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§ DQ‘F!Y\\‘LIOV\ O‘F a ma -f u.

M mani oc
{ manifold  (ie. locdl, R™)
_. 3:29;;(')() dX"@dXs

Riemannian metric

: 3' Cconnection V

st. (i) Torsion = O
¥
FOTR) == 0T 2P (AT
My

” 0'(M) d » OF (N
i) Metvic compatible T

V9 =0




vg =0
&> Povallel Lransport

Prese\'ves innen Pnoduc{,

A <lfzoops hof. > O(T;-M)
ot pe M R
O (m).

Image =: HoQP(M)
Holonomy group
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BQ.ran, C‘lassi‘fica{ians'
of- Holonomy Groups :

( M - %) non-Syn“me'\'ﬁc

HOfp (M) :__:_

OQlm)

U(n)

( Kahlgn) |

Spfn(q)

SO(m)
SUM

(Calabi-Yau),

Sp(h)

Ga.
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B Mow\i-‘?o\ds ole«}mezd cw?jla;E\‘e‘d
4+ Ovientation R, C.

R M , ) ¢ Tox (V)=o
/R oy M9 10000

Ovi ent ed Riemannian mfd

Hol €S O(n).

Jdet(@:;) d¥a..Adx” € n™(M).

volume Form,

/C (M.3.3) {T;';:
(Qoc.€£7) IT=-1 gJ =o

Calabi T4 Yol SUM).
0O € A™°(M)

He\omorrl\ic Voluwme Form .



108 Exomp\e M= ¢"
A

(M, 3) .~ vV9=o0 Riemamian
. \a o).
G=T (dx*) + (dy*)

w (X.Y) = 4IR.Y)
vw=o0
cwo=2X dxsﬁ 4\‘/3
=3L d2°.dZ7

(9] éﬂ“'o(M) vVQl=o0, Calabi~Yau
] 2 n S U(")
nﬁ =C wﬂ ﬂ=dza32,---,\dz. ’

LU

More Smallen
S%rudfu ves Mo‘.o nowm 7 .

:. i d&'ﬁﬁé(‘g :dﬁﬁ%“;‘& .
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A

/A - MGY\\’QO\AS oven A\qe‘oras

(novrmed)

(M.9) A=R,C,IH.O

..

M — "CuweCl"A".

twisted UtDMo(FL;r
Hof (M) < { of A"

|
G@(n) >

‘ (ez Aﬂ -—““?An {same'h'y

'

(€(U°’X)-‘j-'- ©(y) O(X)]
30 € SO, ¥ xeP

L ) - 3
* -,Sf «?' e ",PH)I'(,:; e
i




1"a.

/A - Oyiontation 3
Spgcial /A - man fj?ous\




_ | l—‘ Qw*mmoaic-ka’um Hypu"al"m

[ Sp(™ Sp(1) Spt n)
@ a PSp in(3) 26:. 1.

Mani{o\cls Ov en A\aeLrQS:

A-m{d. j.\f::.ifai,

Ga(m Ha ("),

Riemarmian' Oricn‘lul Riem,
R {1 owm SO ).
@ Ka hlea Calabi - Yau

Lin) | SU (n)

¢ Unified treatment for ‘\01‘0010”17.
o dimgM =1 oub
Ga-manifolds : RIGHEST STRUCTURES




Qq - mdnigo‘d (Mg, ﬁ)

- [}
SPQC( a\ (D- mamfole\ S1,‘Mq'
30€SO0(0) ., ¥V. X }

e HolM.)c { @€ OO g s - 00
@V = 1

11

= @ =86 ( take v=1).
ie .(e(\!-‘)():(e(v)- O (X)

ie. @ e Aut(D) = Ga. € SO?)

Mm x : ImO *Im O — ImO
g x ¥ = Im@®Y)=%x7+oLy.

» ﬂ(x,7,2)==<¥*7a27'
N e Na-0)*
Both X% ond ﬂ Prcscvv«l 57 Ga

In fact.
G, =leeGLOR): ¢ =0F




'8

G, = Aut (R, O) |

O'=dx™ - dx (d7*'+dY®) o

T A (dyerE dy?) - ax (dy+dyT)

Reasons : (1) 0O Jetermines ovientat® V.
@ <%.¥> =7 a1y Q2aL2 /1

g Au‘\:UR’, n) < so(?)

3) Q(X,Y.2) = <AX=xY., Z7

(49 ~x*Y = XY + <%,V
= Aut (RO = Aut © = Ga



12 REMAR K :
ANY genenic 3"fform 0 € AR

is comjugate 1o eithen

. 1
A'X‘23"' d'x. (AYM* AYQ3) _ f 1: (Fosrbve)
oY 1
D P Y i
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r o‘ds,’
B l‘ '!:0 Ga—mam{:
acC
A »

itive 3-form
( Mq- ’ QQ?/- pon":

i¥o J /G;'M‘fd,
S *M*:
Ga
1 ) <
Hol (M', q
> —_— d* o
dOL = N =

&>

wfelds
L SfMl’lM ‘l:o R&Mm mn‘i‘
Remank :

-fovm.
W)V\OV\-JQ"“_ a fgy
(X*™, g9 . 2) b
th\m (t‘.c. He
X

S— —_ O _ ’
S de o (= a\"*w—e)
= d w =



124 Remark:
(Mq. s 6 . ﬂ) b Ga—man'r‘:o‘cl.

Q
AVAY S 4 X:ATM —> Tm
g(xxy. 2):=S2(x,Y.,2)

G (x«y) + *x
Gi) o « ‘2] Volume 32_.. )

ie. Vector Cross Product (a-‘fo'd),_

. glgsg.‘f{ca{ion (Bnewn-Gray),

o& T""‘SOlA Vec'tor CYoss Pnooluc{ OH(M':S]

(1) =1 M- Kahlean C(symplectic),
(2) vy=n-1 M Oviented

3) Y=2 M Ga-mfd (almost G2)
4 r=3 M’ : Spin(#)-mtd



L0o.

§EXO.YY\P\€S. OS Ga-manifous.

(0O) Calabi-Yau Manifolds.
Theorem (Yau) : X compact Kahlen

a.(X)=0 = I metric 9
400l (M. 9) = SUN)

j.e. Calabi-Yau man;folc[:_

n+t

Eq. X =1 j(zo,---,zrw.).-:o‘y c CP
degg -n+a.

K4



Ea.“), Mt = X{ « g JE.
5\*3 | n |

Reason: SU3) < QGa.

Move Details: ) ) )
Ga = S o(7F) S CIR
ANY \u/)*

J = _5d. (i.e. COW\F‘QX structuve),
0O 4+t v (x)) on <V>’L s hdo. volume.

e ‘iSo‘bropy og v — SUQB) < GI:{.

Rdahons:
QM = RQQX + CcJIx d




0%

Eq(2). [Bryantl AjC*

C: Orib_n‘&ed Riemannian
4~manifou (analyb’c), |

= neu‘sbkor"\oocl of C in A3C4
admits a incomple{g Gz-me{:h’c,‘

Provided /\?} C "—m-:") C %oPoloafcauy

“ZY\‘V?Q‘.

[ Method : Cantan - Kahlea ] :



ES (2) [Bnyan’): - Salamor\]

M =/Ac)  ¢=S".CF

G I ynetric (complete): (ie. BinstentASD; Ric=3 SC)
2- :

d‘,‘z __,'4 2 2
A (175 3l + T S

Y4'

u: Liben coordi. for IR’S-—-’f/\i(C)"""C

;F’ posib‘ve const.
X 2 “’ nadial coovdsi.

whene

Remm‘(: As P-—-’O+ , we ou:ain cone onmr (C)
R (twistor),

: ; CF 5 T SR R N |
Appnoac‘w : |
e m— Induced metric on /\i(C)
FE= »— Rescale ‘Filpqn metvics Ly a
‘("ur\c":ion o lul on‘y.

dQ=dxQ=0 — O.D.E.
Sol\le i’L.




‘“’ =& $) =R S
(53 Emsl:ew)

Ric= gsz
Note: [R* = S o= Cone(83)>‘83

SRy -—{(a b.c): abc =1 € §3%
(U.Snﬁ S? = SU()

Jouss = - Te](@'da)*+ (B'dbY + (¢ dor]

(SU(Q)?"E:! ¢nva.mav€l)
= Emsi:em

TY(LJU

gM_ 1-——) [ gies? + 3T (b aw]

w\«ere P >0 : const.
Y 2p nadial coeovd;.

Remank 2 As P—’O" , we have cone on 83"8

RemanL A ' (a| \%7 (A":iya\a—hk":{en ).



St

10 L
’ Remank: Eom\\en Sn‘mi\m (_ons.{—\fuc{:fon

‘C\’ metrics  with holonomy SU(&)on

chi - Hansodn
T*Q2 [ Edboms ~Hawking |
YD with p>o

As P——>O+ , we obtain ‘(:Ia‘l’. metrc
o d:z/ Z:L (f.e. Cone ownm ‘R‘Pg)

e

| N@ﬁ“@ﬁﬁ% e

%gmm ;‘a b_m

% T

HF peRTebe s . %R a®

sobah ghot Jo o PNT - eqnd)




U

ES (3) [ joyce]
Qompgci G:. man?po]ds

v Q& Smsu\an Perturbations non-exFli‘ci-l:

Method Stant T-’ (£lat)
T/G onbifold

ep. .
“’!hite sroup,

Singu.lanl‘ky F1 X POM‘L se*:.
(oS TS *(4:2/7.42)

- Glufns EgucLi—Hansen

T % (T%5?)
USe ImP\ici‘l:- Funr_‘l.' on T‘neorew\

PU\‘Lurlo “:o Ga Yhe‘l.'ric on
S~

M T'/G e

As et we coboin Clat oxbiold mebric
on ¥ T7/4,
(EXPccl: T/Q s C%F “'&mi e dist L M )
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E9 (4) [Kovale\)] |

Aaain Compac": examPleS o{ Gz-rrr(:ob,
but lb:hx\_}‘:}_e_i\siamf. e 2M.
(expec d.

Me‘H'nocJ . |
1° Constract Asym. Cy\.’no\r;cal Ga-mid

( X6 X 31 wi‘u\ X‘= asym. cﬂin«l\w‘m‘ ('!Y3 )
[~ Tian - Yaul

2° Glufns Q&  such Spaces

Remank : Topological Quantum Field Theovy.
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§ Basic P"Opan‘l:ies, "

(H0d32 'U\eory ‘(0" Ga—manigo‘AS)

RECALL : HODGE THEORY
@ % (in .9, j) Compkx Hmmi‘l:fah

manifold.

= A€ = ATx®C
‘ P,

= D A

p+q=R

0.0 9 o1 2 > Ao Dolbeach
o— A o_g_) /\)"_’-“ '2’/\ —> 0o complzx.

@ X Kiéhlea, ie. VI =0
(eguivalcnuy TVW=0, (v, W) )

= 9(Iv. w)

%> Hx o) =@, H7M)
' Space of hoamonic «fcvms

of type (p-9).

Note: Vw =0 = dw=o0




®

(X", w) Kashle
If 3 Q e’ , vQ=o,

- => Ricei =60 (ie. Calabi -Yau),

In this case.,

S -1 2
[ P02 = =5 ) 1Rl 4,
X X
£ 0

a ‘ " X flat.



o4 BACK o Hoc\ae theory
«for Qa- mam‘ﬁa\o’s (Mq, 3, 0))

@ (M .9q.0): Ga-manifold.

On‘y Need Ga-S":\ruc{’,ure

on (M.
S AN = A
[Romom
N = Av + A7+ Nae
L/\,'3 =*/\’I" , R34

R€a$oh‘8 : G. = SO(?)m[R.* ; st 9P. o‘f M.
A= TR AT

Ay
= A3
« o3, < s0(3) = AR™
ws AL = A?
. Tex AL AR }=>I\’=/\3. + Na.
| v — JQL

¢ Ta=Ay — A - N eN

*  Sym,JR7 = Ty(Met) — Ny
$9 — $ (NL(9d)

2> N = A+ A+ A



(UoI1FWQ) > @ -

%

&)

(M*, 9 , D))

Gz"‘ S{“ruc{ure on |Mm.

Loy . @
o @__,A@ __&7_;/\1_&__7, /\21 _(_fl_)_l,,/\i-—-)c,

is an _elliptic ggmglex ) 4
& dN=0
Pioof: Elliptic Complex

& (d) : A —N zevo. (-pient)
P ve e /\',24. implies  (d®@), =o

ie. Pa¥l=o0 eN'=A7 ie (de)an)L
=0 e A =A%

d(©@ax0)) =(d@)a ¥ + @ a dXQL
= dxQL =o
@ J'ﬂ =0 e
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A*

@ (M*.3.0)

Ga-structure on TMm.
lemma: M (G —-mami‘go\d
i-e. v =0




310 |
(M-,; 3 aﬂ) . Ga"‘ m&n;‘cO‘d
(ie. VEL=0 . equiv. 4N =d*Q=0)
> ¢ H' (M) = Hs
71 HQ(M) = H?y 37 H?q
Ll = W e 1 e Hb

] ~ -~
He > H—Izh , k2 4.

H> = RO
.+ H} = Hi = Hi
| [Reasonr A cCommutes with /\.Q _’l"_f‘;)/\;]

Covr : Hol(M'.9) = Ga
= HIM) = o
[RQQ:m: Ricei=0 + Eochhm‘].

Remanl : ol = g 2
V= S MM Finite.

[deRham cleacgompos:i%«»fom?].




) (M7, 4.,0)) : Ga-manitold.

Claim: Ricci= 0 (Einstein)

Reason:
® V R\emmn\mﬂ man.fo‘d

Rm € Sym (/\TM) C@T*
= No memew& n N Th

N irvred. Otn)- mod.

o Fov Ga mah;‘FOlA
Rm n—=— Tfs Ricet € SymT:\
/\c + /\21 < A‘}T:‘
= Ricei =0 F-



1
;4 Chanacteristic Mumbens Inegua‘i{:y :

Prop: (M. 4q,0): Ga-méni‘co‘d

=> {pmainl <o
M

=M M s flat.

:P oo‘p:
) Rm € O'(M , adTm)
. adTM A A'a4 )

= Rm eﬂ?q.(M ;adTM) (R:SN= Rre¢s

= Te(Rm)aQl = = IRm|" d¥m

(’Y\em 0‘9 V) Rlemah’\B 'lneM
Relation in Kah

= SP'(M)" [0l = -é——."—ﬁ 5 IRmPE dvm O

M M
#*



oo Ay

§ moa’u'f of Ga—ﬁ’nanf:yo)ds

M |
— -{ Gz—me‘}.n’cs on M}

* Dif.(M)

Recal

8 . Ga-metvic &> (2 € NE(M)
1 > o

dN = d*l = o

Mg

[3(\,)\”) = vl s A ) /d‘l&]



™ |
%Yia{ional Approack :

~¢ z, . {1>0
T %VQEQ(M)A.O.:O} —_— ]R

T(Q) = rS}\IDJ?M‘.i - SQ"*’Q

| 1St voniation :

ST ()(3) = L J <. &% dvy.

3 ¥

Coc: In a FIXED dass [Q1eH(M),
0O : aritical poit o T

@ d¥ﬂ =0 C: §=d(2-fov»~))‘
ie. (M,QGQ): Ga,-mani-fga.

Gradievt Flow : —%‘%m = A




toq.

9:\0\ vaniation Fov }(ﬂ\: '&-Q-A 1 J 9]

CF(O(3, )

= 1 [(41z05+ 135" - 1aal® ) dyy
R ,
whee 3 € (M) =B+ + O

$,+34 + 3.

Q | Al M: SQ? is non-de%enma‘l'e

ot ony enitieal poin{ 2. (mod. :Di‘g:(M))_

Cov (Local Tovelli Theorem).

:Bgz\_&d. map:
T: Mg, — H*(M.IR)
0 - [0l

1S AQ_O_QQ.Q. _di_&g_gamorpkism.

I reasemn: Imphctii Fuht"flov\ T‘\m]




. Action by DitF(M) :
v e [[(M,Tm)

L = d(Zvﬂ)"\’ Zvéd&ﬂj}a

€M)

ie. PO +4de . © eAs(M)
s 323'\2!10":9(1 by % SYwmc‘Evy
i considen |
S2F (O (d@, d¥) , @ € A (M)
with  d7@ = O (:Hodge)

. Recall e /\?4 = (d¥)4 = o e/\%(M),
C:desL=0)

¢ Qch,y & *0=-@.QO
=@ =o0 (-d*¢=0)
= (d¥)=o0 e A7 (M)

= $FO) Y, d@) = - § | dee1? dvy <
Non—dejenena‘l'e . #



CU\D 1C M&%VUC‘{UVQ on m(‘iz ik
(M7, Ga-manifold

TaMa, = H(M.R)

’.Definef Symme‘kvic ‘Lri—!p’nean {ovm, |
3
6 : ® HM.R)— R

IN

" Defene xe_a’m;rm
by X(V)ZH(x0) eN

e = % (@aX)

\éﬂ. (e, ., G)

= Sn(%a“%z.@:;) /\*ﬂ.
M




v 4

1_'S;t)(::

= C Sﬂo\*ﬂ. = C r}(ﬂ)
M
@) €aln.0,e) \
-0 M@ e Hiz(M.R)

(3) CalfL. € ©)

:C, S(ea*‘e
|

— ¢ ST D).

(4) Cale. ©@,%) Yukawa Caugl-’na

18- M : (vre.ducib\e. ’ ‘l‘.‘\en

TMeg, = Ry @ Haa(M)

S
volume.




Ha

~ Con\‘cal Sn‘r\au'w\.‘{\'es_

) Dégene&a‘\:iOns 05: Ga—mni—golds, ’
J
2 Mg,
Specu\a‘l:(ons :
» (M.\-_ , Q-L) +#0. , diamete=1
g SUPPOSQ /singu\wt
?’ {‘,;Q My = VMO (G\rm-\—‘aoslorﬁ)
]
I; @ & \olume > ¢ >0 v+ £o.
A

~ Mo 05-' f_rhi‘le distance
o ontenior o:F Ma. -




Gl

8’ Degenena‘hons o} Ga—mam‘-fous,
0 Mg,

Spccu\a‘t(ons :
(Mt ,Qt) t#0 ., diamete=1

Suppose /singu\an
_{‘_‘;‘Q My = Mo (Gwm-\"ausdorﬁ)
@ Vol(M)— 0  a t—o
. Associative

Y f T 3-fi Emhon

e
%&(H")ao

%,
A
%,

. 4
Coassoci ati ve €,

Vo ~ Fibvation. /

M. NO'_ Libens K3



500

¢ Minimal Submanifolds
g Ga—man{—colds.

° _S_pe,c(a\ Lac}*rangian Su‘)manh('o’o!s

in Gz -manifold (M*, Q)

ASCMTI- SL&S. o‘s\ {7Pe-_[ |
(.'.c. associative su\:m{cl)

CteM'  Slag. of type L
(e Coarso:;{‘:ive subpitd.),



5OR.

RE CALL:
(XQ“: W, ﬂ) :Co!aLi -Yau mani‘pold
(ie. gPecia‘ c—man:‘colcl).

C“C X ) Lagrang{or\

5 ‘w'c =0

(2) SPecial Lajranaiav\ :
o{- \:122 1
§ w.=o0 = ImQ

(3).8)_a3. o‘}\ ‘t;pg I

"'F w'c:" ° =Reﬂ'c.

Remank : (Special) Lagrangians
of typeI .1 are defined own
any (Special) A-manifold |
A=C,  H, O.




5

Now (M1;.()-) : Ga—mami'(:o‘d |
(1’.2. S"‘M Qa SFecia\ (D-mani-fold)

Pnop. : D4 (ant S‘x Mq

@ D: S’.a%/, ";YPQI |
& D =8 *A wth AcM’
Preserved L; X |

(ie. associative sobmanifold)
(@ D : Slag. of type I
& D =ipyxC* with C'c M’
sotistying Qlc =0
(e. co-associative submanifold).
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¢ S_L.Q.:g. ove Calibnat ed

Recall: C <= (M, 9)

C : minimal submanifold
él:ef# is cnitical wrdt VoL(C, alc)

&> Meon Curvolure Vector ﬁ =0

Difficult o debormine
whethen C is ABSOLUTE

m{nimal oy ho"‘. .



>0, CALLBKAIION (Harvey - Lawson),
(M, 9) Riemannian manidold.
'Defn: O e _O.h(M) Cbli!:m‘l:ing Form
§ o 40 =
(i O]e €dve wcheM

Def* C*e M Glibrated Subwfd
$ Ql. = dye

Ke y Lenmvma:

AN C =M = C has absolute

Calibrated min. volume within”
[c] €& He(M).
@ voiqé?])_:\éog;(:) = C’ leo cal{l:ra“:eJ.
Phook:  [¢'1 = [c]
= Jo =]n (- dL=0)
A\ I

S d S dye
c’ c

RS
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Examples of Calibration
(1)  (X.w) Kahlen manifold
() -(a%k = ﬂah(M) cdib. form _

Gi) C <= X Calib. suLm-(:d.

@ C Complgg gu‘:man’;fow.

RQGSOV\ (h:‘)
C € €" rveal 2-plane.

lw()? =]<c. 3¢> < lcl?
| \\=u @ ]C = c

i-t. ComPlQ% .

o aned

(wiwr":inﬁmr) )
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'I[ ado(} o q-\vo : U“‘(I

(2). (X", w ,0) Calobi-Yau m-u

» ReQ € O"(M) calib. form.
(id) C” c X*" calib. sv‘:hffd.

ie. wlec = 0 = ImQ\C,

~puesmtug

Reason : c” Q = 42'ad2?Ar -.-ad2"
Ce " vedl r\-P|ane

QI =1¢c~3c] < lc)?

\W 1 ¥ J

= 4 Jc 1

i.e. Lagr,

l__ 1QCOPR = )R] +]1mQUOT



(3) (MT ,ﬂ} Qa"mohi‘pou.
M N e N3(M) Calib. form
@) A3 c MT calib. submdd

E> A ¢ Associokive submfd.
(ie. preserved by x)
Q. v, w) = gluxVv , w)

s

Reason: A < ImO = R 3-plane
A= Sram (U, Vv, W) , en.

lﬂ(A)' = lqr(uuv, w)

< tul-1vi- tw)
"= ey w2 uxv

re. A preserved 57 X




W
=,

(4) (M-' , ﬂ) Ga—manf‘FolJ.
®  xO) e OYM) colib. form.
(i ctc M calib. submfd.

& C Qg.;gggs.iah:&su\om“.
i.Q. n\c = 0.

—————

Reason® ' In @O = R” veal 4-plane

‘()“C =0 @ (u;VQC a‘w\"“‘s uxvy ..LC,)

ES —4 AL <KW.u«vI2X =0
M w.u, v, % éc.

L\.V\QM al .
3 4-{old cnoss p\'odu& om ©

st. when 2. w,u, v € L @O

AW * U xV = BEOLXX wuw)— 4 Ak, U X
€M € 1D .

> oW U sVES |xa Yo UVl
"
[#Qf + 14 AT
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Qemank-‘ ( M—' P D) Ga— mani o‘d.

) A, AL < M Associative SMLW(PO(&
_"_"> A.‘m@u nAz)#: 2%,

(- Pm:erved by X ).

@ Cu J Cz < M ['b-a.:roa’d‘l’iwe Sulom'fds.

é AiW\(le\Cl)iB

(Reason: @ and nex{ mmmk)



Remank: In the linean situation,
AN e ImD

L
A : assoct'a“:ive @ C=A : COassbc.‘arl:\‘ve_

9.3_ IM(D:<9(.,’X:.,’X;, 70)Y|JY2JY3>
-— ———

"

A C.

rF'ZQCXSo\r\‘- ﬂlA = JDA

= (*ﬂ)\ = difyyy

. A




3

Prop: A= (M, L)
AsSocfa‘k\'ve (r.Q. pnesevvecl b)’ X )
S X IA =0
(.g)t'\ene X € QS(M;TM) 18

<%}V)= Iv(x%)) € /\?' - NMVETM.

‘—RZasOn: On IR‘,: I O

2 2 2
| QL vowdl + | e duvewo] = {uavawl

e

€R €m0
In fac{ P 3 ’éﬂ‘é-%‘é noss Proclucé own ECDJ

st. when U, vo w € I ®©

U UXW = Lyavaw (ﬂ+*ﬂ) €®.

A~—P 3iVeS‘ aLove eaua\’i&y.

s




Con. 5 . A — (M7, )

Paname{:r\‘zes an aSsocfa{'.‘ve Submfd .

L ;g (S M@p (A, M) 15 a
Cfl\"tfca\ Pon’n“: O:F 'u'\e :gunc{:t'owa.Q

S F*(*ﬂ)
A x[o,1]

[Reasmn: Vanying F make Zv(*ﬂ)‘5w ::o]
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Remank: ImO =~ R

W {f-’new\ associa{:ve S‘u\osmces = Ga

So(4)

(”) { ,QW\QM %f\. 2
Coassoc:a‘\e‘ve SU\)SP&CES -  sod)

cason: () &> (i) (: At=c)
C4 < ImO coass. nfg QL::OG/\C |

JLrent < Gr.(4.7)

1s°‘hrop c dnm =1
80(4) dima =12~ vank (#c)
A mGz/SO(4’) 8 = t

~ 1 HQM

80(4_) Co-~ass (1o ‘f‘({ . cornected) .

| [BQ‘HQJ\ Proo:f : Via Linean a’JJma]

80(4) < G < SO(ImO)
SPU)SP(I)
( P q) (a,b) € ImH HH=E.®
via (p.9)-(a.b)=(pap .abp).



e,
??’

(M—',ﬂ> : Ga-mani'yold
-Examp\e o‘: (Co—)aSSocfa{ive su\:rvrm.

(1) S = S*R'= g(s»)

section Spfnor buhdle .

CP' < A(CPH

Section .



@. M? x4 < g

62.")’7\‘?&. CcY S‘Sold.

) = Re{lx + wxAd®,

1 YphiC
{ sz S associative &L <X k%l:?voe ,PL
Ls * f p} associative &L <X SLag.. typel
| { Lz" Si Coassociative &> L < X Slag.ﬁ:ﬂoe Il
C4"{P} coassociative & C cX o™ lex

sunface




(3) o

O'.M—-;M O‘Q-'—'c'd,

g isgme{:ry, i.e. 0'*3 = 3
= o*Q) = 40 |

fxed

M7= {xeM : T =x} :E;e-t
is a cdibrated gubvn—“

e "N =0
= dim M7 = 3 o~ 7
woadve e
. ¥l = -0
= dim M = O o
"’""7{0?}. et




o De¥orma%\on of C4 < (M7, ﬂ)

CO-QSss. Gi-m

2 %
— Nem —> N e
v — 1.0
Claim ~
Nep = N Te
Reason: Since G!x %‘oﬁ:n} tvana rve

= EV\OUSL\ t. ct\eck the case
C=H in M=ATM+ M (5, .Y
¥3) - (1231 )

- A PPN 3;%‘? s
Inr L 18 Pl 3 V“%J

P

i
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Couose C <= (MT.LY)
anL
{?ubm‘pc{s}
oHOE r‘(mm Fos %oy
*
2l & v > expe(l. gméolul;

F (0)= {Cc:—ass' sub m]OA‘—S' = (B

dFo)= (v Dle
s d(Zvn) ‘C

= T.@& = H:. (O
1.2. 1'n§\'n§‘l:e sivm al Jeforma‘l'fonx of
COassoGa“,'i ve SU\DM‘(: Ci.s AQrxe Pam..\(gn‘ze¢

Ly Hi(C)
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Claim : No obsteuckions to Aefomofl:abns

(McLean ).

& (Bcoass 8”‘\00\75
o I‘-’ (BCM“ ~ Hi(c).

‘Reasov\: Implici‘):. FuncLion 'Tkeorem,

F: O2O=T(’n)—> ()
dF(o) = d , = Im J.-F(O‘):AQH(C)

Infacjc, Inm F <= d§5%(C)
[ Olezo , cmc’ = Oleedst

$Sm§ecl:€vi{'7 => APP‘)’ Inp. Fu. Then,

Ao

wa ik ‘{e



4o. ;‘
H
Compoanéson :
(X", w, Q) Calabi - Yau mfd.

Ln < X SL@S suLm\fo‘
wl; = Imﬁl =o0.

e M = Ti

v — v

i ’ ch:i.'::\“l,g g,__:} ~ H'(L,R).

o No OLS‘[:Y'M.C%JOV\ (MclLeaw).

(L— DE) :&.aq cycle.(WYA'Cﬁ\e)

SLa3 Slwl: O0)- Commextion /g
(eg. ™ € Y. Z. mirver gemjecture)

mSLas' . moduli 4
* SMOO'H'\ (nOn-C,omPac{) K;k‘{m i ".
O:F d"me”ﬁmﬂl 28 b\(L).

e L AR iSRS A AT -




Coassociative C;c‘le - (C .De)

[ Supensymmetric cycles in G- wromifolds)
Definition: C*c (M.Q)  coass. subm{d.
4+ T : ASD connection ow
C"—E —C
e. R = o e OWc.adE)

Denote /),nCMSS - moduli o; (c.De).

+

DB=
{(B,‘e)'éd(cﬂJE)"nz*(c): de=-o }
{ @c. o)}

coass

_T(C,D:)m -

o —> H(C, adE)—> T —> H} (C)— HA(C,adE)

?

© D d! ) g 4o
defor O for



coass
m

¢ Nal:unaQ %—Sorm on
( Covrelation fun ckion)

Q) ppenss € ) (M=),

A (c,De), (B @) eTm™

Q”f““( (8..@,) . (B2,6). (B3a(€3))

= g [‘0'1@1]“1“%3 -T" [e\ B‘aBa +[123] .
C

Ee"—d@ined K Sa)’(Bz,"es):(DE & o)éﬁ'(a&E)"D:.'
choasS.: - STf‘?n B:(DC) + ST\" @ B. (DC)

b2 e 0B)c - (T (PBYC
, (:d€.=0)

= STT(Pt @.C "'STT'cpa('?l C (‘v& Z(?C)

— O
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* Cubic stvucture on M=
(yukawa. wuplin3>.

%w e [M(M™ . Sym Topene )

%mwass ((Bu‘ﬂ), (82,(93).. (B3, ‘6’3))

C

we"‘dej\\'"‘ld ( Exencise ) . | L
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An imporjcawi case :

(C , De) coass. cyc\e
with  yank () =1

(FOY S{mpl(c(‘ty, assvme bl(c):o; )
1.€. $ hon‘:rivfa,, fla{d:“ine LUncue /C /.

J"m mwass u:n O

p—

Reason:
() Deforming € ~ Hi(O),

¢ (E) € HI(C) a HY(C.Z)

ie. UN-ASD occar in Codim b:-.

j:’: mcoas.s ?
TafFT 7



]

lo,1]

(Panamekrizecf) CoaSSoc\'a‘l'u'\IQ C)lcles

are C’)li‘k\‘t',al pgin“"s of the :funcjn‘owa)?

F: Map("M)xQ(E) — R /z.

F($. D) = Fafn

) Cxlo.11

( o,'DoE) : Some Lixed \nc‘tsrmJ
5 Cou‘iauiﬂ:\‘on,
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Symme’ory / Gausz Group. «%
1— Aut(E) — % —> Ditf(c)— 1

____?__)E

E
L. | !
c

¥,e

{ ey

G 7 Map(c.M) x A(C)
g . (§ .De) :=(§e3c .9DE).

.3: 1S % -~ INVaN iowtt.

o mcwux — d?-‘(O) /%’

. w em's Morse "H'\eory
H@kmeil@jy He*** (M) st.

# Cfao.ss — % ( " )




( M-,)Qi) dﬂ;: O

(=

Q_ a37M po‘l‘cca“

Ca\aLI-Yau 3«;0‘(1 C]‘ hdhcal g&“""@d )

How dOQS HCOW(M) necoven

from Ml aV\d Mz 7

o,




SER. 1 n) Qs7mm&|.€v\kkq| X‘:c\(z

(C.Dg) COQSS. c7cl€ on M

39(3)&) SLa3 of type I

( L P ’DE')
K
SLaj_ -}la& bdl.

sjé'f

Clalm) mcw‘“ ) ”0"“‘1“")’% %Sl.as (X)

(Com je ck value

15 Q Laqromq:an nmMenSHioN
J vV

E;asonﬁ@ Lineanize ~—»
W HACO 4 HW
H(C) £f  HWLW

® 1(cy—L> H(L)— H(C.L)

® @ , ®
H(C,De— H'(L)«— H' (L)
l e

R R . R




cvaSI

™ m) e me3 () «—= (M)

Laar Lasr

COV\;QC%UYe ? ( Glu"y\s T"‘COY‘QW\) e

H*™ M) = HFm e mm> m(Mz))

37044 I\Molov Srou‘;
5- LaJromaw.n In‘t%xec{ onsg

m> TQRFT (Topoloaica' Quan%um Freld 71\80\'?)'



§ IY\‘\'.QJISQ(;%COV\ Tl'\eory /(o\r |
Coassoc{ajc(ve Submam‘CoHS,

RQCQH: F’Oefl,s Lasramgfan Ir\teﬂsec{:{on .

(in’w) Symplech‘c mani-FoH.
| < X Lasranau‘a_v\ subned (:.e,coh_zo).

L |
HF(L.L)  Floen homclogx group
—_——) = Lal'
X X )
By counting of holomerphic disks D -

D € X
{QD c Lol

D p-resewed \>7 J




502,
#ileal’)

- GF=Z L
¢ CF —GF -"1u

1 Sp= 2 ne.o 9

Gelal’

N(Pa 3_) = # ;\olo. Jis‘c.r Joinins P to 9

L Sa = of (Re unre {'
T compactne o
- moduli of helo. g >

HF(L.,L'):= KQ" %%

Formally.  HF(L.L) = HE (LueX).
¥ feX R/ Z
Fon= yew ‘

[(,{) 'H;eh Morse U‘\eory]

Remank Fuzkaya ~Floen cakeamry“;
Mvi'rff’f@f(‘ Symmel:fry {owr C.Y. n«”&’




04-
Remank (NeanL7 Laaransian):

1™ (X", w) L_asr.

MNux = T*L
(small)
/Vean\:y Lagr.é") Closed 1—form on L.
L'= graph(®) @ (L), dg=o

}Q: o} . |

L

[_':: TaP‘s(‘e).

Holo. C“S‘(S' ¢—> Gradient ‘clow line

D S(t)
bound L4 L’ X fo @
_ (+ bubbléry )

[\/ia s\‘nsulw\ Pe)'\{u.nl)a‘kion].



BAckK TO
( [\/\q' , Q) Ga-manifold.

C 4 - M dossoc.‘ajcive subnifd.
(ie. Qlle = 0).

,Pnojpose ‘}:o AQ‘YW\Q H(C,C') ,
Ov\a\oﬁ 1o Floen "\OMO‘OBY ,

By Co uwknﬂ a.ssocia{:u‘ue sumeJ.
A3 - M (»‘-e. A=Presewec{ ):y X)
with 9A < C v C’




Remank: (Afeanby Coass. subnifds) . -
ct = M coass- subnifd.

0
A

' :>{/\/cm =~ A Q)

P it € € OO
d¢ = O.

C' = graphte)
Cal = 1@= O?]’

TTRTS }‘e=o}=us‘ % @ :Deqenenated
= ¢ Syrmp Horm on C

| .T('Q):: c’
“Coviecjcwre'?
Aass. Su\om‘{:d, AZ CM1 Lounc‘inj C 4 c’

:}l%‘, # holo. cuvrve 21 c C4 w/ 547 {‘Q:O}.

Taube Sq,c\,ms-w:)c{en o:F ct



.']o.

X" Sympl. e

W E O_’L(X) non-degen.

dw =0

Compamson g

MY Ga-mdd.

01 e(T(N). positive
dl=o0

(almest Ga)

1" = X Laan
el = o

* Muix = AL)

* MNeanby Lagr.
~@eN'(L), d¢=0

s SUSY Cycle.
(L,DeEg)

Fe = 0
(ie. ??le*- comme ckion )

o Neanly Coass. &JLM‘H.

g e0i(C), de=o
(Degen. Sympl. 4-m¥Ed),

e SUSY c7cle,
(C.De)
Fe =0
(i.e. ASD connec'l:ion)_



|2
(gymp\ec’c\'c)
2 |
se X

>, Presenvecl by J
wlv,w)=gQ v. w)

6 :DiSk ( ins{an‘\;on)
2

o S‘L::Dz v D

sl

« 25 < L

Compw‘tis on (Continuved).

(Ga)

Associa{)'ve

3
Acs™ subnmid.

A \onesewecl b): X
[QIORYAY) = j(uxv,w).

®

Handleb o«ly (instartow).

3 2 3
o Sa@ = Al Y Az
(hawndleb ody de compet ition) |

e 2A &« C

(‘BA has & canenial cpx. str. ).

HF (L. L")

F‘OQJ\ )'\omolosy SrouP

“Hec.c)" 7



L_QOﬁ S 4;0 CQ In{'@n Pr@%ah on:
(M .
) D) Ga"mani—pou

SEM . Un panamejcrizecl ‘

LOOP SPGCQ ]

Qe(T(M) M W >
Q LM 6Q (iM)

}
—

(EEM, (A)OQM> : Symplec‘h'c m—(:d
(cO d:m.):

| 6:;*') 24 < 52 M Lasm\nsian
< M Coa-fsoc(a‘l'\' ve

° Zz C
@ Z . S‘ 5&::\ Ho\omo\'ﬂ\ic cuvrve
M A.S'.SOc(a‘l:\‘ve

’T’wus .
H( C . C ) ‘Forma‘
y == HF(LC.EC)

Jor ™




A §Gau3e :l’\eor)/ on Gg‘mani‘(;ﬁué

R'——s F —M"

Lonne ction De: 00 (M,E)—‘)Q\(MJE)
Curvabre  Fg = (De} € A(M)@adE |

Fe=0O 4»\/-&(0:%.(M)‘—-)6L(VJR).
(galat buhdle)_

(When M is (Speﬁu'al)m-man{jcold.
(A= C.IH.D),

HOQ(M,g) is (Ha<) Ga < OMn).

e S = 2 =A
m> (Pantial Flat bundle) |

0, | FE & %@(M)®adE : A-Connechon

@ FE e lla\(M)® adE : S]_oecialﬂ—conne ction




108,

| AA\ A“ conn, Sja@ciml —Cornn
C F**=o F>*= AF =0
(HolomOrpLic gdl) (Heam. UM bdl.)
IH F € spmspD(M.adf)  Fy=F5=F =0
(AsD./ H)'Pejll\olohno\'rkt]
O FA® + xF=o Faxl=o0

(:Domu.sow'Tlnomas bd).) (fDomuxn‘ﬂwmaJ bd l)

RQW\OJIL5 All SFQda' A~wv\m‘e£{n‘@v\$
mir\imize Hr\e yahj‘mi": ewwsy SNIFF .
( via yM'CaliLra'l:im).



( M1 ’ Q) TGz—mawﬁ"g-@M

DE : ’DT Gz" wh»‘\e‘%“w\/gper.ial ®- conn.

(;.e. FE A *Q =0 )
ovr  Fe € (i (M.,adE)

These ane cnitical po(wEs of the Cs.
Sunc{ionoﬂ r? |

1

%)
r}r(DE) — S CS(D..Dg) €
M N
— S *a-l-F)
Max

Te (e
To.4]

bdl. .
m den o{G.s ‘l:"\eif moclul\ s‘oace_
( nelevance $o Mivvor SY‘”"MQ*’)’ 5‘, G,-nmifd.



¢ bdd
S Natunal Geometvic Sheuctures on M

"

Q) 3-§orm /Co\rrela‘lf{on ﬁnc‘{‘a’on
Qm"‘“ (8 . Bx, B3)

X0 +F
STY- B,B.B; € + L1231,

M

|

@ Cul:ic —form / )’u/«awa cOUF[fnj

%mbd\ (8,, Ba . B3)
%) +Fe

- S < B| > [Bla 83] >k‘“o'n3 e *[123]~
M




'g— = Tm is a DT.-bdl
When M7 = X ¢ S’ , then
Toy?
%n“'cw on H'(M, Fa(Tm))
511

H” (0 + H00+H'(X_EndiE)

becomevs Yukawa coulol ings :fw CY ZjFoHX
om0 WYX,
= (@) HY ().
@ H' (X, EndoTx).
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oy
B
g

é Mirroy Symme{?(y for Glg_—wr‘cds
(Ac\\anya).

Reca“ SY V4 Micror Conjec‘l:ure d;r
Calab - Yau man'rcous ()(2“, o, Q)

(1) Slag. fibnation (> fiben is T7).
T X S
(Semi-:fla{ limit ~ longe cpx. stv. limit)
(2) Mivrvov 'ma\ni-co‘d Y‘z“ :Jual ‘P\'Lra’l'.'fon
—7-*-—‘*” \rzﬂ e Sn

(3> ¥ Plec‘l:cc F.’.!%E#iﬂ‘;:"‘"
Geome%ry QS: ok Ly ﬁ} ﬁ@of

( 9. Floen's f\\eov) (tg Ca&a"’ 4 \

on Losmmsu an Coku\ew{: .(Leaver
inkense cbion. Hgm-bondles. /

e SRR R P i



( M_’ ’ Q) Gz-mahi‘(‘o‘(‘ .

0 Coasscia"ﬂ'\&__&bﬂ.ﬁ&f_"n
e

M A

E&&QC‘E C — T4 or K3 .
in 'H'\e F : oo %—Adta‘;e{'\‘c Limi%.

Reason : O (M,-Q.t) with C =M
th'funl.‘so"“’\—-) o.

ﬁ C4 : Eins*a’v\,
:? H\'":c\nin (v‘\eg_-l:.
3 Sian(C)+ " Eu\en(C) )O
@  Coass.fibration => A(C)  tvivial
"=" in Hilchin ineqt.
= C : T% or K3

- T ~
C=T )
(=K3 —~ ’S*p.(m‘ﬂt —> 0

p(M.(2y — O




Suppose
4 L 3 3 o-a ocial'if

T — M A éihif{'ion .

4- ‘!:orus '

w—> Mivvor 'rr\a\ni‘:pou \/\/? :’Dual‘-GLra‘tfon,
T W — A"

SYZ G:z— mixyoyY con&ec{:wre :

(Sas;oc (q'l:ivg AS.foc |'a": e

r"""‘""’mw -
Foune_r\

.’G\eome‘\:vy ’v.‘.mmfwm? Geome“:vy
of M of W

9. -bundle,
eq. Coass. vamfAf“A" ¢JA t:okmu+ flat 5‘“)
(lwlmsedfion '\:\r\eory ( ‘ !

(eﬂ. Can be \w\i{ieo( n the {lat case ).



SuPPOSQ 1 3
K3 — M — A

Ce:asesvecfiddt«iw

‘FGM@%\' o .

]
“Mieror” manifold X s CY 3-fold

with Eg>*Eg -bLondle /X
T— Xf—
(e.s. GYZ).
(T = HIBYA e cokain limik )|




oo

§ COV\C’USFOHS/@uesLionS

’ Spec&a‘ (D—Seome\:ry.

( Tvialit Y 7)

. (M, )
dQQ =o
4 =0

e R ‘MOM'FO\& L

(i) Any dim.
(i) 3 4 J'W\.

Complexify

/vTL

G:. - 37mp|e C‘Lic. Geome'l'.?',
- COMP'CX él’eomelh')/,

CS tl«eor)« /Ponaldson {:l\eor/

COMﬁtx M D
sympl. amel)?» »
Y/ Ga- Seome‘l‘\')l

rhivrroy

Symw-e‘\:vf7





