Submension,
Ce = g* (de)
« Instanton A' &M
|

I
G L £ OA'I QV\{

F,ow L.’ne_

. Lajransfan L
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{:M— s’

. M = X x[o,1] /\J

h - X is omjvyx

~ (Mapping Cylinden)

° L aaranamn

c™ < X oy at



e [‘(:O Continue -]

Mam-n © € OL(M)
5 [
S 5§7d®). M

lﬁ: Ins'&an“:ons boundl’nj Ci v Cy

— 2: ( C, n hk(Cz)) 'tk.

kR=-co




B;" Remank: (M", ). @ e Q™(M)
NP BOT dce, # o]
Assuvne )

(%) 3
\ Zu"‘"”‘ufﬂ (d(?)‘ = 1 - ]C?(u»,...,Ur+‘)]Q

¥ OY{L‘OYMOQ WU, ---, Urear,

e« N = Rs*xM Ccone) .
(f-l'\)—:gb‘(l V.C.P.

®=dta@ +t.de  dP=o
g = +* gu + dt*.

‘ \l M w @
o Contact
1 Neanly C.Y. 3-fold.
o Neanly G -mdd.

n-1 Volome $ovm.



)3‘ Remank (Cowl:\'nue)

(M gq) e e'(M [=9]
d@ satigfres O
= M : Contact.

¢ Instanton Ale M

m am+l
. La\c)ransian C'cM |
1
Leaev\dn'an



4o

5 Complex  V.CP

Dotinition : (Mm) 9, 3) W ahlen .

v41,0

@ e "M  de=o
S‘a{{sfy\‘nj

l ZU;A--.A'U\T C*e , - 1
5—5\' any or'uao\novwoa' Uy, ---,Ur € -T‘;:\.

s called a ComP‘ex Vev':o\; Caoss ggoc‘uc‘l:.




92

C lQ;Si:Ei;a'h’on Nr"\eoreyrr\ (Lee --L.)~

4,0

(M™.9.3). eeQ M)
r-fold & C.VCP.

:>(1) Calabi- Yau. (r=n-1)
(e = l’\o‘OMarFlﬂic Volume ‘form.

(2) Hypu‘-(&imef\, (r= 1),
Ce = l«olomOYPlﬁc g}mp)ec’l'.'c form.

Remau\lcr $ (E‘analo . Gs or Spin(?
type V.C.P,3 4) pin3)

Remank : d({? =0 <& VP =o
for Cc-\C?P



(M2 3.9). @ee (M)
CVcP.
wa‘) A&‘M\ c M Instanton

1’& Calibrated b)/ Re(ece@)

»Sor some ‘\olﬂase' S.

ak 2n
(i) C M Laqran&-an

R = (nav-1/5 (o ex typed

Tl =

RemanL= C <M )\asr. => Comrlex S'uLm{c‘.
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A
Deg. Laara\ns(an of Real Type

(M™.9.7)
é’ 4,0
we M g (M

e M e MY
) (A)lc::-—-O Ce,c:’o
@ Rele™®e)| =0

Y‘QJ {-_7rg l Complex type

Remw\‘(: Bal:'\n axe 3004 Lomdar):

value for Instantons
(cakib. by Relei®¢)).



g. Example [v=11: Hypekshlen

(M, 9 . ). o = LW3)

@ € (M)
I\
Wy + ¥ WK

A2
. Insﬁalw\:on, Ac M Rele" )

39"'\0[0Vnarp\nic curve
Jo = ws@ 1 + 56 K

Cal il:. L7

. Lagr‘. es Cx.TyPe. thc MQM ®lc =o
|

J- Com paex Laavr ,

an 4n wle =0

. Laar. o} Real Type. C <M Re€ Q)| =0

|
Jg;:wm‘o\ex )-0.31’ .



labi -Yay
| Examp\e [vr=n-1] Cala

( M™, 9 LT . w)
o. vol. form.
@ € Qh O(M) hele. vel. 5
m Calib. b
* Tnstanton A < M Re'(,e. °d)
SLO.SW/ P"\a:e'-'- 9.

Q’C:o’
Lasr‘ a;P (E{:ype C CMa

||
Com plex Hypmsun:face

2 f:lc-‘:o
. Lasr. 0\:)9 IR"‘,-'ype C =M i

Re(e @Nc:o
{

S).aa. w/ pLase=9+¥_.



g La 6=o0
(Ins{awkon)_

SLag...

(Lagr., R-type) (Lagr. €-type).

SLaa, with bounclany lyfnj own

SLoﬂm (Dirichlet) or Cx.Hwaurgace(}\/eumr;

- Sckoev\‘s SCLoo].
(A. Bukschen , W.Y. Qiu).




:A\M: 'Remw\k: M otivation of Laﬂf‘.

oj: MR vs & ":ype.
( ComFmexffu'ca‘l:{on).
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.§ LOOF SPQCQ IY\‘*EAFYQ“:Cl%(OYIS
of C VCP.

rRecal\: [r=n-1]
(M*.9) . » e T (M)T-H-Jeld.

ML o, €Y (EM)

" e
Map (2" M) 1 - Lold.

Dif§ () (symplectic)




%2,
2 PLAN

M (’alaL -Yau (ﬂ-;)-fo\c{ T VP
é (M, 9.3.w), @eq™M)

Hypm\% bIHEn

'lgymp\ec‘k\'c Qua{‘iem‘k 77

‘Far (/L)/M incluceaa 87mplec‘b‘c str.
Wpap  on  Map(C,M)  Nead

FIX. Ve €eQ™HZD) e
COmap (0.v) = | cowwy Dy,
J .

e ’Pnohk\m: CL}Map (< P\'?:ETvecl

Q\nly 57 3\‘?‘5 (L., Vs ),




Moment Map (Doraldson , Hitchin).

Dits (Eﬂ

Map (2.M) a - () (2)/4F(R),

MM = d
where dd = -wa.

M (0)

. : Symplectic

Dif§(2.0) (Zl'm") Hypeakahlen)
|

Map(Z.,M)

Want */ Dif5(2)
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Nete  (pehim) € uicod
N wlz_ =0 (i.e. i:al':ro‘o(cl
-

0o— § —>Ngm—>To—>o0,
'PnoPosi“\'ov\ {Lee-L.D.

'&P N(Z.,S) dderwmines an

(int\:eSwraUe) distribution on j“-'(O)J
w\nicl'\ (s fD\;H: (2.) - inva.nian{.

Moveoven ,
Le,,q,§ /ﬂjiff():»)
s }Hlpmkéilﬂlen .

e a Map(E.Mu D)



6
9A8 Mzn Cala\ﬁ -Yau AN~ D> %BM HyPuLale

) 7

| " Map(E"> M) //Di(D)

"~

PRI . Se 20
holo. solume Form | holo. 87'”?‘-'5"’""“-

—

'ﬁ* = M & > D LM

:Dz"z -~ st }
instanton INSTANEON

(ce. hole. c'urve)~

(i.e. SLase*'n/,)

PP M em—r L€ e FaM

Lage. @- 'l;ypg, _ n 1
(\'.e.SCx. hypon w-face)_ J Complex Lagr.

C" =M <> #6

Lagr. R-type £.C)ap 10)
(ie. SLQSQ)_ fg}‘T’ @




>To

Remw\kf MCF (Meaw Curv. Flow) omw
Mani‘ro‘als w/ C-VcP (cY 4 HK) .

Calahi -Mau case : Qh < M:zn: CY.
OU‘ c = & & T.C < -T.,‘M calibrated L\)’
(ia. IR-LASY'-) Re(eie(’x)@(x)) -

for some Q1): C—> s*.
= lgw = de
- {MCF presenve Laar‘.
(. pt.: O =const (SLaS.).
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A (Mbm, w3, 3 =wWs + < Wk)
Hyperkahlen .

If C"a M7 st ¥aeC
=C <M Glbb, (@A

2 0 € Szwtstor,,

then C s alled a (L"La?\ra\ngn‘an‘

Theorermn (L. and Tom Wan),

. Z“':i‘ ‘Dj' = 8;, e
e T = Jous

MCF preserves Q:-ngv—.

Min. C—La.sr. = ©:C— g
anti ‘kolomorpkic ,

B() = const. &> Complex Lagrangian (aalibrete
(ic. M C-lag + [6wl=0 e[C.S'1)
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@mpmisons :

(1) Vector Cross Pnoduct

| = n-1 el X 3
\'C p Crmn‘:ea‘ Kahlen Gz-m‘F ol Spfn'L M-S:cl
@-VCP (Calabi-Yau  Hypeskihlen.

() Geomeby / Normed Alae’:rcx& A
A= R C IH O
A-mid Manifeld  Kahlen SRR gl -mid
ii’ﬁa\ Oriented  Calabi-Yau  Wypedkahlen — Ga-mfd.






