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> Let
X =(X1,...,Xq) € LT (F)

represent (monetary) risk factors associated to a system of d
interacting financial institutions.
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> Let
X =(X1,...,Xq) € LT (F)

represent (monetary) risk factors associated to a system of d
interacting financial institutions.

» Traditional approach to risk management: Measuring
stand-alone risk of each institution

n(Xi)

for some univariate risk measure 1 : L°°(F) — R.
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Axiomatic characterization of (univariate) risk measures:

A map 1 : L°(F) — R is a monetary risk measure, if it is

» Monotone: X1 > Xo = n(X1) < n(Xz).
» Cash-invariant:] n(X + m) =n(X) — m for all m € R.
(Constant-on-constants: n(m) = —m for all m € R.)

A monetary risk measure is called convex, if it is
> Convex: n(AX1 + (1 — A)X2) < An(X1) + (1 — A)n(Xz) for
A€ [0,1].
(Quasi-convex: n(AX1 + (1 — X\)X2) < max{n(X1),n(X2)}.)

A convex risk measure is called coherent, if it is
» Pos. homogeneity: n(AX) = An(X) for A > 0.
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However,
» Financial crisis: traditional approach to regulation and risk

management insufficiently captures

Systemic risk: risk that in case of an adverse (local) shock
substantial parts of the system default.

» Question: Given the system X = (Xi,...,Xy), what is an
appropriate risk measure

p:LP(F)—=R

of systemic risk?
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» Most proposals of systemic risk measures in the post-crisis
literature are of the form

for some univariate risk measure
n:L(F) =R
and some aggregation function

A:RY R,
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Some examples:

» Appropriate aggregation to reflect systemic risk?

Systemic Expected Shortfall
[Acharya et al., 2011]

s (35%)

where ES, is the univariate Expected Shortfall at level g € [0, 1].
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Deposit Insurance [Lehar, 2005], [Huang, Zhou & Zhu, 2011]

()

i=1

SystRisk [Brunnermeier & Cheridito, 2013]

d

p(X) := TSystRisk (Z _OZIXF + ﬂ,’()(iJr - V,'))

i=1

where 1s,s:risk is some utility-based univariate risk measure.
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Contagion model

» [1;; denotes the proportion of the total liabilities L; of bank j
which it owes to bank i.

» X; represents the capital endowment of bank /.

» If a bank i defaults, i.e. X; < 0, this generates further losses
in the system by contagion.

» Systemic risk concerns the total loss in the network generated
by a profit/loss profile X = (Xi,..., Xq4).
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[Chen, lyengar & Moallemi, 2013], [Eisenberg, Noe, 2001]

Total loss in the system induced by some initial loss profile x € R9:

d
A(x) := min —vy; — vb;
(x) min, ,Z; yi — b

d
subject to y; = x; — bj + Z I‘Ij,-yj Vi
j=1
» Bank /i decreases its liabilities to the remaining banks by y;.

» This decreases the equity values of its creditors, which can
result in a further default.

» A regulator injects b; (weighted by v > 1) into bank i.
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» Various extensions of the Eisenberg & Noe framework to
include further channels of contagion, see e.g.
»  [Amini, Filipovic & Minca, 2013]
» [Awiszus & Weber, 2015]
» [Cifuentes, Ferrucci & Shin, 2005]
» [Gai & Kapadia, 2010]
» [Rogers & Veraart, 2013]
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» Conditional risk measuring interesting in systemic risk
— identification of systemic relevant structures

CoVar and CoES [Adrian, Brunnermeier, 2011]

d

p(X) = VaR, (Z X | X < —VaRq(Xf)>
i=1

[Acharya et al., 2011]

d d
ES, <XJ- > X < —VaRy(d X,-))

i=1 i=1
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— conditional risk measure
n: L(F) — L*(G)

for some sub-o-algebra G C F

» Broad literature on conditional risk measures in a dynamic
setup (e.g. [Detlefsen & Scandolo, 2005], [Follmer & Schied,
2011], [Frittelli & Maggis, 2011], [Tutsch, 2007]).

> In the context of systemic risk, see also [Follmer, 2014] and
[Follmer & Klippelberg, 2014]:
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But also conditional aggregation A(x,w) appears naturally; f.ex.:

» The way of aggregation might depend on macroeconomic
factors:

» Countercyclical regulation: more severe when economy is in
good shape than in times of financial distress

» Stochastic discounting: A(x,w) = A(x)D(w), where D is some

stochastic discount factor.

» Liability matrix I = M(w) in contagion model above might be
stochastic (derivative exposures between banks)

Risk-Consistent Conditional Systemic Risk Measures



Objective of this presentation: Structural analysis of conditional
systemic risk measures pg : L3°(F) — L>(G), G C F, of the form

pg(X) :=ng (Ag(X))

where 7g is some univariate conditional risk measure and Ag some
conditional aggregation function.
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Structure of remaining presentation:

1. Axiomatic characterization of conditional systemic risk
measures of this type

2. Examples and simulation study

3. Strong consistency and risk-consistency
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AXIOMATIC CHARACTERIZATION OF
RISK-CONSISTENT CONDITIONAL
SYSTEMIC RISK MEASURES
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Risk-Consistent Conditional Systemic Risk Measures

Aim: Axiomatic characterization of conditional systemic risk
measures of the form 7 (A(X)) in terms of properties on constants
and risk-consistent properties.

» Risk-consistent properties ensure a consistency between local -
that is w-wise - risk assessment and the measured global risk.

For deterministic risk measures [Chen, lyengar & Moallemi, 2013],
f. ex.

» Risk-monotonicity: if for given risk vectors X and Y we have
p(X(w)) > p(Y(w)) in a.a. states w, then p(X) > p(Y).
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Risk-Consistent Conditional Systemic Risk Measures

In the deterministic case:

> [Chen, lyengar & Moallemi, 2013] on finite probability space

» [Kromer, Overbeck & Zilch, 2013] general probability space

Our contribution:

» Conditional setting
» More comprehensive structural analysis

> More flexible aggregation and axiomatic setting
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Risk-Consistent Conditional Systemic Risk Measures

Notation: Given (Q2, F,P) and a sub-c-algebra G C F:

» A realization of a function
pg : L3’ (F) = L=(9)
is a function
po( ) LF(F) x Q R
such that pg (X, -) € pg(X) for all X € L (F).

» A realization pg(-,-) has continuous path if pg (-,w) : RY — R
is continuous for all w € €.

» We denote the constant random vector X5, @ € Q, by
Xs(w) == X(W) Yw € Q
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Risk-Consistent Conditional Systemic Risk Measures

Definition: A function pg : LS°(F) — L*°(G) is called
risk-consistent conditional systemic risk measure (CSRM), if it is

Monotone on constants: x,y € RY with x >y = pg(x) < pg(y)

and if there exists a realization pg (-, -) with continuous paths such
that pg is

Risk-monotone: For all X, Y € L(F)

pg (X, w) > pg (Yiu,w) a.s. = pg (X,w) > pg (Y, w) a.s.

(Risk-) regular: pg (X,w) = pg (Xu,w) a.s. VX € LP(G)
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Risk-Consistent Conditional Systemic Risk Measures

Further risk-consistent properties: We say that pg is

Risk-convex: If for X, Y, Z € LP(F), a € L*(G) with0 < <1
6 (Zor0) = a(@)pg (Xor0)+ (1-0(w)) pg (Yo ) a5
= pg (Z,w) < a(w)pg (X, w)+(1-a(w))pg (Y,w) as.

Risk-quasiconvex: If for X, Y,Z € LP(F), a € L*(G),0<a <1

06 (Zr ) = a(@)pg (X )+ (1)) g (Yor ) as.
= pg (Z,w) < pg (X,w) V pg (Y,w) a.s.

Risk-pos.-homogeneous: If for X, Y € LP(F), 0 < a € L*(G)
pg (Yo, w) = a(w)pg (Xo, w) a.s.
= pg (Y, w) < a(w)pg (X,w) a.s.
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Risk-Consistent Conditional Systemic Risk Measures

Further properties on constants: We say that pg is

Convex on constants: If for all x,y € RY and \ € [0, 1]

pg (Ax + (1= A)y) < Apg(x) + (1 = A)pg(y)

Positively homogeneous on constants: If for all x € RY and XA > 0

pg(Ax) = Apg(x)
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Risk-Consistent Conditional Systemic Risk Measures

Proposition: Let pg : L3°(F) — L>°(G) be a function which has a
realization with continuous paths. Further suppose that

S

pg(x) =Y ai(x)la, x € R,
i=1

where aj(x) € R and A; are pairwise disjoint sets such that
Q=J;_; A fors e NU{oco}. Define

k:Q — N:; wr~ i such that w € A;.

Then pg is risk-monotone if and only if

pg(X)la, = po(Yo)la,,, foraa. w= pg(X) > pg(Y).

Also the remaining risk-consistent properties can be expressed in a
similar way without requiring a particular realization of pg.
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Risk-Consistent Conditional Systemic Risk Measures

Proposition: The following holds for a risk-consistent CSRM pg:

> If pg is risk-monotone and monotone on constants, then pg is
monotone.

» If pg is risk-quasiconvex and convex on constants, then pg is
quasiconvex.

> If pg is risk-convex and convex on constants, then pg is
convex;

> pg is risk positively homogeneous and positively homogeneous
on constants iff pg is positively homogeneous;
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Risk-Consistent Conditional Systemic Risk Measures

Definition: A function Ag : RY x Q — R is a conditional
aggregation function (CAF), if

1. Ag (x,-) € LX(G) for all x € RY.
2. Ng (-,w) is continuous for all w € Q.
3. Ag (-,w) is monotone (increasing) for all w € Q.

Furthermore, Ag is called concave (positively homogeneous) if
Ng (-,w) is concave (positively homogeneous) for all w € Q.
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Risk-Consistent Conditional Systemic Risk Measures

Given a CAF Ag, we extend the aggregation from deterministic to
random vectors in the following way:

Ag: LF(F)— L®(F)
X(w) = A (X(w),w)

Notice that the aggregation of random vectors is w-wise in the
sense that given a certain state w € €, in that state we aggregate
the sure payoff X(w).
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Risk-Consistent Conditional Systemic Risk Measures

Definition: Let F, G € L>°(F). A function ng : L°(F) — L>*(G)
is a conditional base risk measure (CBRM), if it is

Monotone: F > G = ng(F) < ng(G).

Constant on G-constants: ng(a) = —a ¥V a € L*(G).
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Risk-Consistent Conditional Systemic Risk Measures

Additional properties of CBRMs:

Convexity: For all a € L*(G) with0 < a <1

ng (aF + (1 - @)G) < ang(G) + (1 — a)ng(G)

Quasiconvexity: For all a € L*(G) with0 < a <1

ng (aF + (1 —a)G) < ng(F)Vng(G)

Positive homogeneity: For all a € L*(G) with o >0

ng(aF) = ang(F)

Risk-Consistent Conditional Systemic Risk Measures



Risk-Consistent Conditional Systemic Risk Measures

Theorem: (Decomposition of conditional systemic risk measures)

A map pg : LP(F) — L*°(G) is a risk-consistent CSRM if and only
if there exists a CBRM 1g : L>(F) — L*°(G) and a CAF Ag such
that

pg (X) =ng (Ag (X)) WX € LF(F),

where Ag (X) := Ag (X(w),w).
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Risk-Consistent Conditional Systemic Risk Measures

Theorem cont’: Furthermore, the following equivalences hold:

> pg is risk-convex iff 7g is convex;
> pg is risk-quasiconvex iff g is quasiconvex;

> pg is risk-positive homogeneous iff ng is positive
homogeneous;

and

> pg is convex on constants iff Ag is concave;

> pg is positive homogeneous on constants iff Ag is positive
homogeneous.
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EXAMPLES AND SIMULATION STUDY
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CoVar (analogue CoES) [Adrian & Brunnermeier, 2011]:

> Let

ng(F) := VaR,(F|G) := — G%sszon(g) {P(FSG|G)>A},

where F € L°(F), A€ L°(G), and 0 < A < 1.

» For a fixed j € {1,...,d} and g € (0, 1), define the event
A= {X; < —VaRy(X))} and let G := o(A).

» Define A(x) :==> xi,x € R.

» Then the CoVar is represented by ng(A(X)), which is a
positively homogeneous CSRM.
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Example: Extended contagion model

» [1;; denotes the proportion of the total interbank liabilities L;
of bank j which it owes to bank /.

» X; represents the capital endowment of bank /.

» If a bank i defaults, i.e. X; < 0, this generates further losses
in the system by contagion.

» Systemic risk concerns the total loss in the network generated
by a profit/loss profile X = (Xi,..., Xq4).
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More realistic contagion aggregation:

» Total aggregated loss in the system for loss profile x € RY:

d
A(x) := min (X;+b;+<|_|T)> ~+ vb;
(x) y,beRdlz_: y)) +v
d
subject to  y; = max X;+b;+znjiyj,*Li Vi
j=1

and y <0,b>0.

> Bank / decreases its liabilities to the remaining banks by y;.

» This decreases the equity values of its creditors, which can
result in a further default.

» A regulator injects b; (weighted by v > 1) into bank /.
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Conditional contagion aggregation:

» Let the proportional liability matrix I;;(w) € L*°(G) be
stochastic.

» Then the corresponding CAF becomes

A(x,w) := min S (X,' + b; + (ﬂT(w)y>l_)7 + vb;
i=1

d
subjectto  y;=max |y + b < x; + Z Mji(w)y;, —Li | Vi
j=1
and y <0,b>0.
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Numerical case study

» d = 10 financial institutions;

» One realization of an Erdds-Rényi graph with success
probability p = 0.35 and with half-normal distributed
weights/liabilities;

» Initial capital endowment proportional to the total interbank
assets;

» 0.5 correlated normally distributed shocks on this initial
capital;
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Examples

FI3 8.60

22.36

FI14 26.04

FIT7 16.36

15.00 FI 5

Risk Measures



Statistics for \ for 30000 shock scenarios:

0% 1.6 2.6 ‘00’
Mean 78.26 | 115.69 | 195.27
5% Quantile 333.09 | 541.41 | 977.79
Standard Deviation 121.79 | 198.17 | 337.98
> b 38.54 | 30.45 0.00
Initially defaulted banks 2.78

Defaulted banks without regulator 3.83

Defaulted banks with regulator 2.93 3.33 3.83
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Examples

Systemic ranking by CoVar:

S| FIj 2 3 6 4 7 1 10 9 5 8
Il covars, | 266.94 | 297.28 | 208.49 | 308.61 | 320.58 | 322.56 | 332.94 | 355.23 | 362.27 | 367.68
Q | FIj 2 4 3 7 9 6 1 10 8 5
L [CovaRi, |397.73 | 419.11 | 423.18 | 459.33 | 471.81 | 473.61 | 481.40 | 548.21 | 563.60 | 601.09
FI j 2 6 10 3 1 7 5 9 8 4
“VaRg(z;) | 13.30 | -7.67 | -15.05 | -17.01 | -20.69 | -22.98 | -26.89 | -30.48 | -32.11 | -33.41
FI j 4 3 7 9 1 6 2 10 8 5
L 34 63 66 69 | 147 | 171 | 227 | 255 | 256 | 320

Table 4.3: Systemic importance ranking based on CoVaRj ;.
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STRONG CONSISTENCY AND
RISK-CONSISTENCY
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Strong consistency and risk-consistency

We now consider CSRMs pg : LS (F) — L*°(G) fulfilling:
Monotonicity: X > Y = pg(X) < pg(Y)
Strong Sensitivity: X > Y and P(X > Y) >0

= P(pg(X) < pg(Y)) >0

Locality: pg(XTa+ YIac) = pg(X)a + pg(Y)xe VAEG

Lebesgue property: For any uniformly bounded sequence (X;)nen
in Lo°(F) such that X, — X P-as.

pg(X) = lim pg(X,) P-as.

n—oo
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Strong consistency and risk-consistency

» On (Q,F,P) let £ be a family of sub-o-algebras of F such
that {0,Q}, F € .

Definition: A family (pg)
measures (CSRM)

Gee of conditional systemic risk

pg - Lg (F) = L=(9)

is (strongly) consistent if for all G,H € £ with G C H and
X, Y € L(F)

pr(X) < pu(Y) a.s. = pg(X) < pg(Y) as.
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Strong consistency and risk-consistency

Remark: In case pg and py are univariate monetary risk measures
that are constant-on-constants, strong consistency is equivalent to

pg(X) = pg(pu(X)).
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Strong consistency and risk-consistency

Definition: Given a CSRM pg we define
fos 1 L°(G) = L(G); a = pg(aly)
and its corresponding inverse function (which is well-defined)

fog 1M fpg = L2(G).
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Strong consistency and risk-consistency

Lemma: fpg and fpz,l are antitone, strongly sensitive, local, and
fulfill the Lebesgue property. Further

pe (L (F)) = fog (L=(9)).
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Strong consistency and risk-consistency

Lemma: The following statements are equivalent

1. (pg)ges is strongly consistent;

2. pg(X) = pg (&;l(pH(X))ld) VX e LP(F),GCH
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Strong consistency and risk-consistency

Lemma: The following statements are equivalent

1. (pg)gee is strongly consistent;

2. pg(X) = pg (ﬁ,;l(pH(X))ld) VX e LP(F),GCH

Remark: In case pg and py are univariate risk measures that are
constant-on-constants, fp;f = —id and 2. reduces to

2. pg(X) = pg(pu(X))
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Strong consistency and risk-consistency

Remark: Let (pg)ges be a family of CRMs and define the
normalized family

(g)gee = (—f,5" 0 pg)ges

» Then (pg)gee is a family of CRMs which is consistent iff
(pg)gee is consistent.

» Further,
5. = —id

which can be considered as a vector generalization of the
constant-on-constants property for univariate risk measures.

Risk-Consistent Conditional Systemic Risk Measures



Strong consistency and risk-consistency

Theorem: Let (pg)ges be strongly consistent. Assume there
exists a continuous realizations pg(+,-) for all G € £ and that

fp;l opr(x) €R VxeRY.

Then for all G € £ the risk measure pg is risk-consistent, i.e. there
exists an CAF Ag and a CBRM 7 such that

pG =g o Ng .
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Strong consistency and risk-consistency

Theorem cont’: Further, the CAF are strongly consistent in the
sense that for all G C H

Mi(X) <Mu(Y) = Ng(X) <NAg(Y) (X, Y € LF(F)),
which is equivalent to

f,(gl (Ag(X)) = f,\;l (A£(X)), forall X € LF(F).
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Strong consistency and risk-consistency

Law-invariant, consistent systemic risk measures:

Definition: A CSRM is called conditional law-invariant if

px(1G) = py (-|9) = pg(X) = pg(Y),

where px(:|G) and py(:|G) are the G-conditional distributions of
X,Y € LP(F) resp.

Assumption: There exists H € &£ such that (2, #,P) is atomless,
and (Q, F,P) is conditionally atomless given .
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Strong consistency and risk-consistency

Theorem [Follmer, 2014]: Let (pg)ges be a family of univariate,
conditionally law-invariant, monetary risk measures. Then (pg)ges
is strongly consistent iff the pg are certainty equivalents of the form

pg(F) = u™"(Ep (u(F)| G)), VFeL®F)

where v : R — R is strictly increasing and continuous.

Risk-Consistent Conditional Systemic Risk Measures



Strong consistency and risk-consistency

Theorem: Let (pg)gees be a family of conditionally law-invariant
CSRMs. Then (pg)gee is strongly consistent iff each pg is of the
form

p6(X) = go (£, (Be (u(X)] G))), VX € LF(F),
where
» u:RY — R is strictly increasing and continuous

» f1:1mf, — R is the unique inverse function of

fu: R—R;x— u(x1ly)

> gg: L°(G) — L*°(G) is antitone, strongly sensitive, local, and
fulfills the Lebesgue property

» In particular, gg = f,, for all G € €.
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Strong consistency and risk-consistency

Corollary: Let (pg)ges be a family of conditionally law-invariant,
strongly consistent CSRMs. Under the assumptions from above,
the risk-consistent decomposition pg = ng o Ag is given by a
stochastic certainty equivalent ng of the form

ng(F) = —Ug" (Er (Ug(F)| G)), F e L¥(F),

where Ug := f, ogg_l i L®°(F) = L*°(F) and gg is a certain
extension of gg from L*°(G) to L*°(F), and the aggregation

N :=ggof, tou.

Further, the CBRM 7g and the aggregation AY are related to each

other by
Ug(N9(x)) = u(x) VxeRY Gek.
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Strong consistency and risk-consistency

Corollary: Let CBRMs (ng)ges and CAFs (Ag)ges be given such
that (ng)gee are strongly consistent and (pg := ng o A\g)gee are

conditionally law-invariant, strongly consistent CSRMs. Then the
CBRMs (ng)ges must be certainty equivalents of the form

ng(F) == u™" (Ez (u(F)| G)), F e L¥(F),

where u : R — R is strictly increasing and continuous, and the
CAFs (Ag)geg must be of the form

Ng = f (ag - N(x) + Bg) ,

for some deterministic AF A, G-constants ag, 8g € L*°(G), and
some strictly increasing and continuous f : R — R.
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