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kinetic energies and self-interactions of the gauge bosons
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kinetic energies and electroweak interactions of fermions
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︸ ︷︷ ︸

W±,Z,γ,and Higgs masses and couplings

+ g′′(q̄γµTaq) Ga
µ

︸ ︷︷ ︸

interactions between quarks and gluons

+ (G1L̄φR + G2L̄φcR + h.c.)
︸ ︷︷ ︸

fermion masses and couplings to Higgs

R̄�cL
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Strong interactions

13 Phiala Shanahan, MIT

Interaction strength depends on energy 
[Gross, Politzer, Wilczek, Nobel 2004]

Strong coupling

Energy

Perturbation theory at 
high energies

Oexact = O0 +O1↵s +O2↵
2
s + . . .

Oexact = O0 +O1↵s +O2↵
2
s + . . .

Low-energy QCD is 
non-perturbative
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QCD is weak at at high-
energies, small coupling, 
perturbation theory works

Strong interactions

13 Phiala Shanahan, MIT

Interaction strength depends on energy 
[Gross, Politzer, Wilczek, Nobel 2004]
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The structure of matter

10 Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

Emergence  
of complex 
structure in 

nature Backgrounds and 
benchmarks for 

searches for new 
physics

QCD is strong at at low-
energies, no small 
coupling, perturbation 
theory fails. 
 
Emergent phenomena: 
protons, pions, etc.

QCD is weak at at high-
energies, small coupling, 
perturbation theory works

Strong interactions

13 Phiala Shanahan, MIT

Interaction strength depends on energy 
[Gross, Politzer, Wilczek, Nobel 2004]

Strong coupling

Energy

Perturbation theory at 
high energies

Oexact = O0 +O1↵s +O2↵
2
s + . . .

Oexact = O0 +O1↵s +O2↵
2
s + . . .

Low-energy QCD is 
non-perturbative



– J U L I A N  S C H W I N G E R

Like the silicon chips of more recent years, 
the Feynman diagram was bringing 

computation to the masses.
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Evolution

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>
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Evolution

Latent variables

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>



[F. Krauss]
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Evolution

Latent variables

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>
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Evolution

Latent variables

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

[CMS]
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Evolution

Latent variables

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>
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Latent variables

Prediction (simulation)

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>
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Latent variables

Inference

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).
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Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.

ON OUR WEBSITE
◥

Read the full article
at http://dx.doi.
org/10.1126/
science.aaw1147
..................................................

on Septem
ber 23, 2019

 
http://science.sciencem

ag.org/
D

ow
nloaded from

 
[Cranmer, Brehmer, Louppe PNAS (2020), arXiv:1911.01429 ]

https://arxiv.org/abs/1911.01429


S c i e n c e  i s  r e p l e t e  w i t h  h i g h - f i d e l i t y  s i m u l a t o r s

8

10�18 10�15 10�12 10�9 10�6 10�3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]

Particle 
colliders

Evolution of 
the Universe

Gravitational 
lensingEpidemics

Neuron 
activity

Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).
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systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
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of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
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•The expressiveness of programming languages facilitates the development of 
complex, high-fidelity simulations, and the power of modern computing provides the 
ability to generate synthetic data from them. 

[Cranmer, Brehmer, Louppe PNAS (2020), arXiv:1911.01429 ]
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Fig. 1. Examples of phenomena at various length scales described by a diverse set of simulators, each with an intractable likelihood. Contains image material from Refs. (5–9).

pretable by a domain scientist and ◊ has relatively few
components and a fixed dimensionality. Examples include
coe�cients found in the Hamiltonian of a physical sys-
tem, the virulence and incubation rate of a pathogen, or
fundamental constants of Nature.

• The latent variables z that appear in the data-generating
process may directly or indirectly correspond to a phys-
ically meaningful state of a system, but typically this
state is unobservable in practice. The structure of the
latent space varies substantially between simulators. The
latent variables may be continuous or discrete and the
dimensionality of the latent space may be fixed or may
vary depending on the control flow of the simulator. The
simulation can freely combine deterministic and stochas-
tic steps. The deterministic components of the simulator
may be di�erentiable or may involve discontinuous control
flow elements. In practice, some simulators may provide
convenient access to the latent variables, while others are
e�ectively black boxes. Any given simulator may combine
these di�erent aspects in almost any way.

• Finally, the output data x correspond to the observations.
They can range from a few unstructured numbers to high-
dimensional and highly structured data, such as images
or geospatial information.

Consider for instance the systems shown in Fig. 1. Parti-
cle physics processes often only depend on a small number
of parameters of interest such as particle masses or coupling
strengths. The latent process combines a high-energy inter-
action, rigorously described by a quantum field theory, with
the passage of the resulting particles through an incredibly
complex detector, most accurately modeled with stochastic
simulations with billions of latent variables; this second part
often does not depend on the parameters of interest. The
output data consist, in their raw form, of millions of sen-
sor read-outs, though there is an established pipeline that
compresses this raw data to tens to hundreds of observables.
Epidemiological simulations can be based on a network struc-
ture with geospatial properties, and the latent process consists
of many repeated structurally identical stochastic time steps.
In contrast, cosmological simulations of the evolution of the
Universe may consist of a highly structured stochastic initial
state followed by a smooth, deterministic time evolution.

These di�erences mean that there is no one-size-fits-all
inference method. In this review we aim to clarify the consid-
erations needed to choose the most appropriate approach for
a given problem.

B. Inference. Scientific inference tasks di�er by what is being
inferred: given observed data x, is the goal to infer the input
parameters ◊, or the latent variables z, or both? Sometimes

only a subset of the parameters (or latent variables) are of in-
terest, while the rest are nuisance parameters (i. e. parameters
that we are not directly interested in but must account for
because they influence the distributions of the data). We will
focus on the common problem of inferring ◊ in a parametric
setting, we will comment on methods that allow inference on
z, and we will not focus on non-parametric inverse problems.

Inference may be performed either in a frequentist or a
Bayesian approach and may be limited to point estimates
◊̂(x) or extended to include a probabilistic notion of uncer-
tainty. In the frequentist case, confidence sets are often formed
from inverting hypothesis tests, based on the likelihood ratio
test statistic. In Bayesian inference, the goal is typically to
calculate the posterior

p(◊|x) = p(x|◊) p(◊)s
d◊Õ p(x|◊Õ) p(◊Õ)

[1]

for observed data x and a given prior p(◊). In both cases the
likelihood function p(x|◊) is a key ingredient.

The fundamental challenge for simulation-based inference
problems is that the likelihood function p(x|◊) implicitly de-
fined by the simulator is typically not tractable, as it corre-
sponds to an integral over all possible trajectories through the
latent space, i. e. all possible execution traces of the simulator.
That is,

p(x|◊) =
⁄

dz p(x, z|◊) , [2]

where p(x, z|◊) is the joint probability density of data x
and latent variables z. For a simple sequential data gen-
eration procedure, the joint likelihood can be written as
p(x, z|◊) = p(x|◊, z)

r
i
pi(zi|◊, z<i). For real-life simulators

with large latent spaces, it is clearly impossible to compute
this integral explicitly. Since the likelihood function is the
central ingredient to both frequentist and Bayesian inference,
this is a major challenge for inference in many fields. This
paper reviews simulation-based or likelihood-free inference
techniques that enable frequentist or Bayesian inference de-
spite this intractability. These methods can be seen as a
specialization of inverse Uncertainty Quantification (UQ) on
the model parameters in situations with accurate, stochastic
simulators.

There is a second, more widely appreciated source of in-
tractability. In the case of Bayesian inference, the evidence—
the denominator of Eq. (1)—involves an integral over the
parameters ◊. In problems with high-dimensional parameters
this becomes intractable, independently of the intractability of
the likelihood function. This challenge is commonly addressed
with Markov Chain Monte Carlo (MCMC) methods (10, 11)
or variational inference (VI) (12).

2 Cranmer et al.
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Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.
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•Unfortunately, these simulators are  poorly suited for statistical inference.

[Cranmer, Brehmer, Louppe PNAS (2020), arXiv:1911.01429 ]

https://arxiv.org/abs/1911.01429
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•I have no idea, but I can simulate it!



P r o p e r t i e s  o f  s i m u l a t o r s

•Two broad classes: 

• Deterministic evolution of initial state  

• (eg. differential equations, fluid 
dynamics, N-body simulations, etc.) 

• Stochastic evolution  

• (eg. Markov processes, molecular 
dynamics, Gibbs / Boltzmann 
distribution in statistical mechanics, 
stochastic differential equations, etc.) 

•
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•Integral over latent variables is typically intractable p(x|✓) =
Z

p(x, z | ✓)dz
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A  r o s e  b y  a n y  o t h e r  n a m e

•This motivates a class of inference methods for a stochastic simulator where 

• evaluating the likelihood is intractable, but  

• it is possible to sample synthetic data  

•This setting is often referred to as likelihood-free inference, but I prefer the term 
simulation-based inference because usually one approximates the likelihood  
(or likelihood ratio) and then use established inference techniques 

• applies to both Bayesian or Frequentist inference 

x ∼ p(x ∣ θ)

14



G o l d  m i n i n g :  a u g m e n t i n g  t h e  t r a i n i n g  d a t a

•Sample efficiency is a major concern for these methods as many simulators are 
computationally expensive
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augmented data

Recently, we realized we can extract more from the simulator. 
We can use augmented data to improve training

Johann Brehmer Gilles Louppe

Brehmer, Louppe, Pavez, KC, PNAS (2019), arXiv:1805.12244 
See also Wenliang, Moskovitz, Kanagawa, Sahani, ICML2020
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•While implicit density is intractable  

•We can augment the simulator to  
calculate some quantities conditioned  
on latent z, which are tractable: 

•Joint likelihood ratio: 

•and joint score:

4j

t(x, z|θ0) =
∇θp(x, z|θ)|θ0
p(x, z|θ0)

= ∇θ log p(x, z|θ)|θ0 .
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•The augmented training data converts 
supervised classification into supervised 
regression with lower variance 

• improvement in training efficiency 
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Figure 5: Illustration of some key concepts with a one-dimensional Gaussian toy example. Left:
classifiers trained to distinguish two sets of events generated from different hypotheses (green dots)
converge to an optimal decision function s(x|✓0, ✓1) (in red) given in Eq. (17). This lets us extract
the likelihood ratio. Right: regression on the joint likelihood ratios r(xe, ze|✓0, ✓1) of the simulated

events (green dots) converges to the likelihood ratio r(x|✓0, ✓1) (red line).

2. Particle-physics structure

As we have argued in Sec. II C, particle physics processes have a specific structure that allow
us to extract additional information. Most processes satisfy the factorization of Eq. (2) with a
tractable parton-level likelihood p(z|✓). The generators do not only provide samples {xe}, but
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So while we cannot directly evaluate the likelihood ratio at the level of measured observables
r(x|✓0, ✓1), we can calculate the likelihood ratio for a generated event conditional on the latent
parton-level momenta.

The same is true for the score, i. e. the tangent vectors or relative change of the (log) likelihood
under infinitesimal changes of the parameters of interest. While the score t(xe|✓0) = r✓ log p(x|✓)|✓0

Brehmer, Louppe, Pavez, KC, PNAS (2019), arXiv:1805.12244
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FIG. 1. Schematic depiction of our learning frame-
work. (a) During the learning phase, the mind encodes the
observed dynamics as it evolves on attractor A. The mind
is operationalized as a central dynamical system here shown
in yellow, where sensory information is initially encoded and
from which sensory information can later be retrieved. The
exemplary sensory input trajectory being generated by an au-
tonomous input dynamical system is shown in green. The in-
ternally generated output that imitates the external sensory
input is shown in red. (b) During the testing phase, the mind
reproduces the learned dynamics as it evolves on attractor
P. The internally generated signal is directed into the central
system through a feedback loop (shown by the curved arrow)
that is recruited during the testing phase.

out great loss of generality[26], we confine our discus-
sion to cases where the dynamics being learned is def-
inite: the target dynamical system is autonomous and
its trajectory s(t) 2 Rn on an attractor A. We begin
by describing a framework that allows a naive dynami-
cal system to imitate other dynamical systems through a
particular type of synchrony: invertible generalized syn-
chronization. Briefly, as the learning system is driven by
s(t) on attractor A, it encodes A into its own phase space
x 2 RN as a homeomorphism P =  (A). In the process
of encoding, the learning system gradually tunes its pa-
rameters such that it can reproduce the target dynamics
by autonomously evolving on the attained P when the
driving trajectory s(t) is later removed. By exercising
this mechanism in a range of in silico experiments, we
observe and explain the emergence of several other phe-
nomena reminiscent of human cognitive functions: (i) the
ability to switch between imitating di↵erent dynamical
patterns, either spontaneously [27] or when driven by an
external stimulus [28]; (ii) the capacity to fill in missing
information from sequential input [29, 30]; and (iii) the
ability to resolve distinct rules underlying mixed inputs
generated from distinct structures [31–34]. The proposed
learning mechanism based on invertible generalized syn-
chronization provides a concise theory that unifies diverse
learning functions.

I. INFORMING THE LEARNING
FRAMEWORK WITH UNDERLYING

BIOLOGICAL FEATURES

In this section, we show that a simple dynamical frame-
work built upon invertible generalized synchronization
[35] can be informed by biological features of the hu-
man brain that have been operationalized in appropri-
ate mathematics. We choose a generic set of features to
ensure that the framework a↵ords a systematic and ana-
lytical investigation of the underlying mechanism that is
relevant to many natural and artificial learning systems.

A. Attractor encoding by invertible generalized
synchronization

We begin by considering the reinstatement hypothe-
sis, which posits that the content-specific activity in the
human cortex at the time of encoding is reinstated as
the encoded information is being retrieved [36, 37]. Re-
cent experimental evidence supports this idea, suggesting
that patterns of neural activity initially encode sensory
input and then those same patterns of neural activity
recur when the encoded information is retrieved [38–49].
In building our mathematical framework, we parallel this
reinstatement hypothesis by recruiting a central dynam-
ical system, xt+1 = f(xt, ·), where sensory information
is initially encoded and from which sensory information
can later be retrieved (Fig. 1).
We consider the exemplary sensory input trajectory

s(t) 2 Rn being generated by an autonomous input dy-
namical system

s(t+ 1) = g(s(t)). (1)

For input dynamical systems that are continuous in time,
g(·) can be considered as the flow map which takes s
forward in time by a time step ⌧ . During the learning
phase (Fig. 1(a)), the central system is driven by s(t),
and evolves following

x(t+ 1) = f(x(t), s(t)), (2)

where x 2 RN , and N � 1.
In this setup, the autonomous input system (Eq. (1))

and the non-autonomous central system (Eq. (2)) are
one-way coupled and collectively form a drive-response
system. Through invertible [35] generalized synchroniza-
tion [50–52], the central system becomes synchronized to
the input system in a particular way. Specifically, start-
ing from any initial state, the x(t), after a transient time,
becomes uniquely determined by the state of the input
system,

x(t) =  (s(t)), (3)

and evolves onto P =  (A), where  : A ! P is invert-
ible. The attractor P, an embedding of A in RN , plays

Animation by Johann Brehmer
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<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

[M. Gemici et al 1611.02304; 
D. Rezende, …, M. Albergo, …, K. Cranmer 2002.02428
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M
<latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit>

…

h
<latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit>

inv. NN

u
<latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

pu(u)
<latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit>

ũ ⇠ pũ(ũ)
<latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

[Johann Brehmer, Kyle Cranmer  2003.13913]

See Spotlight talk by Johann Brehmer “NOTAGAN"



     - f l o w s

22

M
<latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit>

Project

Zero-pad

embed

(u, v)
<latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit>

-dim. latentsd
<latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit>

0
u

<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

puv(u, v)
<latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit>

…

h
<latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit>

inv. NN

u
<latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

pu(u)
<latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit>

ũ ⇠ pũ(ũ)
<latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

[Johann Brehmer, Kyle Cranmer  2003.13913]

See Spotlight talk by Johann Brehmer “NOTAGAN"
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M
<latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit>

…

f
<latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit><latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit><latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit><latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit>

inv. NN

x
<latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit>

tractable density over M
<latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit><latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit><latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit><latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit>

pM(x) = pũ(ũ) | det Jh(ũ)|�1

·
����det

�
1 0

�
Jf (u)

TJf (u)

✓
1
0

◆�����
� 1

2

<latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit><latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit><latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit><latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit>

Project

Zero-pad

embed

(u, v)
<latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit>

-dim. latentsd
<latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit>

0
u

<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

puv(u, v)
<latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit>

…

h
<latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit>

inv. NN

u
<latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

pu(u)
<latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit>

ũ ⇠ pũ(ũ)
<latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

[Johann Brehmer, Kyle Cranmer  2003.13913]

See Spotlight talk by Johann Brehmer “NOTAGAN"
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

h�1
<latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

h�1
<latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h�1
<latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>
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0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h�1
<latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit><latexit sha1_base64="Ju5TzE6y6QJW6i+2UeMXS5IOIio="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit>

Input ⇝ Representation (dimensionality reduction) 

⇝ Projection to manifold (denoising) 

⇝ Reconstruction error (training, OOD detection) 

⇝ Likelihood after projection (training, inference)

x0
<latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit>

kx� x0k
<latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit>

pM(x0)
<latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit><latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit><latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit><latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit>

ũ
<latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit>
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M
<latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit><latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit><latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit><latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit>

Model Manifold Chart Generative Tractable density Restr. to manifold 

Ambient !ow (AF) no no ✓ ✓ no 

Flow on prescr. manifold prescribed prescribed ✓ ✓ ✓ 

GAN learned no ✓ no ✓ 

VAE learned no ✓ only ELBO (no) 

     -!ow learned learned ✓ ✓ (potentially slow) ✓



T h e  l i k e l i h o o d  i s  n o t  w h a t  i t  s e e m s

Likelihood defined after projection to      , which is defined through NN weights 
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�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0

 

Family of likelihoods          
rather than one likelihood 

⇒ Learning        by maximizing  
                       is unstable

p(x|�f ,�h)
<latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

                      is not really a likelihood  
function in the parameter  
 
We call it the “naive likelihood”

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>
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Likelihood defined after projection to      , which is defined through NN weights 

25

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0

 

Family of likelihoods          
rather than one likelihood 

⇒ Learning        by maximizing  
                       is unstable

p(x|�f ,�h)
<latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

                      is not really a likelihood  
function in the parameter  
 
We call it the “naive likelihood”

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>
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• Manifold phase: 
update        (and thus        ) by minimizing �f

<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

kx� x0k
<latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit>

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0
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• Density phase: 
update        (and thus            ) by maximum likelihood 
(keeping         "xed)M

<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

�h
<latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit><latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit><latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit><latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit>

pM(x)
<latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit><latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit><latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit><latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit>

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0

• Manifold phase: 
update        (and thus        ) by minimizing �f

<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

kx� x0k
<latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit>

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0



Quantum Field Theory



A I  f o r  L a t t i c e  F i e l d  T h e o r y

28

Phiala Shanahan, MIT

Flow models for lattice QCD
• MIT-led program to develop flow model architectures for applications across 

lattice QCD 

• Ongoing industry collaboration w/ Google DeepMind

Abbott KanwarUrbanBoydaHackett Romero-
López

Botev Matthews Rezende Racanière Razavi

)ORZ�EDVHG�JHQHUDWLYH�PRGHOV�IRU
0&0&�LQ�ODWWLFH�ILHOG�WKHRU\�

0LFKDHO�6��$OEHUJR��*XUWHM�.DQZDU��3KLDOD�(��6KDQDKDQ

��>$OEHUJR��*.��6KDQDKDQ�����������@
��WK�,QWHUQDWLRQDO�6\PSRVLXP�RQ�/DWWLFH�)LHOG�7KHRU\

:XKDQ��&KLQD��-XQH����������

&HQWHU�IRU�7KHRUHWLFDO�3K\VLFV��0,7

Albergo Cranmer

8

0DFKLQH�OHDUQLQJ�IRU�ODWWLFH�WKHRULHV�

0LFKDHO�6��$OEHUJR��*XUWHM�.DQZDU��3KLDOD�(��6KDQDKDQ

��$OEHUJR��*.��6KDQDKDQ�>35'������������������@
'HHS�/HDUQLQJ�DQG�3K\VLFV

.\RWR��-DSDQ���1RYHPEHU���������

&HQWHU�IRU�7KHRUHWLFDO�3K\VLFV��0,7

Shanahan



T h e  s t r o n g  f o r c e :  Q u a n t u m  C h r o m o d y n a m i c s

29

Strong interactions

13 Phiala Shanahan, MIT

Interaction strength depends on energy 
[Gross, Politzer, Wilczek, Nobel 2004]

Strong coupling

Energy

Perturbation theory at 
high energies

Oexact = O0 +O1↵s +O2↵
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Oexact = O0 +O1↵s +O2↵
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Low-energy QCD is 
non-perturbative
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energies, small coupling, 
perturbation theory works
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The structure of matter

10 Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

Emergence  
of complex 
structure in 

nature Backgrounds and 
benchmarks for 

searches for new 
physics

QCD is strong at at low-
energies, no small 

coupling, perturbation 
theory fails. 

 
Emergent phenomena: 

protons, pions, etc.

QCD is weak at at high-
energies, small coupling, 
perturbation theory works
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L a t t i c e  F i e l d  T h e o r y

•Lattice field theory is a computational approach to studying interacting field theory 
on a discretized space-time lattice. 

•Each link on the lattice has data corresponding to the symmetry group of the 
theory. For the strong force (QCD) each link has a 3x3 unitary matrix.

30

• This animation is a single configuration of the lattice.  
Think of a 4-d image playing like a movie.
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D i s t r i b u t i o n  o v e r  C o n f i g u r a t i o n s

•We don't want just a single "image" (lattice configuration), we want to sample the high-dimensional 
distribution of configurations predicted by the theory.  

• Path integral: each “path” is a sample from distribution of lattice configurations path ~ exp(-Action[path]). 

• Predictions are expectations of quantum operators w.r.t. this distribution. 

• That integral is intractable. Typically people use Hamiltonian Monte Carlo for this, but it has limitations.
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Lattice QCD works

18 Phiala Shanahan, MIT

• Ground state hadron spectrum 
reproduced 

• p-n mass splitting reproduced 

• …

• Predictions for new states with 
controlled uncertainties

29
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FIG. 15. Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where available
[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤

b
� M⌦b

can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]

Determined post-facto
by LHCb experiment[Science 347:1452-1455,2015]
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The structure of matter

4 Phiala Shanahan, MIT

The Standard Model is successful

Magnetic moment of the electron: 
(torque an electron feels in a magnetic 
field) 

Most accurately verified prediction in 
the history of physics

Theory
Exp.

ae = 0.001159652181643(764)

ae = 0.00115965218073(28)

ae = (g � 2)/2
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Generate QCD gauge fields
QCD gauge field configurations sampled via  

Hamiltonian dynamics + Markov Chain Monte Carlo

Updates diffusive

Lattice spacing 0

Number of updates 
to change fixed 

physical length scale
∞

“Critical slowing-down”  
of generation of uncorrelated samples
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Flow-based generative models for Markov chain Monte Carlo in lattice field theory

M. S. Albergo,1, 2, 3 G. Kanwar,4 and P. E. Shanahan4, 1

1Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada
2Cavendish Laboratories, University of Cambridge, Cambridge CB3 0HE, U.K.

3University of Waterloo, Waterloo, Ontario N2L 3G1, Canada
4Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, U.S.A.

A Markov chain update scheme using a machine-learned flow-based generative model is proposed
for Monte Carlo sampling in lattice field theories. The generative model may be optimized (trained)
to produce samples from a distribution approximating the desired Boltzmann distribution deter-
mined by the lattice action of the theory being studied. Training the model systematically improves
autocorrelation times in the Markov chain, even in regions of parameter space where standard
Markov chain Monte Carlo algorithms exhibit critical slowing down in producing decorrelated up-
dates. Moreover, the model may be trained without existing samples from the desired distribution.
The algorithm is compared with HMC and local Metropolis sampling for �4 theory in two dimen-
sions.

I. INTRODUCTION

A key problem in lattice field theory and statisti-
cal mechanics is the evaluation of integrals over field
configurations, referred to as path integrals. Typically,
such integrals are evaluated via a Markov chain Monte
Carlo (MCMC) approach: field configurations are sam-
pled from the desired probability distribution, dictated
by the action of the theory, using a Markov chain. A
significant practical concern is the existence of correla-
tions between configurations in the chain. Critical slow-
ing down [1] refers to the divergence of the associated au-
tocorrelation time as a critical point in parameter space
is approached. This behavior drastically increases the
computational cost of simulations in these parameter re-
gions [2, 3]. For some models, algorithms have been
found which significantly reduce or eliminate this slow-
ing down [4–11], enabling e�cient simulation. For field
theories, a number of methods have been proposed to
circumvent critical slowing down by variations of Hy-
brid Monte Carlo (HMC) techniques [12–15], multi-scale
updating procedures [16–18], open boundary conditions
or non-orientable manifolds [19–21], metadynamics [22],
and machine learning tools [23, 24]. In important classes
of theories, however, critical slowing down remains lim-
iting; for example, in lattice formulations of Quantum
Chromodynamics (QCD, the piece of the Standard Model
describing the strong nuclear force) it is a major barrier
to simulations at the fine lattice spacings required for
precise control of the continuum limit.

Here, a new flow-based MCMC approach is proposed
and is applied to lattice field generation. The resulting
Markov chain has autocorrelation properties that are sys-
tematically improvable by an optimization (training) step
before sampling. In this method, samples z are drawn
from a simple distribution and then transformed by a
change-of-variables (or “flow”) � = f

�1(z), resulting in
samples � with a new e↵ective distribution p̃f . The map-
ping f

�1 is chosen to be e�cient to compute, making it
easy to draw samples �, and is optimized within a vari-
ational family to produce a distribution p̃f close to the

desired one. To guarantee asymptotic exactness of sam-
pling, a Markov chain is constructed using Metropolis-
Hastings steps with p̃f taken as a proposal distribution.
Since proposed samples are independent of the previous
samples in the chain, the autocorrelation time and accep-
tance rate are coupled; the autocorrelation time drops to
zero as the acceptance rate approaches 1. This is true
even in regions of parameter space where standard algo-
rithms exhibit critical slowing down. Under mild condi-
tions (detailed in Section II), this approach is guaranteed
to generate samples from the desired probability distri-
bution in the limit of a large number of updates.
This method has several features that make it attrac-

tive for the evaluation of path integrals in lattice field
theories:

1. The autocorrelation time of the Markov chain can
be systematically decreased by training the model;

2. Each step of the Markov chain requires only the
model evaluation and an action computation;

3. Each update proposal is independent of the previ-
ous sample, thus proposals can be generated in par-
allel and e�ciently composed into a Markov chain;

4. The model is trained using samples produced by the
model itself, without the need for existing samples
from the desired probability distribution.

Several other machine learning approaches have been
applied to MCMC, for statistical mechanics systems, syn-
thetic distributions, and simple lattice quantum field
theories. Self-learning Monte Carlo (SLMC) methods
have been applied fairly successfully to one- to three-
dimensional Ising and fermionic systems. These meth-
ods construct, by a variety of techniques, an e↵ective
Hamiltonian for a theory that can be more easily sam-
pled than the original Hamiltonian [25–29]. The e↵ective
Hamiltonian is learned using supervised learning tech-
niques based on training data drawn from a combination
of existing MCMC simulations, randomly-mutated sam-
ples, and the accelerated Markov chain itself (hence the
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Boltzmann generators: Sampling
equilibrium states of many-body
systems with deep learning
Frank Noé*†, Simon Olsson*, Jonas Köhler*, Hao Wu

INTRODUCTION:Statistical mechanics aims
to compute the average behavior of physical
systems on the basis of their microscopic con-
stituents. For example, what is the probability
that a protein will be folded at a given tem-
perature? If we could answer such questions
efficiently, then we could not only comprehend
the workings of molecules and materials, but
we could also design drug molecules and ma-
terials with new properties in a principled way.
To this end, we need to compute statistics

of the equilibrium states of many-body sys-
tems. In theprotein-folding example, thismeans
to consider each of the astronomically many
ways to place all protein atoms in space, to
compute the probability of each such
“configuration” in the equilibrium
ensemble, and then to compare the
total probability of unfolded and
folded configurations.
As enumeration of all configura-

tions is infeasible, one instead must
attempt to sample them from their
equilibrium distribution. However, we cur-
rently have no way to generate equilibrium
samples of many-body systems in “one shot.”
The main approach is thus to start with one
configuration, e.g., the folded protein state, and
make tiny changes to it over time, e.g., by using
Markov-chain Monte Carlo or molecular dy-
namics (MD). However, these simulations get
trapped in metastable (long-lived) states: For
example, sampling a single folding or unfold-
ing event with atomistic MD may take a year
on a supercomputer.

RATIONALE:Here, we combine deep machine
learning and statistical mechanics to develop
Boltzmann generators. Boltzmann generators
are trained on the energy function of a many-
body system and learn to provide unbiased,
one-shot samples from its equilibrium state.
This is achieved by training an invertible neural
network to learn a coordinate transformation
from a system’s configurations to a so-called
latent space representation, in which the low-
energy configurations of different states are
close to each other and can be easily sampled.

Because of the invertibility, every latent space
sample can be back-transformed to a system
configuration with high Boltzmann probability
(Fig. 1). We then employ statistical mechanics,
which offers a rich set of tools for reweight-
ing the distribution generated by the neural
network to the Boltzmann distribution.

RESULTS: Boltzmann generators can be
trained to directly generate independent sam-
ples of low-energy structures of condensed-
matter systems and protein molecules. When
initialized with a few structures from differ-
ent metastable states, Boltzmann generators
can generate statistically independent sam-

ples from these states and efficiently
compute the free-energy differences
between them. This capability could
be used to compute relative stabil-
ities between different experimental
structures of protein or other organic
molecules, which is currently a very
challenging problem. Boltzmann

generators can also learn a notion of “re-
action coordinates”: Simple linear interpola-
tions between points in latent space have a
high probability of corresponding to phys-
ically realistic, low-energy transition path-
ways. Finally, by using established sampling
methods such as Metropolis Monte Carlo in
the latent space variables, Boltzmann gener-
ators can discover new states and gradually
explore state space.

CONCLUSION: Boltzmann generators can
overcome rare event–sampling problems in
many-body systems by learning to generate
unbiased equilibrium samples from differ-
ent metastable states in one shot. They
differ conceptually from established enhanced
sampling methods, as no reaction coordi-
nates are needed to drive them between
metastable states. However, by applying ex-
isting sampling methods in the latent spaces
learned by Boltzmann generators, a plethora
of new opportunities opens up to design
efficient sampling methods for many-body
systems.▪
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Boltzmann generators overcome sampling
problems between long-lived states.The
Boltzmann generator works as follows: 1.We
sample from a simple (e.g., Gaussian)
distribution. 2. An invertible deep neural
network is trained to transform this simple
distribution to a distribution pXðxÞ that is
similar to the desired Boltzmann distribution
of the system of interest. 3.To compute
thermodynamics quantities, the samples are
reweighted to the Boltzmann distribution
using statistical mechanics methods.
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•The action is invariant to local gauge transformations, so the distribution is 
constant in those directions. It’s a huge product group! 

•Many more pure gauge degrees of freedom than physical ones 

•We would like to enforce this symmetry in the network, and not have to learn it.
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S t e p  1 :  F l o w s  o n  S p h e r e s  a n d  To r i

•We designed flows on compact manifolds like Spheres and Tori that correspond 
to Lie groups: 
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Normalizing Flows on Tori and Spheres

Figure 1. Illustration of the recursive flow on the sphere S2.

Then a two-stage autoregressive flow is applied on the cylin-
der. The ‘height’ r 2 [�1, 1] is transformed first by a uni-
variate flow g : [�1, 1] ! [�1, 1], and the ‘base’ z is trans-
formed second by a conditional flow f : SD�1

! SD�1

whose parameters are a function of g(r), that is

Tc!c(z, r) =
⇣
f(z; g(r)), g(r)

⌘
. (13)

Finally, the cylinder is transformed back to the sphere by

Tc!s(z, r) =
⇣
z
p
1� r2, r

⌘
. (14)

The flow h : SD ! SD is defined to be the composition h =

Tc!s � Tc!c � Ts!c. When stacking multiple h (each with
its own parameters), all the internal terms in Ts!c � Tc!s

cancel out, so it is more efficient to just not compute them.
Only the first Tc!s and last Ts!c need to be computed.
Figure 1 illustrates this procedure on S2.

The above recursion continues until we reach S1, on which
we can use the flows we have already described. Unrolling
the recursion up to S1 is equivalent to first transforming SD
into S1 ⇥ [�1, 1]D�1, then applying an autoregressive flow
on S1 ⇥ [�1, 1]D�1 as described in Section 2.2, and finally
transforming S1 ⇥ [�1, 1]D�1 back to SD. In practice, we
can use any ordering of the variables in the autoregressive
flow and not just the one implied by the recursion, and we
can compose multiple autoregressive flows before trans-
forming back to SD. Figure 6 in the appendix illustrates the
model with the recursion fully unrolled.

At this point, it is important to examine carefully the trans-
formations Ts!c and Tc!s. Maps from SD�1

⇥ [�1, 1]
to SD can never be diffeomorphisms since the topology of
these two spaces differ. Nevertheless, Ts!c and Tc!s are in-
vertible almost everywhere, in the sense that we can remove
sets of measure 0 from SD�1

⇥ [�1, 1] and SD, and the re-
striction of these maps to these subsets are diffeomorphisms.
However, extra care must be taken to check that updates to
the density caused by Ts!c and Tc!s are still numerically
stable, and that the density is well-behaved everywhere on
SD. In Appendix A.1, we prove that the update to a base
density ⇡(z, r) due to Tc!s is

p(Tc!s(z, r)) =
⇡(z, r)

(1� r2)
D
2 �1

. (15)

The update due to Ts!c is simply the inverse of the above.
Additionally, in Appendix A.1 we prove that the combined

density update due to h = Tc!s � Tc!c � Ts!c does not
have any singularity whenever g is such that g0(�1) > 0

and g0(1) > 0. Since we implement g with spline flows
(Section 2.1.2), this condition is satisfied by construction,
so the flow density is guaranteed to be finite.

Since the density update due to Ts!c and Tc!s can be done
analytically and the rest of the transformation is autoregres-
sive, the overall density update is efficient to compute. For
D = 2, the volume correction in Equation (15) is equal
to 1, and therefore Tc!s and Ts!c preserve infinitesimal
volume elements. Finally, we observe that the well-known
von Mises–Fisher distribution on S2 (Fisher, 1953) can be
obtained by transforming a uniform base density with Equa-
tions (12) to (14), where f is the identity and g has a simple
functional form (for details, see Jakob, 2012).

2.3.2. EXPONENTIAL-MAP FLOWS

Ideally, we would like to specify flows directly on the man-
ifold and avoid mapping between non-diffeomorphic sets.
This motivates us to explore exponential-map flows, a mech-
anism for building flows on spheres proposed by Sei (2013).

The main idea consists of two steps. First, we define a
cost-convex scalar field �(x) on SD—for the definition of
‘cost-convex’, see (Sei, 2013, Formula 1). Second, we con-
struct a flow using the exponential map of the gradient
r�(x) 2 TxSD, where TxSD is the tangent space of SD at
x. The exponential map expx : TxM ! M on a Rieman-
nian manifold M is defined as the terminal point �(1) of
a geodesic � : [0, 1] ! M that passes through �(0) = x
with velocity �̇(0) = v (Kobayashi & Nomizu, 1963). For a
general manifold it is hard to compute exponential maps, but
for the sphere SD the exponential map is straightforward:

expx(v) = x cos kvk+
v

kvk
sin kvk, (16)

where k · k is the Euclidean norm.

Parameterizing a general cost-convex scalar field �(x) re-
mains non-trivial on SD. To solve this, Sei (2013) proposes
to construct �(x) via a convex combination of simple scalar
functions �i : [0,⇡] ! R that satisfy �0

i(0) = �0
i(⇡) = 0

and �00
i > �1. Specifically, �(x) is given by

�(x) =
X

i
↵i�i(d(x, µi)), (17)

where d(x, µi) is the geodesic distance between x 2 SD
and µi 2 SD, ↵i � 0 and

P
i ↵i  1. The exponential

map of the gradient field of �(x) is guaranteed to be a
diffeomorphism from SD to SD (Sei, 2013, Lemma 4).

We found that it is challenging to learn concentrated multi-
modal densities on SD using the polynomial and high-
frequency scalar fields proposed by Sei (2013). To address
this limitation, we introduce a scalar field which is inspired

Normalizing Flows on Tori and Spheres

Figure 3. Learned densities on T2 using NCP, Möbius and CS
flows. Densities shown on the torus are from NCP.

Model KL [nats] ESS
MS (NT = 1,Km = 12,Ks = 32) 0.05 (0.01) 90%

EMP (NT = 1) 0.50 (0.09) 43%

EMSRE (NT = 1,K = 12) 0.82 (0.30) 42%

EMSRE (NT = 6,K = 5) 0.19 (0.05) 75%

EMSRE (NT = 24,K = 1) 0.10 (0.10) 85%

Table 1. Comparing baseline and proposed flows on S2 using KL
and ESS. The target density is the mixture of 4 modes shown
in Figure 4. We compare recursive Möbius-spline flow (MS),
exponential-map polynomial flow (EMP) and exponential-map
sum-of-radial flow (EMSRE). Brackets show error bars on the KL
from 3 replicas of each experiment. NT is the number of stacked
transformations for each flow; Km is the number of centres used
in Möbius; Ks is the number of segments in the spline flow; K
is the number of radial components in the radial exponential-map
flow. The polynomial scalar field is shown in Appendix E.

Mises, and a correlated von Mises (their precise definitions
are in Table 2 of the appendix). The results demonstrate that
we can reliably learn multi-modal and correlated densities
with different degrees of concentration. Among the circle
flows, NCP and Möbius performed the best, whereas CS
performed less well for high �. An additional experiment is
shown in Appendix I, where flows on T6 are used to learn
the posterior density over joint angles of a robot arm.

Table 1 shows results for S2, where we compare the recur-
sive flow to the exponential-map flow with polynomial and
radial scalar fields. The recursive flow uses Möbius for the
circle and splines for the interval. For the exponential-map
flow, the polynomial scalar field was proposed by Sei (2013)
and is shown in Appendix E, whereas the radial scalar field
is the new one we propose in Equation (18). The target
density is the mixture of 4 modes shown in Figure 4. We
demonstrate substantial improvement relative to the poly-
nomial scalar field, but we find that the exponential-map

Target Model

Figure 4. Learned multi-modal density on S2 using exponential-
map flows, using the Mollweide projection for visualization. The
model is a composition of 24 exponential-map transforms, using
the radial scalar field with 1 component.

Figure 5. Learned multi-modal density on SU(2) ⇠= S3 using the
recursive flow. Each column shows an S2 slice of the S3 density
along a fixed axis using the Mollweide projection. Top row: target
density. Bottom row: learned density. We used a Möbius trans-
form with Km = 32 for the circle, and spline transforms with
Ks = 64 for the two intervals (ESS = 84%, KL = 0.14).

flow with either scalar field is not yet competitive with the
recursive flow. Figure 5 shows an example of learning a
density on SU(2) ⇠= S3 using the recursive flow. Finally,
Appendix J shows an example of training a recursive flow
(using splines for both the circle and the interval) on data
sampled form a ‘map of the world’ density on S2.

5. Discussion
This work shows how to construct flexible normalizing flows
on tori and spheres of any dimension in a numerically sta-
ble manner. Unlike many of the distributions traditionally
used in directional statistics, the proposed flows can be
made arbitrarily flexible, but have tractable and exact den-
sity evaluation and sampling algorithms. We conclude with
a comparison of the proposed models, a discussion of their
limitations, and some preliminary thoughts on how to extend
flows to other manifolds of interest to fundamental physics.

5.1. Comparison, Scope and Limitations

Among the flows on the circle, Möbius and NCP performed
the best, with CS performing less well for highly concen-
trated target densities. However, increasing the expressivity
of Möbius and NCP required convex combinations, whereas
CS can be made more expressive by adding more spline
segments. As a result, CS is the cheapest to invert (it can be
done analytically), whereas Möbius and NCP (with more
than one component) require a root-finding algorithm such
as bisection search. Therefore, in practice it may be prefer-
able to use CS if both density evaluation and sampling are
required, and use Möbius or NCP otherwise.

On SD, the recursive flow performed better than the



S t e p  2 :  

•We came up with a way to build flows that are equivariant to space-time 
translations and local gauge transformations
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•Essentially, MCMC can get stuck for a while in a certain mode.  

• Our new “flow-based” proposal does much better!  

• It learns to propose configurations that look like our target distribution. 

• 1000x reduction in autocorrelation time
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• The topological charge Q will be constant for 
thousands of MCMC steps.

2D U(1) model
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FIG. 4. Illustration of the eigenvalue spaces and respective Haar measures in the angular coordinate system ✓k = arg(�k) for
SU(2) [left], SU(3) [middle], and SU(4) [right]. Eq. (19) describes how the Haar measure is included in these plots over the
space of eigenvalues. The constraint detU = 1 restricts the space of eigenvalues to the surface of codimension 1 defined byP

k ✓k = 0 (mod 2⇡) depicted in each space. On each surface, permutation of the axes corresponds to permutation among
the N ! cells delineated by green boundaries. A canonical cell used to construct permutation equivariant coupling layers is
highlighted in orange for each surface. For SU(4), we show the surface of eigenvalues projected to an orthonormal basis in the
constraint surface. For clarity in the SU(3) and SU(4) figures, we extend the range of the axes rather than showing the parts
of the eigenvalue surface that would wrap around the periodic boundaries.

A. Target densities

As target distributions to test this approach, we de-
fine densities on SU(N) matrices that are invariant under
matrix conjugation. For an SU(N) variable in the funda-
mental matrix representation, such a class of probability
densities can be defined in terms of traces of powers of
the variable,

p(i)
toy(U) := e�Si(U)/Zi, Zi =

Z
dUe�Si(U), (17)

where

Si(U) := �
�

N
Re tr

"
X

n

c(i)
n

Un

#
(18)

and
R

dU is integration with respect to the Haar measure
of the group. Any distribution in this family is manifestly
invariant under matrix conjugation, and is therefore a
function of the spectrum only. The coe�cients c(i) de-
termine the shape of the density on the group manifold,
while � determines the scale of the density.

The coe�cients c(i) defining the target densities for
this study are reported in Table I. The first set of coef-
ficients, c(0), was chosen to exactly match the marginal
distribution on each open plaquette in the case of two-
dimensional lattice gauge theory. To further investigate
densities with similar structure, two additional sets of
coe�cients were chosen by randomly drawing values for

c(i)
1 , c(i)

2 , and c(i)
3 , and restricting to coe�cients that pro-

duce a single peak in the density across all values of �.
Performance on this set of coe�cients is therefore repre-
sentative of the ability of these flows to learn the local
densities relevant to sampling for two-dimensional lattice
gauge theory.

set i c(i)1 c(i)2 c(i)3

0 1 0 0
1 0.17 -0.65 1.22
2 0.98 -0.63 -0.21

TABLE I. Sets of coe�cients c(i)n used to investigate the SU(2)
and SU(3) matrix conjugation equivariant flow.

To investigate the expressivity of the permutation
equivariant transformations that we define, we construct
flow-based models that combine a uniform prior density
with one kernel defined using the equivariant transfor-
mations under study. This combination of an invariant
prior distribution with application of an equivariant ker-
nel imposes matrix conjugation symmetry on each flow-
based model exactly. As a metric for the expressivity of
the permutation equivariant transformations used in each
kernel, we checked the ability of the flow-based models to
reproduce the target densities. Measurements of the ESS
and plots of the densities are used to investigate model
quality.

When plotting densities in the space of eigenvalues, as
in Fig. 4 above and the density plots below, we always
plot with respect to the Lebesgue measure on the eigen-
values. This is a natural choice, as densities with respect
to this measure are what one expects to reproduce using
histograms in the space of eigenvalues. However, the full
model on SU(N) reports densities with respect to the
Haar measure. When restricting to the space of eigenval-
ues, the resulting measure is absolutely continuous with
respect to the Lebesgue measure with density given by
the volume in SU(N) of conjugacy classes. This volume
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FIG. 2. Decomposition of a single gauge equivariant coupling
layer. Outer gray sections depict the general formulation of
gauge equivariant flows detailed in Ref. [11]. Inner colored
sections detail the kernel we construct in Sec. III for a single
SU(N) variable.
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<latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="UWLLxPiKWMhGxtZ4WXFidNyb6Ow=">AAACFnichZDNSsNAFIVv6l+NVdu1m2ARXJXEjS4FNy4r2B9oQ7mZ3LRDJ5MwMxFK6Au49Rl8Gnfixrdx+rOwreCBgcM5d5g7X5QLro3vfzuVvf2Dw6PqsXtSc0/Pzuu1rs4KxajDMpGpfoSaBJfUMdwI6ueKMI0E9aLpw6LvvZDSPJPPZpZTmOJY8oQzNDZqj+pNv+Uv5e2aYG2asNao4ZwN44wVKUnDBGo9CPzchCUqw5mguTssNOXIpjimgbUSU9Jhudxz7l3ZJPaSTNkjjbdMf98oMdV6lkZ2MkUz0dvdIvyzixROyWy8XjKUjMT8v7lBYZK7sOQyLwxJtloyKYRnMm8BzIu5ImbEzBpkitt/emyCCpmxWF0LMNjGtWu6N63AbwVPPlThAi7hGgK4hXt4hDZ0gEEMr/DmvDsfzucKdMVZE2/AhpyvH8ZHoic=</latexit><latexit sha1_base64="IAVOls6bMcvyFoFxXqrfGStxJHk=">AAACHXichZDNSsNAFIVv6l+ttbZu3QwWwVVJdKFLwY3LCvYH2lBuprft0MkkzEyEEvoKbvUZfBp30rcxabuwreCBgcM5d5g7XxBLYazrLpzC3v7B4VHxuHRSPq2cVWvltokSzanFIxnpboCGpFDUssJK6saaMAwkdYLpY953XkkbEakXO4vJD3GsxEhwtHk0HtyWBtW623CXYrvGW5s6rNUc1JxKfxjxJCRluURjep4bWz9FbQWXNC/1E0Mx8imOqZdZhSEZP10uO2dXWTJko0hnR1m2TH/fSDE0ZhYG2WSIdmK2uzz8sws0TsluvJ5yVJzk/L+5XmJH934qVJxYUny15CiRzEYsp8aGQhO3cpYZ5Fpk/2R8ghq5zdjmBL1tXrumfdPw3Ib37EIRLuASrsGDO3iAJ2hCCzhM4A3e4cP5dL6c7xXrgrOGfg4bchY/HWqkPg==</latexit><latexit sha1_base64="IAVOls6bMcvyFoFxXqrfGStxJHk=">AAACHXichZDNSsNAFIVv6l+ttbZu3QwWwVVJdKFLwY3LCvYH2lBuprft0MkkzEyEEvoKbvUZfBp30rcxabuwreCBgcM5d5g7XxBLYazrLpzC3v7B4VHxuHRSPq2cVWvltokSzanFIxnpboCGpFDUssJK6saaMAwkdYLpY953XkkbEakXO4vJD3GsxEhwtHk0HtyWBtW623CXYrvGW5s6rNUc1JxKfxjxJCRluURjep4bWz9FbQWXNC/1E0Mx8imOqZdZhSEZP10uO2dXWTJko0hnR1m2TH/fSDE0ZhYG2WSIdmK2uzz8sws0TsluvJ5yVJzk/L+5XmJH934qVJxYUny15CiRzEYsp8aGQhO3cpYZ5Fpk/2R8ghq5zdjmBL1tXrumfdPw3Ib37EIRLuASrsGDO3iAJ2hCCzhM4A3e4cP5dL6c7xXrgrOGfg4bchY/HWqkPg==</latexit><latexit sha1_base64="/baqA/b8uPYTSDSquGfm946SQYE=">AAACKHichVDLSgMxFE3qq9ZXq0s3wSK4KjO60GXRjcsK9gHtUO6kt21oJjMkGaEM/QW3+g1+jTvp1i9xpp2FbQUPBA7nnMu9OX4khbGOM6eFre2d3b3ifung8Oj4pFw5bZkw1hybPJSh7vhgUAqFTSusxE6kEQJfYtufPGR++wW1EaF6ttMIvQBGSgwFB5tJo/5NqV+uOjVnAbZJ3JxUSY5Gv0KPe4OQxwEqyyUY03WdyHoJaCu4xFmpFxuMgE9ghN2UKgjQeMni2Bm7TJUBG4Y6fcqyhfp7IoHAmGngp8kA7Nise5n4p+drmKBd2Z5wUBzl7L9cN7bDOy8RKootKr48chhLZkOWtcYGQiO3cpoS4Fqk/2R8DBq4TbvNGnTX+9okreua69TcJ6dav8+7LJJzckGuiEtuSZ08kgZpEk7G5JW8kXf6QT/pF50vowWaz5yRFdDvHz8apc0=</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit><latexit sha1_base64="qZaaXUgMKO7ekhVgncJhOuM8+4I=">AAACKHichVDLSsNAFJ2pr1q1trp0EyyCq5KooMuiG5cV7APaUCbTm3boZBJmboQS+gtu9Rv8GnfSrV9i0mZhW8EDA4dzzuXeOV4khUHbntPC1vbO7l5xv3RweFQ+rlRP2iaMNYcWD2Woux4zIIWCFgqU0I00sMCT0PEmD5nfeQFtRKiecRqBG7CREr7gDDNpNLguDSo1u24vYG0SJyc1kqM5qNJyfxjyOACFXDJjeo4doZswjYJLmJX6sYGI8QkbQS+ligVg3GRx7My6SJWh5Yc6fQqthfp7ImGBMdPAS5MBw7FZ9zLxT8/TbAK4sj3hTHGQs/9yvRj9OzcRKooRFF8e6cfSwtDKWrOGQgNHOU0J41qk/7T4mGnGMe02a9BZ72uTtK/qjl13nm5qjfu8yyI5I+fkkjjkljTII2mSFuFkTF7JG3mnH/STftH5Mlqg+cwpWQH9/gFAWqXR</latexit>
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<latexit sha1_base64="4wxtPWNDnmCH0dgSYyQ3K0rC1ac=">AAACJ3ichVDLSgMxFE3qq1atrS7dBIvgqsxIQZdFNy4r2ge0Q8mkd6ahmcyQZIQy9BPc6jf4Ne5El/6JaTsLawUPBA7nnMu9OX4iuDaO84kLG5tb2zvF3dLe/kH5sFI96ug4VQzaLBax6vlUg+AS2oYbAb1EAY18AV1/cjP3u4+gNI/lg5km4EU0lDzgjBor3YfDxrBSc+rOAmSduDmpoRytYRWXB6OYpRFIwwTVuu86ifEyqgxnAmalQaohoWxCQ+hbKmkE2ssWt87ImVVGJIiVfdKQhfpzIqOR1tPIt8mImrH+7c3FPz1f0QmYle0Zo5KBmP2X66cmuPIyLpPUgGTLI4NUEBOTeWlkxBUwI6aWUKa4/SdhY6ooM7bakm3Q/d3XOulc1F2n7t41as3rvMsiOkGn6By56BI10S1qoTZiKERP6Bm94Ff8ht/xxzJawPnMMVoB/voGCnOlvg==</latexit><latexit sha1_base64="4wxtPWNDnmCH0dgSYyQ3K0rC1ac=">AAACJ3ichVDLSgMxFE3qq1atrS7dBIvgqsxIQZdFNy4r2ge0Q8mkd6ahmcyQZIQy9BPc6jf4Ne5El/6JaTsLawUPBA7nnMu9OX4iuDaO84kLG5tb2zvF3dLe/kH5sFI96ug4VQzaLBax6vlUg+AS2oYbAb1EAY18AV1/cjP3u4+gNI/lg5km4EU0lDzgjBor3YfDxrBSc+rOAmSduDmpoRytYRWXB6OYpRFIwwTVuu86ifEyqgxnAmalQaohoWxCQ+hbKmkE2ssWt87ImVVGJIiVfdKQhfpzIqOR1tPIt8mImrH+7c3FPz1f0QmYle0Zo5KBmP2X66cmuPIyLpPUgGTLI4NUEBOTeWlkxBUwI6aWUKa4/SdhY6ooM7bakm3Q/d3XOulc1F2n7t41as3rvMsiOkGn6By56BI10S1qoTZiKERP6Bm94Ff8ht/xxzJawPnMMVoB/voGCnOlvg==</latexit><latexit sha1_base64="4wxtPWNDnmCH0dgSYyQ3K0rC1ac=">AAACJ3ichVDLSgMxFE3qq1atrS7dBIvgqsxIQZdFNy4r2ge0Q8mkd6ahmcyQZIQy9BPc6jf4Ne5El/6JaTsLawUPBA7nnMu9OX4iuDaO84kLG5tb2zvF3dLe/kH5sFI96ug4VQzaLBax6vlUg+AS2oYbAb1EAY18AV1/cjP3u4+gNI/lg5km4EU0lDzgjBor3YfDxrBSc+rOAmSduDmpoRytYRWXB6OYpRFIwwTVuu86ifEyqgxnAmalQaohoWxCQ+hbKmkE2ssWt87ImVVGJIiVfdKQhfpzIqOR1tPIt8mImrH+7c3FPz1f0QmYle0Zo5KBmP2X66cmuPIyLpPUgGTLI4NUEBOTeWlkxBUwI6aWUKa4/SdhY6ooM7bakm3Q/d3XOulc1F2n7t41as3rvMsiOkGn6By56BI10S1qoTZiKERP6Bm94Ff8ht/xxzJawPnMMVoB/voGCnOlvg==</latexit><latexit sha1_base64="4wxtPWNDnmCH0dgSYyQ3K0rC1ac=">AAACJ3ichVDLSgMxFE3qq1atrS7dBIvgqsxIQZdFNy4r2ge0Q8mkd6ahmcyQZIQy9BPc6jf4Ne5El/6JaTsLawUPBA7nnMu9OX4iuDaO84kLG5tb2zvF3dLe/kH5sFI96ug4VQzaLBax6vlUg+AS2oYbAb1EAY18AV1/cjP3u4+gNI/lg5km4EU0lDzgjBor3YfDxrBSc+rOAmSduDmpoRytYRWXB6OYpRFIwwTVuu86ifEyqgxnAmalQaohoWxCQ+hbKmkE2ssWt87ImVVGJIiVfdKQhfpzIqOR1tPIt8mImrH+7c3FPz1f0QmYle0Zo5KBmP2X66cmuPIyLpPUgGTLI4NUEBOTeWlkxBUwI6aWUKa4/SdhY6ooM7bakm3Q/d3XOulc1F2n7t41as3rvMsiOkGn6By56BI10S1qoTZiKERP6Bm94Ff8ht/xxzJawPnMMVoB/voGCnOlvg==</latexit>

. . .

FIG. 3. Our choice of plaquettes to update [Pµ⌫(x), yellow],
gauge invariant context for that transformation [I1 and I2,
green], the corresponding updated link [Uµ(x), blue], and the
plaquettes passively modified as a result of the link update
[Pµ⌫(x̃), red] for two-dimensional gauge theory. A repeating
cycle of rotations and translations are applied to the pattern
for successive coupling layers; composition of 8 coupling layers
is su�cient to update every link once for this pattern.

kernel is used to transform untraced loops of links start-
ing and ending at a common point (whose spectrum has
physical, gauge-invariant meaning). Here, we specify a
general method to construct such kernels and investigate
application of these kernels to sampling probability den-
sities on single SU(N) or U(N) variables (representing
marginal distributions on open loops in the full gauge
theory).

In the language of groups, a kernel should move den-
sity between conjugacy classes while preserving struc-
ture within those classes. Each conjugacy class is de-
fined by a set {XUX�1 : X 2 G}, for some U . It
is useful, however, to think of each conjugacy class in
SU(N) or U(N) as a set of all matrices with some par-
ticular spectrum; for example, all matrices with eigenval-
ues {ei3⇡/12, ei5⇡/12, e�i8⇡/12

} form a conjugacy class in
SU(3). Intuitively, a kernel should therefore move density
between possible N -tuples of eigenvalues while preserving
the eigenvector structure. In Appendix A we prove that
this intuition is exact: a kernel can generally be defined
as an invertible map that acts on the list of eigenvalues
of the input matrix, is equivariant under permutations of
the eigenvalues, and leaves the eigenvectors unchanged.
In our applications, we therefore structure the kernel to
accept a matrix-valued input, diagonalize it to produce
an (arbitrarily ordered) list of eigenvalues and eigenvec-
tors, transform the eigenvalues in a permutation equiv-
ariant fashion, then reconstruct the matrix using the new
eigenvalues. Fig. 2 depicts how this spectral flow is ap-
plied in the context of a gauge equivariant coupling layer.

Permutation equivariance is required to ensure that
the kernel acts only based on the spectrum, not the par-
ticular order of eigenvalues produced during diagonaliza-
tion. Normalizing flows that are permutation equivari-
ant have previously been investigated in the machine-
learning community to learn densities over sets (such as
point-clouds, objects in a 3D scene, particles in molecu-
lar dynamics, and particle tracks in collider events) [42–
44, 46–53]. Such approaches are directly applicable to
kernels for U(N) variables (see Appendix E), because the
eigenvalues can be transformed independently. For an
SU(N) variable, however, the constraint det U = 1 must
additionally be satisfied, which prevents these methods
from being straightforwardly applied. As an example,
Figure 4 depicts the space of eigenvalues of SU(2), SU(3),
and SU(4) variables and illustrates the constrained sur-
face of possible eigenvalues as well as the cells on this
surface that are related by permutations in each case.
To be equivariant, a spectral flow for SU(N) must trans-
form values within each cell identically.

In this section, we describe special-case constructions
of permutation equivariant transformations on the eigen-
values of an SU(2) or SU(3) variable, then generalize
the approach to SU(N). In each case, we demonstrate
the expressivity of these transformations by construct-
ing flow-based models in terms of these transformations
and training the models to learn several target families
of densities that are invariant under matrix conjugation.

[2008.05456 (2020), PRL 125, 121601 (2020), 2002.02428 (2020)]
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FIG. 8. Illustration of the steps we use to apply a flow to an
(N � 1)-simplex, shown for N = 3 as an example. Starting
from an initial density on the simplex  , we map it to an
axis-aligned simplex � then to an open box ⌦. We apply a
parametric boundary preserving flow � to the box and finally
invert the chain back to the original coordinate system.

inverse map ��1 : � ! ⌦ is given by

��1
i

(⇢) =
⇢

1 �
P

i�1
j=1 ⇢j

, (24)

for ⇢ 2 �, while ⇣�1 :  ! � is given by

⇣�1(x) = (x � y1)M
T (MMT )�1. (25)

The entire chain of coordinate transformations, flow, and
inverse coordinate transformations is depicted in Fig. 8.

The Jacobian of the entire flow can be computed by
composing the Jacobian factors from each transformation
in the chain. While the Jacobian factors acquired from
the coordinate transformations are fixed, the flow act-
ing on ⌦ is parameterized by, and the resulting density
depends on, the action of this inner flow. For example,
the inner flow could be a spline flow [56] constructed to
transform each coordinate of ⌦ as a function of the model
parameters and possibly the other coordinates of ⌦. It
is this inner flow that must be trained in each coupling
layer to reproduce the final density on SU(N). A com-
plete listing of the algorithm to apply the matrix conju-
gation equivariant kernel defined by the above spectral
flow is given in Appendix B.

We implemented this general approach to matrix con-
jugation equivariant flows on SU(N) variables for a range
of N . For N  9, we trained these flows to reproduce tar-
get densities defined by Eq. (17), with coe�cients listed
in Table I, and � = 9. An ESS of greater than 5% was
achieved on all target densities, with c(0) performing sig-
nificantly better with greater than 90% ESS across all
densities. Fig. 9 compares the flow-based densities to
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FIG. 9. Densities on a two-dimensional slice through the
space of SU(9) eigenvalues defined by varying ✓1 and ✓2, keep-
ing ✓3, . . . , ✓8 fixed to random values, and assigning ✓9 =
wrap(�

P8
k=1 ✓k). The densities learned by the flow-based

models are compared to the target densities for three distri-
butions, each with � = 9. Horizontal, vertical, and diagonal
lines of zero density correspond to locations where the cho-
sen slice crosses through walls of the cells (on which the Haar
measure forces the density to zero). Due to exact permuta-
tion invariance of the flow-based distribution, these lines are
exactly reproduced.

the target densities for N = 9. Worse performance on
c(1) and c(2) is reflective of their multimodal nature for
some values of �/N . To investigate performance at large
N , we trained flows to reproduce the c(0) density for
10  N  100, and found ESSs greater than 90% for
all models. All model distributions were confirmed to
have exact permutation invariance.

IV. APPLICATION TO SU(2) AND SU(3)
LATTICE GAUGE THEORY IN 2D

With an invertible kernel that is equivariant under ma-
trix conjugation, the methods presented in Ref. [11] im-
mediately allow construction of gauge equivariant cou-
pling layers for SU(N) lattice gauge theory. To study
the e�cacy of such coupling layers for this application, we
trained flow-based models to sample from distributions
relevant for 1 + 1-dimensional gauge theory. Specifically,
we considered the distribution defined by the imaginary-
time path integral in Eq. (1) with the action given by the
Wilson discretization of the continuum gauge action,

S(U) := �
�

N

X

x

Re tr [P01(x)] . (26)

SU(9) flows
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First gauge theory application:  
2D U(1) field theory

Parameter of theory

Cost per independent sample
4

FIG. 3. Left: estimates of average Wilson loops hW`⇥`i mea-
sured on the finest ensemble studied here (� = 7). Right:
estimates of topological susceptibility measured on the three
finest ensembles studied here (� = 5, 6, 7). All values are plot-
ted as ratios to the exact results. The flow-based estimates
are consistent with the exact values, while the HMC and Heat
Bath estimates have larger uncertainties and also significantly
deviate from the exact values in some cases.

To investigate critical slowing down, we studied the
theory at a fixed lattice size, L = 16, using seven choices
of the parameter � = {1, 2, 3, 4, 5, 6, 7}; the theory ap-
proaches the continuum limit as � ! 1. For each pa-
rameter choice, we trained gauge invariant flow-based
models using a uniform prior distribution and a composi-
tion of 24 gauge-equivariant coupling layers. The kernels
h were chosen to be mixtures of Non-Compact Projec-
tions [63], which are suitable for U(1) group elements;
in particular, we used 6 components for each mixture
and parameterized each transformation with a convolu-
tional neural network. The model architecture was held
fixed across all choices of �, ensuring identical cost to
draw samples for each parameter choice. To train the
models, we minimized the Kullback-Leibler divergence
between the model density q(U) and the target density
e�S(U)/Z. Training was halted when the loss function
reached a plateau. For this proof-of-principle study, we
did not perform extensive optimization over the variable
splitting pattern, neural network architecture, or train-
ing hyperparameters, and it is likely that better models
can be trained.

After training, the flow-based models were used to gen-
erate proposals for a Metropolis independence Markov
chain [25], producing ensembles of 100, 000 samples each.
For comparison, ensembles of identical size were pro-
duced using the HMC and Heat Bath algorithms. For
all choices of �, we fixed the HMC trajectory length to
achieve > 80% acceptance rate when using a leapfrog in-
tegrator with 5 steps. Each HB step was defined as one
sweep, i.e. a single update of every link. To within 10%,
the computational cost per HMC trajectory was equal
to the cost per proposal from the flow-based model in
a single-threaded CPU environment, while the cost per
Heat Bath step was half that of HMC or flow.

Using samples from a flow-based model as proposals
within a Markov chain ensures unbiased estimates after

1 2 3 4 5 6 7

�

1

10

100

1000

10000

� int
Q

HMC

HB

Flow

FIG. 4. Integrated autocorrelation time for the topological
charge, ⌧ int

Q , measured on ensembles of 16 ⇥ 16 lattices gen-
erated using HMC, Heat Bath, and the flow-based algorithm.
Ten replicas of each ensemble were used to estimate errors,
which are smaller than the plot markers for most points.

thermalization; at the finite ensemble size used here, all
observables were found to agree with analytical results
within statistical uncertainties. Of the observables we
studied, local quantities like powers of plaquettes and
expectation values of small Wilson loops were estimated
more precisely by HMC and HB than with the flow-based
algorithm. However, Fig. 3 shows that for observables
with larger extent such as W`⇥` with ` � 4, and par-
ticularly for �Q, large autocorrelations in the HMC and
HB samples result in estimates that deviate from the ex-
act values and have lower precision than the flow-based
estimates.

For Markov chain methods, the characteristic length of
autocorrelations for an observable O can be defined by
the integrated autocorrelation time ⌧ int

O
[69]. Fig. 4 com-

pares ⌧ int
Q for HMC and HB to that in the flow-based al-

gorithm as an indicator of how well the three methods ex-
plore the distribution of topological charge. For all three
methods, ⌧ int

Q grows as � is increased towards the con-
tinuum limit. However, this problem is far less severe for
the flow-based algorithm than for HMC or HB. For exam-
ple, the autocorrelation time in the flow-based algorithm
is approximately 10 at the largest value of �, whereas
⌧ int
Q ⇡ 4000 for HB and ⌧ int

Q ⇡ 15000 for HMC. Account-
ing for the relative cost per step of each Markov chain,
the flow-based Metropolis sampler is therefore roughly
1500 times more e�cient than HMC and 200 times more
e�cient than Heat Bath in determining topological quan-
tities. A promising possibility for further development is
mixing flow-based Markov chain steps with HMC tra-
jectories or Heat Bath sweeps to gain the benefits of
standard Markov chain steps for local observables and
of the flow-based algorithm for extended and topological
observables.

Summary.— Critical slowing down of sampling in lat-
tice gauge theories is an obstacle to precisely estimat-
ing quantities of physical interest as critical limits of the

Conventional 
approaches}

} ML algorithm

Flows on 
compact, 
connected 
manifolds
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flows
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FIG. 6. Forwards KL divergence (lower indicates better
agreement) for the three di↵erent mixture model construc-
tions described in the text, estimated using shared ensem-
bles of 106 target samples, for fixed m2 = �4 and varying
↵. At each ↵, all three mixtures are constructed from the
same unimodal component model, obtained using reverse KL
self-training. Errors are computed by bootstrapping, and are
smaller than the markers for all points. Additional variance
due to seed dependence is not quantified.

FIG. 7. Distribution of � for samples drawn from a unimodal
model (p̃), as well as various di↵erent mixtures constructed

from it (p̃(...)mix ) as described in the text, all for m2 = �4 and
↵V = 0.8. The mixture samples are generated by postprocess-
ing the samples shown for the unimodal model. Note: these
histograms are computed using raw model samples, and no
statistical corrections have been applied. The target distribu-
tion (p), as measured using AHMC, is shown for comparison.

self-training schemes in general and not a specific feature
of reverse KL self-training.

To improve over reverse KL self-training we must take
advantage of the ability to augment the training dataset,
which we do by generating each batch of training data by
constructing and sampling from a single-model mixture
using the flow model being trained. We first examine the
symmetric ↵ = 0 case where all of the mixture construc-
tions we consider in this work are equivalent. Figure 9
shows a training history for a model trained using this
scheme, targeting m

2 = �4 and ↵ = 0. Over the course
of training, h�ip̃ ⇡ 0 up to per-epoch fluctuations, in-
dicating that the model trains directly into a bimodal
distribution. This is dissimilar to the training dynam-

FIG. 8. Reweighted forward KL self-training history exhibit-
ing mode collapse, for a flow model targeting m2 = �5 and
↵ = 0, training with batch size 16000, using gradient norm
clipping, and with the learning rate dropping by a factor of
� = 0.5 every 20000 epochs. The similar values of ESS/N
and h�ip̃ are coincidental.

ics observed in e.g. Fig. 4 with reverse KL self-training
at these parameters, where the model initially collapses
onto a single mode then eventually finds the bimodal dis-
tribution.
We generically observe similar training dynamics with

this scheme as with reverse KL self-training for unimodal
models, except for an extra instability that must be reg-
ulated with gradient norm clipping. The large gradients
that destabilize training and necessitate clipping likely
arise in part from batches where a single high-weight con-
figuration (like those discussed in Sec. VII) dominates the
reweighted loss estimate. We also observe that the value
of h�ip̃ for the model distributions can fluctuate at late
times, but we find that step-scheduling the learning rate
(i.e. reducing the learning rate by a factor � = 0.5 ev-
ery 20000 epochs) regulates this e↵ect and allows h�ip̃ to
settle to zero (or the appropriate nonzero value, in the
asymmetric ↵ 6= 0 case).
We also test the training scheme using the naive data

augmentation described in Sec. VA, where rather than
sampling from a mixture we simply apply a random sign
flip to each configuration. In this case, the reweighting
factors use p

0 = p̃ for the configurations before negation,
while log p̃ in the loss is computed after negation. We ob-
serve similar training dynamics for this scheme as when
using training data sampled from a mixture. We com-
pare models with those obtained using other forwards
KL approaches below.
To set a baseline for the self-training approaches, we

train models using data generated on-the-fly using aug-
mented HMC, providing a theoretically infinite train-
ing dataset as in self-training schemes. This training
dataset amounts to a limiting-case perfect dataset for
reweighted forwards KL self-training: all reweighting fac-

Systems with complex topologies

Need:   Unbiased sampling from 
            multi-modal distributions
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Flow models for QCD in 4D
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Initial QCD demonstration [this talk +upcoming manuscripts on scaling and 4D] 
• Direct combination of published results on gauge-equivariant flows and 

pseudofermions [Boyda et al., 2008.05456, Abbott et al., 2207.08945] 

• Illustration at straightforward parameters V=44, Nf=2, β=1, κ=0.1 

• Observables from flow ensemble in precise agreement with HMC at high statistics 
(65k samples) 

• Development and scaling of QCD-specific architectures in full swing — stay tuned!

Marginal: 
• Haar-uniform base 

distribution 

• 48 gauge-
equivariant spline 
coupling layers 

• Spatially 
separated 
convolutions in 
spectral flow to 
define spline 
parameters

Conditional: 
• Gaussian base 

distribution 

• 36 pseudofermion 
coupling layers built 
from parallel 
transport 
convolutional 
networks 

• Alternating spin and 
spatial masking 
pattern
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Flow models for QCD in 4D
Initial QCD demonstration [this talk +upcoming manuscripts on scaling and 4D] 

• Direct combination of published results on gauge-equivariant flows and 
pseudofermions [Boyda et al., 2008.05456, Abbott et al., 2207.08945] 

• Illustration at straightforward parameters V=44, Nf=2, β=1, κ=0.1 

• Observables from flow ensemble in precise agreement with HMC at high statistics 
(65k samples) 

• Development and scaling of QCD-specific architectures in full swing — stay tuned!



  Machine learning for QCD 

• Provably-exact machine-learning-
accelerated sampling algorithm 

• Orders of magnitude more efficient than 
conventional algorithms overcoming 
critical slowing-down 

• Unbiased results where traditional 
approaches fail 

Deployment for state-of-the-art QCD 
scheduled for Aurora 2023 first science time

[2107.00734; 2101.08176; Phys.Rev.D 104, 114507; Phys.Rev.D 103, 074504  (2021); Phys.Rev.Lett. 125, 121601;  
PMLR 8083-8092 (2020); Phys.Rev.D 100, 034515 (2019); Phys.Rev.D 97, 094506 (2018)]
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Yoshua Bengio on [arXiv:1901.10912] 
and public FB discussion
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Main challenge: wide range of spatiotemporal scales

Coarse-graining idea:

Can we design 
a minimalist model

speeding up the simulations 
significantly while preserving 

the relevant physics?

Figure from J.E. Shea



Emergence: Philosophical Musings



S c a l e  s e p a r a t i o n  &  e m e r g e n c e

•Scale separation can lead to different effective descriptions & ontologies that 
describe the phenomena that emerge at different scales 

• Identifying and naming the relevant objects / concepts already significant 

• Understanding how they interact and developing an effective law or theory at 
that scale is even more significant 

• Understanding how these objects and interactions emerge from a more 
fundamental scale is profound 

•This has generally been done by humans, and there is an opportunity for AI to 
assist / accelerate / automate this process.

54



S c a l e  s e p a r a t i o n  &  e m e r g e n c e

•Questions: 

• How arbitrary or unambiguous are: 

• the scales where the “right” effective description applies? 

• the right objects / degrees of freedom in the effective description? 

• the laws that describe the interactions among those objects?  

• Is there a principle that can help guide us or allow us to judge or rank different 
approaches?

55



•Observation: 

• Dynamics of lower-dimensional coarse-grained model sweep out a manifold in 
the state space of the fine-grained model 

• Coarse graining and emergence can be seen as geometrical structure of the 
“data manifold” 

• Useful insight for generative models, up-sampling, denoising etc. 

56



E v a l u a t i n g  d a t a  o n  o r  o f f  t h e  m a n i f o l d

•Vanilla autoencoder acting general-purpose like compression. 

• When trained on L2 loss, not specialized for any particular down-stream task

57
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S u p e r v i s e d  l e a r n i n g  a n d  s u f f i c i e n c y

•In contrast, say we have some down-stream task, then some of the information in  will be useful, but other 
information can be thrown away without any significant loss in performance.  

• This happens automatically in learned representations for supervised learning tasks 

•For example,  say  represents some property that is useful for my downstream task, and abstractly I can think 
about the joint  or conditional  — example: think of  as a reaction coordinate 

• A function (encoder)  is called a sufficient statistic for  if it can be factorized as 

•  

• Equivalently  

•  

•  

•Closely related to collective variables, order parameters, etc.  

• Exact sufficient statistics don’t usually exist, but approximate sufficient globally  

•  is “locally sufficient”

x

θ
p(x, θ) p(x |θ) θ

T(x) θ

p(x |θ) = g(T |θ) h(x)

I(θ; T(X)) = I(θ; X)

p(θ ∣ X = x) = p(θ ∣ T(X) = t(x))

t(x |θ′ ) = ∇θlog p(x |θ) |θ′ 
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𝐷(𝑧)

Coarse Graining Auto-Encoding Framework

𝑧𝑥𝑡 𝐸(𝑥) 𝒙𝒕

𝑳𝑽𝑪𝑮𝑬 = | − 𝒃 ⋅ 𝛁𝐱𝐕 + 𝜵𝒛𝑽𝑪𝑮 𝑬 𝒙 |𝟐+ 𝑫 𝑬 𝒙𝒕 − 𝒙𝒕 𝟐 +𝝆𝑭𝒊𝒏𝒔 𝑬 𝒙 𝟐

𝑏
−𝛻x𝑉 −𝛻z𝑉𝐶𝐺−

• AutoEncoder automatically coarse-grains atomistic coordinates to CG coordinates in a data-driven way
• Force matching also helps to shape the learning of CG and obtain 𝑉𝐶𝐺(𝑧 = 𝐸(𝑥)) for CG simulations

1/24/2023 27W Wang et al npj Comput. Mater. 2019, 5
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Equivariant generative decoder

1/24/2023 30

Information is always lost in CG – needs to be recovered 
statistically.

All atom to CG is surjective, a generative (non-
deterministic) model is needed

Avoid FF refinement.  

Create latent variable to hold info for decoding 
(depends on x and X at train and only on X during 
inference.

Equivariant decoding through inter-bead vectors.

W Wang et al arXiv:2201.12176
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Create latent variable to hold info for decoding 
(depends on x and X at train and only on X during 
inference.

Equivariant decoding through inter-bead vectors.

W Wang et al arXiv:2201.12176
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statistically.

All atom to CG is surjective, a generative (non-
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Avoid FF refinement.  

Create latent variable to hold info for decoding 
(depends on x and X at train and only on X during 
inference.

Equivariant decoding through inter-bead vectors.

W Wang et al arXiv:2201.12176

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>



C o n n e c t i o n :

•We designed flows on compact manifolds like Spheres and Tori 
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Normalizing Flows on Tori and Spheres

Figure 1. Illustration of the recursive flow on the sphere S2.

Then a two-stage autoregressive flow is applied on the cylin-
der. The ‘height’ r 2 [�1, 1] is transformed first by a uni-
variate flow g : [�1, 1] ! [�1, 1], and the ‘base’ z is trans-
formed second by a conditional flow f : SD�1

! SD�1

whose parameters are a function of g(r), that is

Tc!c(z, r) =
⇣
f(z; g(r)), g(r)

⌘
. (13)

Finally, the cylinder is transformed back to the sphere by

Tc!s(z, r) =
⇣
z
p
1� r2, r

⌘
. (14)

The flow h : SD ! SD is defined to be the composition h =

Tc!s � Tc!c � Ts!c. When stacking multiple h (each with
its own parameters), all the internal terms in Ts!c � Tc!s

cancel out, so it is more efficient to just not compute them.
Only the first Tc!s and last Ts!c need to be computed.
Figure 1 illustrates this procedure on S2.

The above recursion continues until we reach S1, on which
we can use the flows we have already described. Unrolling
the recursion up to S1 is equivalent to first transforming SD
into S1 ⇥ [�1, 1]D�1, then applying an autoregressive flow
on S1 ⇥ [�1, 1]D�1 as described in Section 2.2, and finally
transforming S1 ⇥ [�1, 1]D�1 back to SD. In practice, we
can use any ordering of the variables in the autoregressive
flow and not just the one implied by the recursion, and we
can compose multiple autoregressive flows before trans-
forming back to SD. Figure 6 in the appendix illustrates the
model with the recursion fully unrolled.

At this point, it is important to examine carefully the trans-
formations Ts!c and Tc!s. Maps from SD�1

⇥ [�1, 1]
to SD can never be diffeomorphisms since the topology of
these two spaces differ. Nevertheless, Ts!c and Tc!s are in-
vertible almost everywhere, in the sense that we can remove
sets of measure 0 from SD�1

⇥ [�1, 1] and SD, and the re-
striction of these maps to these subsets are diffeomorphisms.
However, extra care must be taken to check that updates to
the density caused by Ts!c and Tc!s are still numerically
stable, and that the density is well-behaved everywhere on
SD. In Appendix A.1, we prove that the update to a base
density ⇡(z, r) due to Tc!s is

p(Tc!s(z, r)) =
⇡(z, r)

(1� r2)
D
2 �1

. (15)

The update due to Ts!c is simply the inverse of the above.
Additionally, in Appendix A.1 we prove that the combined

density update due to h = Tc!s � Tc!c � Ts!c does not
have any singularity whenever g is such that g0(�1) > 0

and g0(1) > 0. Since we implement g with spline flows
(Section 2.1.2), this condition is satisfied by construction,
so the flow density is guaranteed to be finite.

Since the density update due to Ts!c and Tc!s can be done
analytically and the rest of the transformation is autoregres-
sive, the overall density update is efficient to compute. For
D = 2, the volume correction in Equation (15) is equal
to 1, and therefore Tc!s and Ts!c preserve infinitesimal
volume elements. Finally, we observe that the well-known
von Mises–Fisher distribution on S2 (Fisher, 1953) can be
obtained by transforming a uniform base density with Equa-
tions (12) to (14), where f is the identity and g has a simple
functional form (for details, see Jakob, 2012).

2.3.2. EXPONENTIAL-MAP FLOWS

Ideally, we would like to specify flows directly on the man-
ifold and avoid mapping between non-diffeomorphic sets.
This motivates us to explore exponential-map flows, a mech-
anism for building flows on spheres proposed by Sei (2013).

The main idea consists of two steps. First, we define a
cost-convex scalar field �(x) on SD—for the definition of
‘cost-convex’, see (Sei, 2013, Formula 1). Second, we con-
struct a flow using the exponential map of the gradient
r�(x) 2 TxSD, where TxSD is the tangent space of SD at
x. The exponential map expx : TxM ! M on a Rieman-
nian manifold M is defined as the terminal point �(1) of
a geodesic � : [0, 1] ! M that passes through �(0) = x
with velocity �̇(0) = v (Kobayashi & Nomizu, 1963). For a
general manifold it is hard to compute exponential maps, but
for the sphere SD the exponential map is straightforward:

expx(v) = x cos kvk+
v

kvk
sin kvk, (16)

where k · k is the Euclidean norm.

Parameterizing a general cost-convex scalar field �(x) re-
mains non-trivial on SD. To solve this, Sei (2013) proposes
to construct �(x) via a convex combination of simple scalar
functions �i : [0,⇡] ! R that satisfy �0

i(0) = �0
i(⇡) = 0

and �00
i > �1. Specifically, �(x) is given by

�(x) =
X

i
↵i�i(d(x, µi)), (17)

where d(x, µi) is the geodesic distance between x 2 SD
and µi 2 SD, ↵i � 0 and

P
i ↵i  1. The exponential

map of the gradient field of �(x) is guaranteed to be a
diffeomorphism from SD to SD (Sei, 2013, Lemma 4).

We found that it is challenging to learn concentrated multi-
modal densities on SD using the polynomial and high-
frequency scalar fields proposed by Sei (2013). To address
this limitation, we introduce a scalar field which is inspired

Normalizing Flows on Tori and Spheres

Figure 3. Learned densities on T2 using NCP, Möbius and CS
flows. Densities shown on the torus are from NCP.

Model KL [nats] ESS
MS (NT = 1,Km = 12,Ks = 32) 0.05 (0.01) 90%

EMP (NT = 1) 0.50 (0.09) 43%

EMSRE (NT = 1,K = 12) 0.82 (0.30) 42%

EMSRE (NT = 6,K = 5) 0.19 (0.05) 75%

EMSRE (NT = 24,K = 1) 0.10 (0.10) 85%

Table 1. Comparing baseline and proposed flows on S2 using KL
and ESS. The target density is the mixture of 4 modes shown
in Figure 4. We compare recursive Möbius-spline flow (MS),
exponential-map polynomial flow (EMP) and exponential-map
sum-of-radial flow (EMSRE). Brackets show error bars on the KL
from 3 replicas of each experiment. NT is the number of stacked
transformations for each flow; Km is the number of centres used
in Möbius; Ks is the number of segments in the spline flow; K
is the number of radial components in the radial exponential-map
flow. The polynomial scalar field is shown in Appendix E.

Mises, and a correlated von Mises (their precise definitions
are in Table 2 of the appendix). The results demonstrate that
we can reliably learn multi-modal and correlated densities
with different degrees of concentration. Among the circle
flows, NCP and Möbius performed the best, whereas CS
performed less well for high �. An additional experiment is
shown in Appendix I, where flows on T6 are used to learn
the posterior density over joint angles of a robot arm.

Table 1 shows results for S2, where we compare the recur-
sive flow to the exponential-map flow with polynomial and
radial scalar fields. The recursive flow uses Möbius for the
circle and splines for the interval. For the exponential-map
flow, the polynomial scalar field was proposed by Sei (2013)
and is shown in Appendix E, whereas the radial scalar field
is the new one we propose in Equation (18). The target
density is the mixture of 4 modes shown in Figure 4. We
demonstrate substantial improvement relative to the poly-
nomial scalar field, but we find that the exponential-map

Target Model

Figure 4. Learned multi-modal density on S2 using exponential-
map flows, using the Mollweide projection for visualization. The
model is a composition of 24 exponential-map transforms, using
the radial scalar field with 1 component.

Figure 5. Learned multi-modal density on SU(2) ⇠= S3 using the
recursive flow. Each column shows an S2 slice of the S3 density
along a fixed axis using the Mollweide projection. Top row: target
density. Bottom row: learned density. We used a Möbius trans-
form with Km = 32 for the circle, and spline transforms with
Ks = 64 for the two intervals (ESS = 84%, KL = 0.14).

flow with either scalar field is not yet competitive with the
recursive flow. Figure 5 shows an example of learning a
density on SU(2) ⇠= S3 using the recursive flow. Finally,
Appendix J shows an example of training a recursive flow
(using splines for both the circle and the interval) on data
sampled form a ‘map of the world’ density on S2.

5. Discussion
This work shows how to construct flexible normalizing flows
on tori and spheres of any dimension in a numerically sta-
ble manner. Unlike many of the distributions traditionally
used in directional statistics, the proposed flows can be
made arbitrarily flexible, but have tractable and exact den-
sity evaluation and sampling algorithms. We conclude with
a comparison of the proposed models, a discussion of their
limitations, and some preliminary thoughts on how to extend
flows to other manifolds of interest to fundamental physics.

5.1. Comparison, Scope and Limitations

Among the flows on the circle, Möbius and NCP performed
the best, with CS performing less well for highly concen-
trated target densities. However, increasing the expressivity
of Möbius and NCP required convex combinations, whereas
CS can be made more expressive by adding more spline
segments. As a result, CS is the cheapest to invert (it can be
done analytically), whereas Möbius and NCP (with more
than one component) require a root-finding algorithm such
as bisection search. Therefore, in practice it may be prefer-
able to use CS if both density evaluation and sampling are
required, and use Möbius or NCP otherwise.

On SD, the recursive flow performed better than the
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Va r i o u s  s t r a t e g i e s

•Take advantage of already known multi-scale, emergent phenomena 

• Enhanced sampling, coarse graining, … 

• Engineered features, inductive bias of models, … 

•Add the coarse graining by hand and learn the dynamics 

• learned force fields, force matching, etc. 

• Learn Markov transitions between fixed clustering of states 

•Add the coarse graining by hand, and learn the effective “dynamics” & how to map back to fine-grained representation 

• Steve Brunton’s talk: Reduced models, SINDy 

• AlphaFold / OpenFold etc. Sequence  structure (not really dynamics) 

•Simultaneously learn a (latent) coarse-grained representation and “dynamics” & how to map back to fine-grained representation 

• VAEs, Diffusion Models, -flows 

•Simultaneously learn a coarse-grained representation and dynamics (discovery emergence) 

• Learned Koopman operators, learned dynamics of latent space 

• SSL techniques like VicREG, Barlow Twins, etc. where encoder, but no decoder. 

• Much of ML does this, but interpretability of latent state is a challenge. When would we call this “emergence”?  

• Need a way to “operationalize” the latent space representation for some down-stream task

⇒

ℳ
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P h y s i c a l  r e a s o n i n g

•Humans are remarkable at being able to have a library of mental models at 
different levels of abstraction and finding which is most appropriate to use for a 
given task.  

• In my work as a particle physicist I switch between ~5 mental models 

• 
Finding the right level of abstraction / coarse graining is key and depends on task 

•Eventually AI / ML systems may develop causal representations needed to 
efficiently design experiments, generate hypotheses, etc. 

• It may be a foreign ontology, but I suspect that it will need to be causal to be 
effective
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