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Overview g RELAY’

Application of highly parallelizable symbolic regression system
for finding complex expressions for functionals in Density

Functional Theory (DFT) demonstrates useful power of
symbolic regression on a real scientific problem.

1. Problem of symbolic regression and our approach ———{ Everyone shouid be}

interested in these

2. DFT and symbolic regression problem setup

3. Results demonstrating effectiveness of the system
4. How is the GAS22 functional different? N eonades ]

5. Reflections

Ma H, Narayanaswamy A, Riley P, Li L. Evolving symbolic density functionals.
Sci Adv. 2022;8: eabq0279.
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Symbolic Regression

Problem of symbolic regression and our approach




What is Symbolic Regression?

A + TO

V2(rg + 7o) ——;

Symbolic Regression

Small models with refers to a class of
few parameters are

often represented as ' :
equations techniques to find

these small compact
expressions

machine learning

© 2023 Relay Therapeutics Image credits: arXiv:1512.03385, wikipedia: Goldschmidt tolerance factor
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Much of modern
machine learning
focusses on large,
highly parameterized
models


https://arxiv.org/abs/1512.03385
https://en.wikipedia.org/wiki/Goldschmidt_tolerance_factor
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Mathematical Expressions as Computer Programs g RELAY

Variablesare | yman Representation
intermediates that

may be reused

Features are
the inputs

Also similar to famous Schmidt & Lipson (2009) paper

Readout from F

F is the output l—() f(0,w) = 4.771-(3.714 — w?) + cos(0)
features: ot + (3.714 — ®?)-cos(0)
Varlab|eSIF‘,'\.ro,.vl e 1-2: F = ¢y (0) <- load [3.714]

(initialized as 0s) |, v (1) <- load [@]
|4 1-253: F=c+a—ms (2) <= mul (1), (1)
|/ 1+~ (3) <- sub (0), (2)
’I// 22 (4) <- load [0]
parameters are }5 1 o 1525314 - F:co_|_617— (6) <= cos (4)
constants /’,I,/ 1+ yx? (7) <= mul (3), (6)
] _ 2 2\ /11 (9) <- load [4.771]
1: vy = yx /(1 + j{/)/,’,’ o 152535455 (12) <= mul (9), (3)
2: B=eg # FE I g (13) <- add (12), (6)
3: F=F +c xv, -/ ~? N2 2l (15) <= add (13), (7)
4 v = vo2 —————— -~/ FZCO+611—|— a:2+c2 1+ ~ya?
5: F=F 4+ ¢ X v _// ,y

One key advantage compared to tree based
Inspired by: Real E, Liang C, So DR, Le QV. AutoML-Zero: Evolving Machine

Learning Algorithms From Scratch. arXiv: 2003.03384. 2020.

representations is to have non-functional parts of
the program that can be mutated later.

© 2023 Relay Therapeutics 5



Allowed operations

g

Name

Symbolic form

Addition F =vy + vy

Subtraction F =vy — vy

Multiplication F =vg * vy

Division F = vy/v,

AddMultiply F += v, * Uy Common form in programming
languages

Power F=Ug,n6{2,3,4,6,%,%}

Finite domain
transform

F = yvo/(1 + yuvg)

Y is a parameter, this is inspired
by forms in existing functionals

© 2023 Relay Therapeutics
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Mutation Operations on Programs

Operation Example before Example after
Insert new instruction F=cy+F F=cy+F
Up = C1 * Uy
Removal of instruction F=c+F F=cy+F
Up =C1 * Uy
Change operation U1 = Uy + C U1 = Uo/Co
2
U1 = Uy +C U1 = U,
Change argument F += ¢, * vy F += v, * 0,

© 2023 Relay Therapeutics
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Parameter Optimization RELAY

THERAPEUTICS

) 2 CMA-ES to minimize error on the training set
f= ct + ci| e + _rx 5-10 repeated attempts to minimize
0 +yx?

| |

These are constant parameters; how to pick their values?

‘ Initialization from a unit Gaussian
I Limit parameters to [-10, 10]

lllustration of CMA-ES on two 2D
problems from

Ha D. A Visual Guide to evolution
strategies. blog otoro net. 2017.
Available:
https://blog.otoro.net/2017/10/29/vis
ual-evolution-strategies/



https://blog.otoro.net/2017/10/29/visual-evolution-strategies/
https://blog.otoro.net/2017/10/29/visual-evolution-strategies/

. . Validation set only .
RegUIar|ZEd EVOIUt'On used to compute R E L AY

. THERAPEUTICS
fitness
a Population b Tournament ¢ Parent d Child e Training f Evaluation
//e/_
Oldest
254 | Vo = YR/ (1 + VXE) g oee Vo = VRI/(1 O+ xR
Fitness: vo=vete, T Vo=V, tc, Training Validation
v = o 1 Vo =1 ‘ Set Set
v2_= Yool (1 + 1vy) -
Fitness:

v, = ¥Yx*/(1 + vx°)
VD=V +C2
T =

//
_-" Readout

2 7 Parameter Fit
il Sl 0 = Mo/ (L4 V) / v 2 Optimization Itness
Fitness: -0.2 / Readout F— c2 el ep+ YL
0 1+ ya?
nrE ( L )
T c c
Fitness . cz 4 17\ €2 1+ryz? v, = v/ (1 + v ;aran;et;j
- Y0 v, =V, + ¢, = . .
vy = I e 1+ (e + vz’ v, = v’ c,= 0.85 | Fitness:-0.001
::;::2+c2xvn a 1+f)/x2 E::o+ - C1= 0.75
ol — > = 0 .40
“Fitness: 17 N J
t Newest individual in the population J
Random subset put into
Oldest, not least “ ” P .
. tournament” to decide
fit are removed

who reproduces
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System Overview g RELAY

Unlike many other symbolic
regression applications, determining
Workers the fitness of a functional is much

l more computationally expensive!
[

Population server

Maintain a population of Train functional forms on
functional forms <:> the training set
(CMA-ES) & evaluate
functional forms on the

@ validation set

History of

individuals L{functional fingerprint : ﬁtness}J

Since the DFT calculation is so

Population database Fingerprint server expensive, we do a fast numerical

check for whether the functionals
are numerically equivalent.

© 2023 Relay Therapeutics 10



Density Functional Theory

DFT and symbolic regression problem setup




THERAPEUTICS

Density Functional Theory: The Greatest Free Lunch Ever g RELAY

U(ry,ry,...,ryN)

properties (total
energy...) =

i

ground state external
density potential
Hohenberg-
non-interacting = Kohn
electrons [ Theorems interacting
in an effective =1 SE— electrons
potential u

P. Hohenberg and W. Kohn

2023 Relay Therapeutics - Phys. Rev. 136, B864 (1964) .



DFT is Everywhere

QRELA\/@

* Nvidia estimates that 15% of world’s supercomputer

time is devoted to DFT calculations.
* Over 40k papers published per year.

* A new family of near-room-temperature
superconductors is predicted by DFT. (Phys. Rev. Lett.

125, 217001)
* Chemistry and material datasets:
* Open Catalyst Project
* Materials Project
- QM9

© 2023 Relay Therapeutics

kilopapers

—

The Nobel Prize in Chemistry 1998
Walter Kohn "for his development
of the density-functional theory"

N

LONOOOOOO T~ AMTUONOOOOOO—ANM
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year

A Pribram-Jones, DA Gross, K Burke - Annual Review of Physical Chemistry, 2015
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Meta-GGA Form of our Functional g RELAY

THERAPEUTICS

electron density Exact forms known

| I |
Etot[p]= Ts[p]+Eext[p]+EH[p]+Exc[p

Using standard form with
dispersion correction

I_L\
Ex [p(r)] = Ex[p(r)]+En[p(r)]

integral over space
coordinate r

Exc [P1=J(ex=sr [P1Fx + €c=ss [P1Femss + €c—o5 [P] Femos) dr

Known as “Reduced
density gradient”
Known analytical forms (V )§
from uniform gas The functions we, fit with x2 — 22."3 P

approximation input: pand x~ p8."3

Function of kinetic
energy density

© 2023 Relay Therapeutics




THERAPEUTICS

MGCDB84 Dataset g RELAY’

Constructed to produce the wB97M-V functional

84 datasets with “4986 data points (and requiring 5931 single- point calculations)”
Categorized into

* NCED (non-covalent dimers (easy))

* NCEC (non-covalent clusters (easy))

* NCD (non-covalent dimers (difficult))

* |E (isomerization energies (easy))

* ID (isomerization energies (difficult))

* TCE (thermochemistry (easy))

*  TCD (thermochemistry (difficult))

* BH (barrier heights)

The authors carefully defined train/test splits and weighting among datasets
* We use their definitions

Mardirossian N, Head-Gordon M. wB97M-V: A combinatorially
optimized, range-separated hybrid, meta-GGA density functional with
VV10 nonlocal correlation. ) Chem Phys. 2016;144: 214110.

© 2023 Relay Therapeutics 15



Results

Demonstrating the effectiveness of the system




Proof of Concept: Rediscovery

THERAPEUTICS

I RreLAY
N

Goal: rediscover the B97 functional Fy

Use TCE data only (60% train, 20% validation, 20% test)
No error in target values: use B97 values

Max 6 instructions

Instruction types only: Addition, AddMultiply, Square,
Finite Domain Transform

1 input (reduced density gradient), 4 parameters, 3
variables, 1 output

Start with F=0

2%

X
F)?W =Cy + C > + C Y >
1 +vyx 1+yx

© 2023 Relay Therapeutics
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o
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O
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G F=c2+elc i )2
©
104 . . : :
0 1000 2000 3000 4000

Equivalent to B97 with the
right constants (which we
correctly fit)

Number of mutations

5000
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THERAPEUTICS

Discovering a New Functional: Improving wB97M-V g RELAY

Example of how enhancement factor is

All instructions types
12 independent evolutions Algorithm 1: F2Bo™MY Note we use x>
. 2 1
29,628 total functional forms evaluated Features: w, z instead of U
Variables: F', vy, v,
W is a function of Parameters: -, ¢y, C10, Co1
General form of wB97M-V is: kinetic energy density Instructions:

Vo = 7532/(1 = "/372)

Fa)B97M-V — Z Z Cijwiujﬁ U= yx2/(1 + yx2)] F=cp+F
i

U1 =Cg X W

=il + 0
The three enhancement factors have varying non-zero terms V1 = Co1 X Vo
H=F + 0
B97M-V
Fy has cgo, 10, Co1 | resrny

R
FEBIMVhas ¢y, €10, €20, €435 Coa

BY7M-V
F&Zps has coo, €10, €20, Co0, C21 5 Co1

© 2023 Relay Therapeutics 18



Discovering a New Functional: Results

a
E 3.8%
§ 3.7 1
< 5.6{ GAS22-2
- GAS22-b
° 351 GAS22-c
2 3.4{ GAS22 B
2 0 1000 2000 3000 4000 5000 6000 7000
3 Number of mutations

Functional SCF Jyin Jval Jtest
Weighted (according to  pg7ypy  ves 3319 3.534 4.237

previous publication)

RMSD (kcal/mol) GAS22 No 3.268 3.462 3.585
GAS22 Yes 3.261 3.470|3.577

© 2023 Relay Therapeutics
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Discovering a New Functional: Results g RELAY

THERAPEUTICS

b MGCDB84 (Test) C MGCDB84 (All)
10 1 6 wB97M-V

= al = GAS22 (non-SCF)
- = . GAS22
— = 4-
O 6 O
e i
QO 4- (@]
7)) W 2-
= =
o 21 J < |

0 J mam T comm ’ 1 0

X © ¥ \@5’ & &

Different subsets of MGCDB84 Dataset

Technical note: Symbolic regression step is not done with Self Consistent Field (SCF) calculations, but we
validated the final functionals with SCF calculations and differences are minimal as you can see above

© 2023 Relay Therapeutics 20



GAS22

How is the GAS22 functional different?
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What is the Final Form of GAS22? g RELAY

General form of wB97M-V

FwB97M—V — Z Z c,-jw’u’
i j

Fy = 0.862 + 0.937u + 0.318w

Very similar to starting value

Similar form, but different set

Fooo = u—4.108w — 5242w — 1.766 u® + 7.538 w*u®  of powersfor the power series

3 3
F._.. = 0.805 + 7.989w? — 7.548 w® + 2.001 wVx? — 1.761 w?\x?

These terms are new, not seen
in other functionals

© 2023 Relay Therapeutics 22



Understanding the GAS22

Functional | g RELAY’

D,\ GAS22-a GAS22-b GAS22-c GAS22
|

1-/ 1

=
[
lic » O '
metallic 3
" ry =0.2
E 14 — ry=1.0]]
g

o — r, =0.0| |

o 1 =°» 30 1 2 3
Wigner-Seitz radius,

higher value is less proportional to

electron density density gradient

© 2023 Relay Therapeutics 23
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Reflections




Automated Discovery is a Human-Machine Partnership g RELAY

Define the datasets and objective function

Define the evaluation of experimental
results that would be convincing

Constrained the part of the functional that
would be modified

Constrained the search space of that part of
the functional (note the AddMultiply and
FiniteDomainTransform instructions and
parameter constraints)

Set up parameters of the evolutionary
search algorithm

© 2023 Relay Therapeutics

Proposed changes to existing equations

Weighted random selections towards
functionals with good performance

Evolutionary algorithms in
particular tend to be quite
specialized to an application
This is somewhat true with
neural net applications as well

25



Symbolic Regression is Still Largely Brute Force-Like RELAY

AlphaGo
Learned functions for evaluating board positions

directs search procedure

Deep Blue
Much of value comes from brute force tree search

70 hours

AlphaGo Zero plays at super-human level.
The game is disciplined and involves
multiple challenges across the board.

VS.

®*Q@
Captured Stones

Current symbolic regression
feels much more like this

https://en.wikipedia.org/wiki/Deep_Blue_(chess_computer)#/media/File:Deep_Blue.jpg https://www.deepmind.com/blog/alphago-zero-starting-from-scratch

© 2023 Relay Therapeutics
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Some Open Questions RELAY

THERAPEUTICS

* The symbolic regression search did not evaluate SCF convergence, but the GAS22 functional does converge.
* Did we just get lucky? Would other similar searches still work in this way?

* Is symbolic regression actually a good proxy problem for “learning emergent concepts”?
*  Pure symbol manipulation with no meaning behind it. Is that enough?

*  How important were the various tweaks to the available operators and evolutionary algorithm? Is this result robust with respect
to other reasonable algorithmic choices?
* Brief aside: This question of result robustness to other reasonable analytic choices is really important! Two papers from
social science | recommend reading:
* Silberzahn, R., et al. “Many Analysts, One Data Set: Making Transparent How Variations in Analytic Choices Affect Results.”
Advances in Methods and Practices in Psychological Science, vol. 1, no. 3, Sept. 2018, pp. 337-56.

* Schweinsberg, Martin, et al. “Same Data, Different Conclusions: Radical Dispersion in Empirical Results When Independent
Analysts Operationalize and Test the Same Hypothesis.” Organizational Behavior and Human Decision Processes, vol. 165,
July 2021, pp. 228-49.

© 2023 Relay Therapeutics
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Questions?

QRELAY@’

Thank you to my co-authors who did all the hard work!

© 2023 Relay Therapeutics

He Ma
(Google)

Li Li
(now at Meta)

Arunachalam
Narayanaswamy
(now at Ghost)

Science Advances cuentense

HOME > SCIENCE ADVANCES > VOL. 8 NO.36 > EVOLVING SYMBOLIC DENSITY FUNCTIONALS

3 RESEARCH ARTICLE COMPUTER SCIENCE

Evolving symbolic density functionals

HE MA , ARUNACHALAM NARAYANASWAMY, PATRICK RILEY ,AND LI LI Authors Info & Affiliations

Ma H, Narayanaswamy A, Riley P, Li L. Evolving symbolic
density functionals. Sci Adv. 2022;8: eabq0279.

Now part of 1ibxc, so it’s probably
part of your favorite DFT package.

Try out
hyb mgga xc gas22
on your problems!
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