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Coupled Diffusions: Liquidity Risk

Xt(i),i = 1,..., N denote log-monetary reserves of N banks
ax!V =bat + ePaw?  i=1,... N,

which are non-tradable quantities.

Assume independent Brownian motions Wt(i),z' =1,...,N

and identical constant volatilities agi) =0

Model borrowing and lending through the drifts:

N
S - xydt+oaw”, i=1,...,N.

g=1

a

axy" =

The overall rate of borrowing and lending a/N has been

normalized by the number of banks.



Fully Connected Symmetric Network

N
Sox? - x\ydt+oawV, i=1,...,N.
j=1

a

DR

Denote the default level by D < 0 and simulate the system for various
values of a: 0,1,10,100 with fixed o =1
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One realization of the trajectories of the coupled diffusions Xt(i) with
a = 1 (left plot) and trajectories of the independent Brownian motions

(a = 0) (right plot) using the same Gaussian increments. Solid horizontal
line: default level D = —0.7
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One realization of the trajectories of the coupled diffusions Xt(i) with
a = 10 (left plot) and trajectories of the independent Brownian motions
(a = 0) (right plot) using the same Gaussian increments. Solid horizontal

line: default level D = —0.7
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One realization of the trajectories of the coupled diffusions Xt(i) with
a = 100 (left plot) and trajectories of the independent Brownian

motions (a = 0) (right plot) using the same Gaussian increments. Solid

horizontal line: default level D = —0.7
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independent cases. We compute these loss distributions by Monte
Carlo method using 10* simulations, and with the same parameters
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These simulations “show” that STABILITY is created by

increasing the rate of borrowing and lending.

Next, we compare the loss distributions for the coupled and
independent cases. We compute these loss distributions by Monte
Carlo method using 10* simulations, and with the same parameters

as previously.

In the independent case, the loss distribution is Binomial(V, p)

with parameter p given by

— 1 <
p P (021£T(0Wt) < D)

D
— 2% |
it
where ® denotes the N (0, 1) cdf.

With our choice of parameters, we have p ~ 0.5
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On the left, we show plots of the loss distribution for the coupled
diffusions with a = 1 (solid line) and for the independent Brownian
motions (dashed line). The plots on the right show the corresponding
tail probabilities.
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On the left, we show plots of the loss distribution for the coupled
diffusions with a = 10 (solid line) and for the independent Brownian
motions (dashed line). The plots on the right show the corresponding
tail probabilities.



prob of # of default

0.8

0.6

0.4

0.2

0)

(@)

# of default

prob of # of default

0.2

0.15¢
O.1¢
0.05¢
06

# of default

On the left, we show plots of the loss distribution for the coupled

diffusions with a = 100 (solid line) and for the independent Brownian

motions (dashed line). The plots on the right show the corresponding

tail probabilities.
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Mean-field Limit

Rewrite the dynamics as:

N
dx = %Z (X9 — xNat + caw?

- a ZX“) — XD dt + odw .

The processes X (Vs are “OUs” mean-reverting to the ensemble

average which satisfies

1 (i) 0 (i)
(z) (5



Assuming for instance that ibéi) =0,2=1,..., N, we obtain

N

N
1 7 )
~ E Xt( ) _ % E Wt( ), and consequently

N
dx® = q % STwi | - x| dt+odw?
j=1




Assuming for instance that xéi) =0,:=1,..., N, we obtain

N N
1 7 1
~ E Xt( ) _ % E Wt( ), and consequently

i N
dx® = q % STwi | - x| dt+ odw?
j=1

Note that the ensemble average is distributed as a Brownian
motion with diffusion coefficient o/v/ N.



Assuming for instance that ibéi) =0,2=1,..., N, we obtain

N N
1 i 1
~ E Xt( ) — % E Wt( ), and consequently

o i
dx® = q % STwi | - x| dt+odw?
j=1

Note that the ensemble average is distributed as a Brownian
motion with diffusion coefficient o /v N.

In the limit N — oo, the strong law of large numbers gives
1 o (;
N ZWt(j) — 0 a.s.,
j=1

and therefore, the processes X (9’s converge to independent OU

processes with long-run mean zero.



In fact, Xt(i) is given explicitly by

N t N

. . . t .
Xt(z) _ % ZWt(j)‘l‘O'e_at/ eadeS(z)_% Z <e—at/ eadeS(j)) 7
0

j=1 0 j=1
and therefore, Xt(i) converges to oe~ % fg e dW D which are
independent OU processes.

This is a simple example of a mean-field limit and propagation of

chaos studied in general by Sznitman (1991).



Systemic Risk

Using classical equivalent for the Gaussian cumulative distribution

function, we obtain the large deviation estimate
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Systemic Risk

Using classical equivalent for the Gaussian cumulative distribution

function, we obtain the large deviation estimate

1 o N (i) D?
. ot . v 7 < _ .
J\}l—rgo N log 1P <0I<I}513T (N Z Wi ) - D) 2052T

1=1

For a large number of banks, the probability that the ensemble

average reaches the default barrier is of order exp (—%)

N N
. 1 i) O (i) : .
Since ~ E X, == E Wy, we identify

. N
1=1 1=1

N
(1 (i) .
<
{OE}}ET <N ; Xt ) < D} as a systemic event

Observe that this event does not depend on a > 0



The probability

D?N
P AT 202T

of a systemic event does not depend on a > 0, in other words:

“ Increasing stability by increasing the rate of borrowing and lending
does not prevent a systemic event where a large number of banks default”

In fact, once in this event, increasing a creates even more defaults
by “flocking to default”. This is illustrated in the simulation
with @ = 100 where the probability of systemic risk is roughly 3%.
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Systemic Risk and Common Noise

N
axi=a| = > X} =X} | dt+o (detO /1o p2dwg) =
j=1

The ensemble average:

N N A2z N
%;XE:%;W; = a(,thO—l— 1N’0 ng>

1,



Systemic Risk and Common Noise

N
AX] =a | =D X! = X[ | dt+o (pdW! + /1= p2dW]), i=1,--
j=1

The ensemble average:
N N
1 i 9 i —P2 i
IR N R e %)
i=1 i=1

= (inD) O'\/,O2 + U ;V'O2)Bt,

The probability of the systemic event becomes

D N
IP — Xz D] =2 20
<O£I.1912T Z < ) <g\/T Np? + (1 — ,02)> -

i=1

7N7
D
olp|VT /
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So far we have seen that:

“Lending and borrowing improves stability but
also contributes to systemic risk”

But how about if the banks compete?
(minimizing costs, maximizing profits,...)

e Can we find an equilibrium in which the previous analysis can
still be performed?

e Can we find and characterize a Nash equilibrium?

What follows is from
Mean Field Games and Systemic Risk
by R. Carmona, J.-P. Fouque and L.-H. Sun (2013)



Mean Field Game

Banks are borrowing from and lending to a central bank:
dX; = aldt+ocdW}, i=1,---,N
where o' is the control of bank ¢ which wants to minimize

. T .
Jz(ala o '705N) =IE {/ fZ(Xta&;)dt—i_gZ(XT)} )
0

with running cost

fi(z,a*) = [5(0/’)2 —qa' (T —x") + %(:1: — xz)zl . g <,
and terminal cost gi(z) = £ (T — $i)2 .

This is an example of Mean Field Game (MFG) studied
extensively by P.L. Lions and collaborators (see also the recent

work of R. Carmona and F. Delarue).



Nash Equilibria (FBSDE Approach)
The Hamiltonian:
HZ('CU yi’l "'7yi7N 1(t ZE),"‘,O&%,“',O(N(t,ZC))

—Zoz t:vy —l—ozy
k#1



Nash Equilibria (FBSDE Approach)

The Hamiltonian:
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Nash Equilibria (FBSDE Approach)

The Hamiltonian:
Hi(xa yi’la Tt yi7N7 al(ta :E)a T Ozi) T QN(ta {Ij))

_ Zak(t,x)yi’k 4 aiyz',z'

ki
N i (= i € _ N2
‘|‘§(04) — qQ ($—$)+§(5’3—5’3)7

Minimizing H* over o' gives the choices:

A

oziz—yi’i—kq(f—:vi), 1=1,---, N,

Ansatz:
Y =, 1 bii | (X — X7)
t N 1,7 t/)o

where 7, is a deterministic function satisfying the terminal

condition nr = c.



Forward-Backward Equations

Forward Equation:
dX; = O,.H'dt+ odW,

1 — . .
= o+ (= | (- X+ oaw,

with initial conditions X¢ = z}.



Forward-Backward Equations

Forward Equation:

dX; = O,.H'dt+ odW,

1 _ . .
[C] + (1 — N)nt] (X¢ — X3)dt + odWY,

with initial conditions X¢ = x}.

Backward Equation:

N
dY7 = -0y H'dt+ Y ZyP dwf
k=1
1 — ; 1 1 5 5
— () XD o — (g D+ e
N - 1 _ |
+>ozpawl, Y = el = 60y)(Xr — Xp).

k=1



Solution to the Forward-Backward Equations

By summation of the forward equations: dX, = < Z],j:l dWF.



Solution to the Forward-Backward Equations

By summation of the forward equations: dX, = < Z]kvzl dW}

Differentiating the ansatz Y;"7 = ) (% — 57;,j> (X — X}, we get:

. 1 _ e 1
dy,” = (N_éi,j>(Xt_Xt)[77t_77t(Q+(1_N)nt>]dt
N
-|—77t — UZ N de

k=1



Solution to the Forward-Backward Equations

By summation of the forward equations: dX, = < Z]kvzl dW}

Differentiating the ansatz Y,/ = n (% — 5@-,j> (X — X}, we get:

. 1 _ e 1
i = (N—éi,j)m—xt)[m—m (a+ 0= o) |
_l_nt - zg UZ ——5 de

Identifying with the backward equations:

;o 1 1
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Solution to the Forward-Backward Equations

By summation of the forward equations: dX, = < Z],j:l dW}

Differentiating the ansatz Y,/ = n (% — 5@-,j> (X — X}, we get:

. 1 _ e 1
i = (N—éi,j)m—xt)[m—m (a+ 0= o) |
_l_nt - zg UZ ——5 de

Identifying with the backward equations:
) 1 1
1,7,k
th :ntU(——5i’j)(——5i’]€)fOI' kzl,'“,N,

and 17; must satisfy the Riccati equation

: 1
n = 2qn: + (1 — _)772 (€ — q2)7

N2

with the terminal condition nr = c.



Solution to the Riccati Equation

o= ) (6(5+_5—)(T_t) _ 1) _ <5+€(5+_5‘)(T_t) — 5—)
Ny = (5_6(5+—5—)(T—t) ~ 5+) — (1 — %) (6(5+_5—)(T—t) _ 1) :

with the notations

0 = —¢+ VR,

R = q2+(1——> (e —¢*) > 0.



Solution to the Riccati Equation

o= ) (6(5+_5—)(T_t) _ 1) _ (5+€(5+_5‘)(T_t) — 5—)
Ny = (5_6(5+—5—)(T—t) ~ 5+) — (1 — %) (e(5+—5‘)(T—t) _ 1) :

with the notations

0t = —¢+ VR,
1

Observe that 7; is well defined for any ¢ < 7' since the denominator
can be written as

_ (6(5+_5_)(T—t) n 1) VR — (q L (1 _ %)) (6(5+—5—)(T—t) _ 1) |

which stays negative because 67 — 5~ = 2v/R > 0, and in fact,
using ¢* < €, we see that 7, is positive with ny = c.



Financial Implications

1. Once the function n; has been obtained, bank ¢ implements its

strategy by using its control
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It requires its own log-reserve X! but also the average reserve X

which may or may not be known to the individual bank s.



Financial Implications

1. Once the function n; has been obtained, bank ¢ implements its

strategy by using its control

~i )i < ; 1 < i
) = =¥ (= XD = g+ (L= | (%2 - XD

It requires its own log-reserve X! but also the average reserve X
which may or may not be known to the individual bank q.
Observe that the average X, is given by dX; = ~ Z]kvzl dWF, and
is identical to the average found in the uncontrolled case.

Therefore, systemic risk occurs in the same manner as in

the case of uncontrolled dynamics.



Financial Implications

2. In fact, the controlled dynamics can be rewritten
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The effect of the banks using their optimal strategies corresponds
to inter-bank borrowing and lending at the effective rate

1
Ay =g+ (1— N)m-



Financial Implications

2. In fact, the controlled dynamics can be rewritten

N
i 1 1 § : ' i i

The effect of the banks using their optimal strategies corresponds
to inter-bank borrowing and lending at the effective rate

1
Ay =g+ (1— N)m-

Under this equilibrium, the central bank is simply a clearing
house, and the system is operating as if banks were borrowing
from and lending to each other at the rate A;, and the net effect is

creating liquidity quantified by the rate of lending/borrowing.



Financial Implications

3. For T large (most of the time T — ¢ large), 7; is mainly constant.
2

For instance, with ¢ = 0, limy_.o 7y = =& :=7.

Plots of n, with c=0,qg=1, € =2 and T' =1 on the left, T' = 100 on the
right with 77 ~ 0.24 (here we used 1/N = 0).



Financial Implications

3. For T large (most of the time T — ¢ large), 7; is mainly constant.
2

For instance, with ¢ = 0, limp_ o 7y = =& = 7).

Plots of ;s with ¢ =0,q¢ =1, € =2 and T = 1 on the left, T'= 100 on the
right with 77 ~ 0.24 (here we used 1/N = 0).

Therefore, in this infinite-horizon equilibrium, banks are borrowing

and lending to each other at the constant rate

1
A=q+(1—- N)ﬁ — g+ 1 in the Mean Field Limit.



Equilibrium: Fully Connected Symmetric Network

N

n A ' i i .
ax( = 2N (XD -x7) di+o (detO /1= p2aw >) L i=1,...

N 4
71=1

But, how to generate a centrally connected network?



Game with a Central Bank

Banks (1 = 2,---, N) are borrowing from and lending to a central
bank (i = 1):
dXi = aidi+o (detM V1 —p2dwg')  i=2....N
N
AXi = - <Z 0‘2) dt + o, (ﬂlthO +4/1—pi th1>
i=2

where o is the control of bank i which wants to minimize
J(a?, -, aN) = {/OT fi( Xy, ab)dt + gz-(XT)} :
with running cost
fi(z,ab) = [_(&z’)2 ~gai(x! — 2f) +

and terminal cost gi(x) = 5 (X — :r;i)2 :



Equilibrium (skipping details of the derivation)

dXi = A(Xl—Xit)dt+a(detOJm/l—p?de), i=2....N

N
dX}] = -A) (X{-X})dt+o (plthO +1/1 — p? dW})
i=2

N=10 ‘
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Comparison using Systemic Risk Measures
Joint work in progress with F. Biagini, M. Frittelli and T. Meyer-Brandis

Let X = (X1, -+, Xn~) be a risky position.
“Aggregate first” versus “Allocate first”

e Aggregate first:

p(X) inf{m c IR | Al(ZXq;—I—m) EAV}.

1=1
For instance: A((Y)= (Y—d)” and A" ={ZcL’|IE(Z) <~}
e Allocate first:

N
i=1
N
For instance: A(Y) = Z(Y;;—dz‘)_ and A" ={ZcL|IE(Z) <~}
i=1



The Gaussian Case

Let X = (X1, -+, Xn~) be a Gaussian vector with marginal distributions

N (i, s7), then by allocating first we get:

p(X) = inf {Zm | ZE[(XZ- +m; —d;)7] < 7} .

N




Optimal Allocation
Noting that

8mi S;

ov(m) _ _ (dz' — i — mz‘) |

a direct computation via Lagrange multiplier gives:
m; =di — p; — iR
where R solves

P(R) = —— exp(—R?/2) — RO(R) = — — )

V2T D i—1 Si

Note that this “allocate first” approach gives a way to rank

banks in terms of their contributions to systemic risk.

A direct analysis of %Z“ and %?i shows that m] decreases with p;

7 7

and increases with s;.



Fully Connected Symmetric Network

Here we consider the fully homogeneous case where xy = g,

pi; =a/N, o, =0, p; = p, d; =d, so that the model becomes

dX! =

N
&S0 - X
71=1

dt-+o (detO /1 pZde) i

=1,



Fully Connected Symmetric Network (continued)

X = (X}, -+, X}N) is Gaussian with marginal distributions

characterized by the means

and the variances

1 1 — e 2at 1 — p?
2 2 2 2 2
> = 52(1— p?)(1 — = +o2( 2+ t.




dX;}

dX}

Central Clearing Symmetric Network

a(X! — Xi)dt + o (detO /1 dW;) o

—a

N
i=2

2, .-

(Xi — XD)dt + 0 (plthO + /1= p2 dW,})

N=10

.7N



Central Clearing Symmetric Network (continued)
X = (X},---, X}N) is again Gaussian. Assuming
X! =uz9,1=1,--+,N, a tedious computation gives IF(X}) = x

and the marginal variances for ¢ > 2:

1 1_6—2at 1_,02
2 2 2 2 2
R 1—p?)(1— t
20 pt 1
+ [Ulﬂl—Uﬂ]JrO(—Nz),

which shows that the sign of [01p1 — op| decides which network is
more risky (at least at the order 1/N).



Mean Field Game (N — oc0)

In most cases the finite player game will not be solved explicitly.

For instance, with a slight generalization such as:
dX! = a(X;)dldt+odW}, i=1,---,N

This is where MFG is needed.



Mean Field Game (N — oo) with Common Noise

1. Fix (my)¢>o (the limit of X; as N — oo which depends on W)



Mean Field Game (N — o0)
o Fix (my)¢>o (the limit of X; as N — oo which depends on W)

e Solve the control problem

T
, 1
inf IF / {—(O@)Q —qa(me — X)) + E(mt — Xt)ﬂ dt + E(mT - XT)2
(at) 0 2 2 2

subject to: dX, = apdt + o (detO 4+ /1= pdet>



Mean Field Game (N — o0)

e Fix (my)y>o (the limit of X; as N — oo which depends on W?0)

e Solve the control problem

T
, 1
inf IK / {—(Ozt)2 — qag(my — Xy) + E(mt — Xt)Q} dt + E(mT — XT)2
(crt) o L2 2 2

subject to: dX, = apdt + o (detO 4+ /1= pdet)

e Find m; so that my = IE[X; | (W?)s<] for all t.



Mean Field Game (N — o0)
e Fix (my)¢>o (the limit of X; as N — oo which depends on TW9)

e Solve the control problem

o {/T 5(@)* = qas(mi — X0) + (e — X0)?| dt + 5 (mr — XT>2}

DO

subject to: dX, = apdt + o (detO 4+ /1= pdet)
e Find my so that m; = IE[X; | (W?)s<] for all .

Hamiltonian:

1 €
H(t,z,y,a) = ay + 5042 — qa(my — x) + §(mt — x)?

OH A
L a=qm—2)—y

o

See also the recent paper by Carmona-Delarue-Lacker.



dXy

dYy

Adjoint Equations

q(me = X0) = Vil dt + 0 (pdW) + /1= p2dW, ), Xo=¢

OH

ox

(qY; + (e — ¢*)(my — Xy)| dt + ZPdW} + Z,dW.

dt + Z0dW, + Z,dWy

YT = C(XT — mT)



Adjoint Equations

dX, = [q(mi—X,)—Y,]dt+o (detO /1 p2th> L Xy =¢
OH
Y, = ———dt+ Z2awW) + Z;dW Yr = (X7 — mp)
X

= [qYi + (e — ¢*)(m¢ — Xy)] dt + ZPAW} + Z,dW,.

Use the notation mi* = IE[X; | (W)s<t], mi = E[Y: | (W) s<t].



Adjoint Equations

AX, = lq(mi— X;) = Vil dt + o (pdW) + /1= p2dW,),  Xo=¢
H
dY, = —%—xdt + Z0dW + Z, dWy Yr = c(X7 — m7)

= [qYi + (e — ¢*)(m¢ — Xy)] dt + ZPAW} + Z,dW,.

Use the notation m;' = IE[X; | (W)s<t], m{ = E[Y: | (W)s<t].

Taking conditional expectation given (W?)s<; in the second
equation and using m; = m;* for all t < T and consequently

mY. = c(my —my) = 0, gives:

T
my = —/ 5= Z70qw 0.
t



Adjoint Equations

AX, = lq(mi— X;) = Vil dt + o (pdW) + /1= p2dW,),  Xo=¢
H
dY, = —%—xdt + Z0dW + Z, dWy Yr = c(X7 — m7)

= [qYi + (e — ¢*)(m¢ — Xy)] dt + ZPAW} + Z,dW,.

Use the notation m;' = IE[X; | (W)s<t], m{ = E[Y: | (W)s<t].

Taking conditional expectation given (W?)s<; in the second

equation and using m; = m;* for all t < T and consequently
mY. = c(my —my) = 0, gives:

T
my = —/ 5= Z70qw 0.
t

Then, taking conditional expectations in the first equation gives:

dm;* = —m; dt + podW}.



Adjoint Equations (continued)
Ansatz: Y; = —n(my — X;) with 7y deterministic.



Adjoint Equations (continued)
Ansatz: Y; = —n;(my — X;) with 1; deterministic.
Differentiating this ansatz and using the forward equation leads to
di/t = —ﬁt(mt — Xt)dt — ntd(mt — Xt)
— [(_ﬁt +ne(q +ne)) (me — X)) + mmf] dt + nio\/1 — p2dW,.



Adjoint Equations (continued)
Ansatz: Y; = —n;(my — X;) with 1; deterministic.
Differentiating this ansatz and using the forward equation leads to
dift = —ﬁt(mt — Xt)dt — ntd(mt — Xt)
— [(_ﬁt +ne(q +ne)) (me — X)) + mmf] dt + nio\/1 — p2dW,.

Plugging the ansatz in the backward equation gives

dYy = [—qmi + (e — ¢*)] (my — Xo)dt + ZdW, + ZpdW.



Adjoint Equations (continued)
Ansatz: Y; = —n:(m; — X;) with 7, deterministic.
Differentiating this ansatz and using the forward equation leads to
d}/t = —ﬁt(mt — Xt)dt — ntd(mt — Xt)
= (= +melq + 1)) (me — Xo) + memy | dt +meon/1 — p2dW.
Plugging the ansatz in the backward equation gives
dY; = [—qne + (e — ¢*)] (my — Xy)dt + ZdW)) + ZdW.

Identifying the two It6 decompositions, we deduce from the
martingale terms that Z? = 0 and Z; = n;04/1 — p2.



Adjoint Equations (continued)
Ansatz: Y; = —n;(my — X;) with 1; deterministic.
Differentiating this ansatz and using the forward equation leads to
dift = —ﬁt(mt — Xt)dt — ntd(mt — Xt)
— [(_ﬁt +ne(q +ne)) (me — X)) + Utmf] dt + nio\/1 — p2dW,.

Plugging the ansatz in the backward equation gives
dYy = [—qmi + (e — ¢*)] (my — Xo)dt + ZdW, + ZpdW.

Identifying the two It6 decompositions, we deduce from the
martingale terms that Z? = 0 and Z; = n;04/1 — p2.

From my = — ft eds=1) Z0dqW O we obtain m) = 0.



Mean Field Game Solution

Equating the drifts in the two It6 decompositions, we get

ne=mn; +2qn — (e —¢°), nr=c,

which is the same Riccati equation as before but with “N = o0”.



Mean Field Game Solution

Equating the drifts in the two It6 decompositions, we get

ne=mn; +2qn — (e —¢°), nr=c,

Y

which is the same Riccati equation as before but with “N = 00”.

From m;] = 0, we deduce that m* = IE(£) + poWY which will
enter in the optimal control (g + n;)(m;* — X5).



Mean Field Game Solution

Equating the drifts in the two It6 decompositions, we get

ne=m; +2q0 — (e —q%), nr=c
which is the same Riccati equation as before but with “N = oc0”.

From my = 0, we deduce that m:* = IE(§) + poW} which will
enter in the optimal control (q + n¢)(m — X5).

Once a solution to the MFG is found, on can use it to construct
approximate Nash equilibria for the finitely many players games.
Here, if one assumes that each player is given the information X,
and if player i uses the strategy a! = (¢ + n;)(X; — X}), which is
the limit as NV — oo of the strategy used in the finite players game,
one sees how solving the limiting MFG problem can provide
approximate Nash equilibria for which the financial implications
are identical as the ones given for the exact Nash equilibria.



Mean Field Equilibrium

As N — oo, banks become independent,

& =q(0 —x) —y=—(q+n)x, and they follow the dynamics
dXt = —(q + nt)Xtdt + O'th

But observe that the large deviation probability of systemic
risk has been lost.



MFG with Common Noise / HJB Approach

For Markovian strategies a(t, ), the dynamics are given by

dX, = a(t, X,)dt + o (detO /1o p2th) |



MFG with Common Noise / HJB Approach

For Markovian strategies a(t, ), the dynamics are given by

dX, = a(t, X,)dt + o (detO /1o pdet> |

Forward equation for the conditional density of X; given W0:
1
dp; = {—&c a(t, @)pe] + 507 (1 = pz)c‘?mpt} dt — po (Opps)dWy

with a(t, z) given and m; = [ xpi(x)dz.

The conditional mean m; of X; given W9 is Markovian with
infinitesimal generator denoted by L£™dt + po(9,,)dW,.



Stochastic HJB Equation
The HJB equation for the value function V (¢, z,m) is

1 d(m, X
dvV. + [502(1—p2)8mV+£mV+(ame) <n:l’t >]dt

2
+ inf{oz(?xV—l— % —qa(m —x) + %(m_xf}dt

+  po (0, V)AWY + po(0,V)dW, = 0.
e Minimize in « to get & = q(m — x) — 9,V
e Make the ansatz V(t,z,m) = L (m — x)* +

e Plug in the forward equation for p;, multiply by x, and
integrate with respect to x gives:

dm; = podW,



Mean Field Game Solution
Therefore, conditionally in W°, £™V = 0 and d{m, X) = 0.

Then, verifying that the ansatz satisfies the HJB equation, by
canceling terms in (m — x)? we obtain that 7; must satisfy the

same Riccati equation as before (not affected by p):
e =1 +2qm — (e —¢°), nr =0.

Canceling state-independent terms leads to fi; = —%02(1 — p*)my
and therefore

L, o [
e = 50 (1—,0)/ Nsds.
t



THANKS FOR YOUR ATTENTION



