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Recently, equations with very strong diffusivity attracts considerable interests in
various fields. For example the gradient flow of total variations is used for removing
noise from images [13]. It is also used to describe multi-grain phenomena in material
sciences [12]. A typical form is

Vu
1 uy — div(——) =0,
which has a divergence structure. However, there are several interesting problems
which has no divergence structure. A typical example is the crystalline flow equa-

tions proposed by [2] and [14]. A simplest example is

(2) V = —divé(n) on I'¢

where I't is a closed simple curve in R? and V is the normal velocity in the direction
of outward normal n of T'y;€ is the gradient of v : R? — [0,00) and 7 is convex,
piecewise linear and homogeneous of degree one.

If the equation is a gradient system, subdifferential approach [10], [11], [7] or
nonlinear semigroup approach [1] do apply to provide reasonable notion of solutions.
However, such an approach does not apply to provide notion of solutions (consistent
with smooth problems) when the equation is not a gradient system.

To overcome these difficulties the author adjusted the theory of viscosity solutions
for general curvature flow equation including (2) as a special example when the
diffusivity is strong so that its effect is nonlocal. Based on [3], [4] we in particular
established the level set method in [6]. To show significance of our results is this
talk we show several applications of the theory [5].

Several other phenomena can be regarded as a result of singular diffusivity. Re-
cently, a new notion of viscosity solution describing shock phenomena has been
introduced by the author under the name of proper solutions [8]. The shock can be



interpreted as a result of strong vertical diffusion [9]. Advantages of the theory over
conventional theory of conservation law is that it applies to the equation of the form

(3) ut — a(u)|Vul =0,

which does not have divergence structure. Here a is a given positive function and
r + a(r) is increasing. This equation (3) is considered as a crude model of bunchigs
in the theory of crystal growth. In this talk we briefly review the theory developed
in [8], [9].

References

[1] F. Andreu, C. Ballester, V. Caselles and J. M. Masén, The Dirichlet problem
for the total variation flow, preprint (1989).

[2] S. B. Angenent and M. E. Gurtin, Multiphase thermomechanics with interfacial
structure 2. Evolution of an isothermal interface, Arch. Rational Mech. Anal.,
108 (1989), 323-391.

[3] M.-H. Giga and Y. Giga, Evolving graphs by singular weighted curvature, Arch.
Rational. Mech. Anal., 141 (1998), 117-198.

[4] M.-H.Giga and Y. Giga, Stability for evolving graphs by nonlocal weighted cur-
vature, Commun. in Partial Differential Equations, 24 (1999), 109-184.

[b] M.-H. Giga and Y. Giga, Crystalline and level set flow — Convergence of a
crystalline algorithm for a general anisotropic curvature flow in the plane, In:
Free boundary problems: theory and applications I (ed. N. Kenmochi) Gakuto
Internat. Ser. Math. Sci. Appl., 13 (2000), pp. 64-79, Gakuto, Tokyo.

[6] M.-H. Giga and Y. Giga, Generalized motion by nonlocal curvature in the plane,
Hokkaido Univ. Preprint Ser. in Math., #478 (2000).

[7] M.-H. Giga and Y. Giga and R. Kobayashi, Very singular diffusion equations,
In: Advanced Sturies in Pure Math. 26 (2000), 1-34.

8] Y. Giga, Viscosity solutions with shocks, Hokkaido Univ. Preprint Ser. in Math.,
#519 (2001).

9] Y. Giga, Shocks and very strong vertical diffusion, Hokkaido Univ. Preprint Ser.
in Math. #510 (2001).

[10] R. Hardt and X. Zhou, An evolution problem for linear growth functions, Com-
mun. in Partial Differential Equations, 19 (1994), 1879-1907.



[11] R. Kobayashi and Y. Giga, Equations with singular diffusivity, J. Stat. Phys.
95 (1999), 1187-1220.

[12] R. Kobayashi, J. A. Warren and W. C. Carter, A continuum model of grain
boundaries, preprint (1999).

[13] L. I. Rudin, S. Osher and E. Fatemi, Nonlinear total variation based noise
removal algorythms, Physica D, 60 (1992), 259-268.

[14] J. Taylor, Constructions and conjectures in crystalline nondifferential geometry,
In: Differential Geometry (eds. B. Lawson and K. Tanenblat), Proceedings of
the conference on Differential Geometry, Rio de Janeiro, Pitman Monographs
in Pure and Applied Math. 52 (1991), pp. 321-336. Pitman, London.



