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Chapter 7

Infinite Dimensional HIM Models
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Generalized HIM Models

e I’ Hilbert space of functions on & = |0, z*)

e Probability space (2, F,P) equipped with a filtration {F;}:>¢
satisfying the usual assumptions

e Ito process { f;; t > 0} with values in F’
(will be more specific later)

e Prices of the zero-coupon (discount) bonds:

P(z) = e~ Jo filn)dy, t>0, xeX

e Notation:

— I(f) =' f for the anti-derivative of a function f which vanishes at 0, (i.e.

I(A))(x) = Lf = [ fly)dy)

P = e 1(ft) — e_lft.
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Short and Long Interest Rates

Existence of a short and a long interest rates depend upon
the choice of the space F

e For every x € X, the evaluation functional:

Oy 0 F'2 f—=0,(f) = f(z)
Is in the dual space F* (OK for our last two examples)

e Short interest rate r,

d

re = fi(0) = _%Pt
x=0
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e Money market account:
Bt _ efgrsds
(traded asset that pays the floating interest rate r; continu-
ously compounded)

e \We use B; as a numeraire, i.e. the unit in which the prices
of all the other assets are expressed.

e Prices expressed in units of the numeraire (discounted prices)
are denoted with a tilde

Px) = B P(x) = e Jorsds= i filw)dy

e Long interest rate ¢; = f;(x*)
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Generalized Portfolios and Trading Strategies

F (real separable) Hilbert space s.t. f ¢ FF —
eI e F
e portfolio or trading strategy (¢, n) with

— ¢ = {¢;t > 0} F* - valued predictable process weakly bounded
—n={n;t >0} R - valued predictable and integrable process

¢ value of the portfolio at time ¢
Vi(g,n) =< ¢, P > +n By

< -, > duality between F* and F, typically < ¢, P, >=
Jo Pi(x)¢(dr)
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e Trading strategy admissible if

Vilo,n) > —

a.s. for all t > 0 for some M > 0

e Trading strategy self-financing if

t t
Vi) = Vol ) + /O < 60.dP, > + /0 nedB.

or in differential form:

dVi(¢,n) =< ¢, d P > +nd By
Equivalently (after discounting)

d‘N/t<¢777) =< qbta dpt >
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Examples of Claims

¢ [ optan)
and finite linear combinations
e Any T" - zero coupon bond ¢ = P(0,7") = By(T")
v(dt) =do(dt) and P (f) = f(T")

e Any plain vanilla European call with maturity 77 and strike K
on a bond with maturity 75 > T

{=(P(N,T) —K)" = (Pp(Ta—Th) — K)*

v(dt) = 67, (dt) and  O,(f) = (f(Tr — T1) — K)*
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Generalized HIM Models

e Existence of a strongly continuous semigroup {S;; ¢t > 0}
of bounded operators on F', the infinitesimal generator of
which, say A, satisfies Af = f’ for a core in D(A)

— OK if one can define S; as the left shift
[Stfl(x) = f(x +1)

— OK in last two spaces F, even when z* < co

e SPDE for the forward curve

t t
ft = Stf() + / [Afs + Oés]dS + / O'SdWS
0 0

where

— {Wy;t > 0} Wiener process in a (real separable) Banach space F
— {ay;t > 0} F-valued adapted process, fg |las|lpds < oo a.s.

— {oy;t > 0} adapted process with values in the space of bounded linear oper-
ators from E into F, [ ||os|%gds < oo a.s.
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Bond Dynamics

e First notice that:

IuOSa — Iu—{—oz -

as seen from:

I,0 Sozg = /Ou<sag)(8)d8

e Using —log P(t,T) = Iy_.f; and

I
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e Applying Ir_, to both sides of the SPDE

t 13 .
— lOg P(t, T) = [T_tstf() + / ]T_tSt_SOé(S>dS + / IT_tSt_SO'<S 11/100
0 0

t t
Info— Lifo+ / Ir_sa(s)ds — / I;_sa(s)ds
0 0

t t
/ Ir o(s)dW, — / I, o(s)dW.
0] 0

Using
—log P(0,t) = Ifo and
- fot fs(0)ds = I fo + fot I;_sa(s)ds + fot I;_so(s)dWs

we get (Fubini)

log P(t, T) = log P(0, £)+ /O (F.(0) = Ip_.als)) ds— /0 Irwo(s)d
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Using Ito’s formula with the exponential function

P(t,T) = P(0,T)
t 1 2
+/O P(s,T) (fs(()) — Ip—sa(s) + §||[T30(5)HK*)
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— /t P(s,T)Ip_s0(s)dW,
0

[HIM condition] The discounted bond price P(t,T), 0 < t
T is a martingale under P if

043(513) - <Ix057 5x03>H*

Review
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Replication / Hedging

. 13/100
e Go to risk neutral world

e Given a claim ¢ form the martingale
M, = E%{¢|F)
e MRT gives
M; = My + /Ot Ve dWy

for some Ito integrand with values in Hj,

e Need conditions on ¢ so that | can multiply v, by P! and still
be able to apply o} !

o if 1y = o/ '[P ¢y is admissible DONE because

t
Mt:M0+/ < g, dPs >
0
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e POSSIBLE

e NOT DONE: controlling the maturities in the p portfolio by
the maturities in & 111 14/100

(]
(]
[>]
]
(4]
(]
(0]



Markovian Models

(W) = au(fi(w)), and or(w) = oy( fr(w)).

for some deterministic functions o« and o on [0, c0) x F.

The SPDE reads
dfy = [Afi + au(fo)ldt + o4 fr)dW;

and its evolution form reads:

= Sifo+ /0 Sisonlfy) ds + /0 Si_sou(f,)dW,

and the usual Lipschitz conditions guarantee existence and unique

ness of the solution of this evolution form.

{fi; t > 0} is a Markov process with state space F
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Gaussian Markov Models

e Deterministic drift and volatility 16/100

dft = [Aft + Oét]dt + O'tth

or in evolution form:

t t
ft - Stf() + / St—sas dS + / St—sades
0 0

e Not an equation !!

e {f;}+>0 Gaussian process (Ornstein Uhlenbeck process) in
F

e Kennedy analyzed Gaussian forward models
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Ergodicity Properties of the Markovian Evo-
lutions ot

Notation:

e i; for distribution of f;
o ; for distribution of [ S, _o,dW,

L &t = fot St_sOés ds
The evolution equation implies:

e = (Stpto) * (G + )

In order to control:

lim Mot
t—o00

we address separately the three following problems:
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e Does the limit & = lim;_,, &; exist?

e Does the limit v, = lim;_., 7, exist as a probability measure
on F'?

e Does the limit v, = lim;_.o, Siuo €xist as a probability mea-
sure on F'?

In the best case scenario (YES — YES — YES):

floo =V * (& + Yoo)

We have an invariant measure obtained as a
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Analysis of o

19/100
a; = « € F satisfies a(z*) = 0.

a 1S the antiderivative of o which vanishes at «*
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Analysis of 4o

v; IS @ mean zero Gaussian measure with covariance

/ /
[z, y) E {< 535,/0 Si_so.dW, >< 5x,/0 S0, dW, >}

t
/ < 0,50 04,0,5]_ 0, > ds
0

Ot =0

Covariance of v, given by I'(z,y) equal to the integral of
the kernel X(z,y) of the operator o*¢ along the part of the ray
{(z +t,y+1t);t >0} contained in [0, z*) x [0, z*) (draw a picture
1
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Analysis of v
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e In cases iii) and iv) the space F'is s.t.

tlggo Sif = f(a")1

(S:f converges toward the constant function equal to f(z*))

v is the "marginal” of u for x*. It is a measure concentrated
on the constant functions (~ R)

If we draw a curve f at random from distribution p., v choose
f(z*) for us M

e Incaseii) ( ) {S:}+ has many non-trivial invariant mea-
sures (periodic functions ...)
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Asymptotic Behavior

e For large times ¢ (ergodic theorem) we expect f; to look like
an element of f of F' drawn at random according to the dis-
tribution 1.,

e Such a random sample f is obtained by:

— Choose a level for f(z*) at random according to v
— Shift a to give it this value at z*

— Perturb this candidate for f by a random element of F
generated according to the distribution ~,,
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Principal Component Analysis of the Forward
Curves 23/100

If we choose a Generalized HIM model for the historical dy-
namics of the forward curve, then the diagonalization of the co-
variance operator of ~,, should fit the empirical results of the
PCA, i.e.

e The eigenvalues of this covariance operator should decay at
the same rate as the (empirical) proportions of the variance
explained by the principal components

e The eigenfunctions corresponding to the largest eigenvalues
should look like the main loadings of the PCA
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