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Lagrangian Method

u!(x) ' a(y(s))ei!�(y(s)) pour x = y(s)
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Ray tracing - Multi-Valued Solution

8>>>><
>>>>:

_y(s; y0) = Hp(s; y(s; y0); p(s; y0)); y(0; y0) = y0

_p(s; y0) = �Hy(s; y(s; y0); p(s; y0)); p(0; y0) = �0
y0
(y0)

_'(s; y0) = p �Hp(s; y; p)�H(s; y; p); '(0; y0) = �0(y0)

Hamiltonian function given by :

H(s; y; p) = �
q

1� p2

Initial phase :

�0(y0) =

R y0
0

p0(x)p
1+p0(x)2
dx

avec p0(x) = �3(x�0:5)p
1+3(x�0:5)2
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In the presence of Caustics

�V isc(s; x) = inf(
y0 2 R; y(:) 2W1;+1(R)

t:q: y(0) = y0; y(s) = x

) Z s
0
L(t; y(t); _y(t))dt+

�0(y0); where L(s; x; v) = supp2Rp
fp � v �H(s; x; p)g.

�V isc(s; x) is the (global, single-valued) viscosity solution of

�s(s; x) +H(s; x; �x(s; x)) = 0; �(0; x) = �0(x)

�V isc(s; x) = min(
y0 2 Ry t:q:

y(s; y0) = x
)'(s; y0)
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Eulerian versus Lagrangian ?

Spatial resolution
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Computing H.-F. wave ansatz (Keller-Ludwig)
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Computation of a and pc(s)

Let p� = ��Cx (s; x�); p+ = �+C
x (s; x+)
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2

x+ = C(s) + a (p+ � pC(s))
2

Remark : if C(s)� x� = C(s)� x+, we simply �nd

pc(s) = 0:5 (��Cx (s; x�) + �
+C

x (s; x+))
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Straightening Caustics - Change of variable in space

Let (s; ~x(s; x) + C(s)) (s; x) , then

~�(s; ~x) = ��C(s; x) satis�es

8<
:

~�s(s; ~x) +H(s; ~x+ C(s);~�~x(s; ~x))�Hp(s; C(s); pc(s)) � ~�~x(s; ~x) = 0;

for ~x 2]�M;0[:

We invert the change of variable �(s; ~x+ C(s)) = ~��C(s; ~x)
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Two branches

Let (s; a(s)~x+ b(s)) = (s; x) with

8>><
>>:

a(s) =

Cl(s)� Cr(s)

2M

b(s) =

Cl(s) + Cr(s)

2

.

The equation for ~�(s; ~x) = �+C(s; x) is

8><
>:

~�s(s; ~x) +H(s; a(s)~x+ b(s);
~�~x(s; ~x)

a(s)

)� (_a(s)~x+ _b(s)) �
~�~x(s; ~x)

a(s)

= 0;

for ~x 2]�M;M [:
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