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Comparison of Methods

1500N710-15 %≈ 75 %CCSD(T)

300N31-4 %≈ 95 %DMC

16N32-10 %85 %VMC

1N315-25 %N/ALDA

14N3≈ 50%0HF
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Traditional View of QMC

“…only applicable to atoms and small molecules….”

SiH4 Si2H6
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State of the art QMC

Si148H120 C180
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Diffusion Monte Carlo
Imaginary time dependent Schrödinger equation

Ground state is projected out in long time limit
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Provides near exact solution (95% correlation energy)

Quantum Monte Carlo

Variational Monte Carlo
– Time independent Schrödinger equation

– Sample configurations, R, stochastically
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Variational Monte Carlo
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N2 terms
• electron-electron, ion-ion
• Jastrow function

Scaling of different terms

N3 terms
• Elements of D (95%)
• Value of the D
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2Ĥ
11

2

N

i j j

N

i i
i

i i

Z Z

r R R Rr r
α α

α αβα α β>

− +
−

= +− ∇
−−∑ ∑∑∑ ∑

T

T

H ( )

( )
i

i

Ψ
Ψ

R
R

)

Local Energy

CPU time = αN2 + βN3



8

Elements of the determinant

N3 scaling for all the elements of determinant

• N electrons
• N orbitals, φ, for each electron
• O(N) basis functions in each orbital
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Localized Wannier functions
Extended Wavefunctions After Wannier transform

2. Truncate Wannier states
to reduce computational cost

Wannier LDA
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Wannier functions in bulk diamond

• Two Wannier functions per atom
• Located in the center of the C-C bonds

C CWannier 
Center
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Wannier functions in Si35H36

Wannier
center10% max

isosurface

Wannier functions provide chemical insight.
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Sparse Slater Determinant

1φ

φ1(r1) φ1(r3) φ1(r6)000 0

φ2(r1) φ2(r5)000 000

Slater Determinant

2φ

• Wannier transform leaves value of determinant unchanged
• Truncated Wannier orbitals introduces sparsity into determinant
• This introduces a controlled approximation

Rcut



13

Effect of truncation in SiH4

Rcut (au)
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How can we predict a good Rcut?

Rcut (au)

6 8 10 12 14 16 18 20 22

T
ru

nc
at

io
n 

E
rr

or
 (

eV
 p

er
 a

to
m

)

-0.01

0.00

0.01

0.02

0.03

0.04

0.05

0.06

N
orm

0.994

0.995

0.996

0.997

0.998

0.999

1.000

1.001

Norm=99.95%
Error=0.002 eV/atom



15

Real space grid for Wannier functions

• Take advantage of the localized nature of the Maximally Localized Wannier 
orbitals - expand in a localized basis.

• Could use Gaussians – we find real space grid to be superior.

• O(N) memory requirement for the spline grids.
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N3→N scaling

Number of basis 
functions per 

orbital

Number of 
orbitals per 

electron

Number of 
electrons

const.∝ N

const.N

NN

New O(N)
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Original

N3 Scaling
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Near Linear Scaling Achieved

A.J. Williamson, R. Hood, and J. Grossman, Phys. Rev. Lett. 87, 246406 (2001)
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How linear is it ?

Remaining N3 and N2 terms:

• Calculating the value of the determinant (N3)

• Calculating electron-electron and electron-ion distances (N2)

• For 1000 electrons, 10% is spent in N2 and N3 routines
• Need to work on these beyond ~2000 electrons
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Scaling of Actual Calculations
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Binding Energy of Carbon Fullerenes

• More accurate binding energies for fullerenes
• Cost of DMC calculation is independent of size!

B
in

di
ng

 E
ne

rg
y 

pe
r 

at
om

 (
eV

)

Number of C atoms
20 36 60 80 180

LDA

DMC

Expt. bulk 

∞

C60

C80

C180

C20

Previous record 
for DMC 

calculations
6.0

6.5

7.0

7.5

8.0

8.5



21

A work in progress….

• O(N) evaluation of the value of the determinant.

• Can this apply to metals?

• Are non-orthogonal Wannier functions useful?
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How is this different to O(N)
density functional codes?

• Similar to introducing sparsity into the overlap matrix in 
density functional approaches, but

• No self-consistency required:

– No conservation of charge problem

– No noise introduced into the Hamiltonian

• Inverting overlap matrix introduces large overhead for 
linear scaling in DFT, here there is no additional 
overhead.
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Summary
• A simple transformation of the input single particle orbitals yields 

localized orbitals which can be truncated to introduce sparsity into the 

Slater determinant.

• These truncated orbitals can be stored on a cubic spline grid.

• Resulting algorithm scales nearly linearly up to 1000 electrons.

• Successfully applied to fullerenes, silicon clusters and bulk diamond.


