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The DL revolution – 2012 ImageNet
First breakthrough in computer vision (CV)
Then speech (SR) and language processing (NLP)

DL works very well.. in practice but why?
High-dimensional data/curse of dimensionality 
Characterization of energy landscapes/solutions
Generalization (feature learning, inductive bias, expressivity)

DL products
Computer Vision : Face recognition, video surveillance, autonomous driving
Natural Language Processing : Machine translation, chatbot (ChatGPT)
Speech Recognition : Virtual assistants (Alexa/Siri/Google/Cortana)

DL beyond CV/NLP/SR for scientific discovery.

Deep Learning 
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4.1%Human accuracy

Network engineering (End-to-end sys)Feature Engineering (SIFT)
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DL for science
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DL has been applied to biology, physics, chemistry, material, medicine, engineering, etc
Scientific tools s.a. telescope/microscope have served physics (Galileo’s proof that earth is round and 
revolves around the sun, study of universe) and biology (Pasteur’s discovery of microbes, study of 
cells, molecules).
Can DL be the new telescope/microscope for scientific discovery?

GPU & NNetwork
(software with 
parameters to  

control hardware)

Scientific discovery?
Nobel Prize?

(Digital)
data + +DL 

paradigm

James Webb Space 
Telescope (JWST)

STED microscopy

Telescope/
Microscope

(human-tuned 
hardware)

Scientific discovery
Nobel PrizeData + +Traditional 

paradigm

Human expertise & hypothesis
+

+
Galileo

Pasteur
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DL for molecular science
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A promising application of DL and potentially breakthrough is in molecular science.

Case studies 
Drug discovery (halicin antibiotic)
De novo drug design (new molecules w/ optimized chemical property)
Protein Folding (3D structure)
Protein-Drug interaction (drugs with strong binding)
Generate protein with text prompt (ChatGPT for biology)
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Graph DL for drug discovery
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https://www.sciencedirect.com/science/article/pii/S0092867420301021

Halicin was previously developed 
for anti-diabetic treatment.

https://www.sciencedirect.com/science/article/pii/S0092867420301021
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Graph DL for de novo drug design
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logP: molecular solubility 
QED: Quantitative Estimate of Druglikeness
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RoseTTaFold

Graph Transformer

Graph DL for protein folding/structure
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https://deepmind.com/blog/article/alphafold-a-solution-to-a-50-year-old-
grand-challenge-in-biology

OpenFold

https://deepmind.com/blog/article/alphafold-a-solution-to-a-50-year-old-grand-challenge-in-biology
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Graph DL for protein-drug discovery & design
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Generate protein with text prompt
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Chroma: “Generate a protein with CHAD domain” 
(with small GPT trained on protein captioning)

https://www.generatebiomedicines.com/chroma

Inspired by multi-modal image-language models s.a. OpenAI's DALL-E, Google Brain's Imagen and 
StabilityAI's Stable Diffusion :

https://www.generatebiomedicines.com/chroma
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Neural network architectures 
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To enable DL+X, we need three key ingredients : 
Data, GPU and neural network

There are four classes of networks
CNNs/RNNs/Transformers are designed for grids, 
sequences and sets.

GPUs/DL libraries PyTorch[1], TensorFlow[2] are 
optimized for these architectures.

Graph Neural Networks (GNNs) are more universal 
and broadly applicable architectures. 

GPUs are not optimized for sparse linear algebra.

[1] Paszke et-al, Automatic differentiation in pytorch, 2017
[2] Abadi et-al, TensorFlow: a system for Large-Scale machine learning, 2016
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Speech Recognition (SR)

Graph Analysis
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GNN architectures
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What is a graph network? 
Compositional parametric equivariant function that maps an input 
pair (graph, feature) to continuous vectorial representation for 
node/edge/graph which can be used for downstream graph tasks.
Often defined as a message-passing process[1] :

Brief history of graph networks (personal view) :

i, h`
i
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j
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layer ` layer `+ 1
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ij, e`ij

Node-update :

Edge-update :

Standard 
toolkit for 
analyzing/ 
learning data 
on graphs

Powerful GNNs
Expressivity, generalization, 
Linear complexity

Vanilla GNNs
2009 2014-17 2017- 2019- 2021-

Spectral GNNs Anisotropic 
GNNs

WL-GNNs Graph 
Transformers

[1] Gilmer, Schoenholz, Riley, Vinyals, Dahl, Neural message passing for quantum chemistry, 2017
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Vanilla GNNs[1]
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Contributions
First NN with layers equivariant/invariant w.r.t. index 
permutation, independent to neighborhood and graph size, local 
reception field, weight sharing.
Linear complexity O(N+E)

Limitations
Simple model (vanilla RNN w/ aggregation of neighbors)
Vanishing gradient problem

[1] Scarselli, Gori, Tsoi, Hagenbuchner, Monfardini, The Graph Neural Network Model, 2009
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Spectral GNNs[1,2,3]
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Contributions
Leverage graph spectral theory to define convolution on graphs
Stable, robust to perturbation, exact k-hop kernel support
Linear complexity O(N+E)
GCN[3] is the most popular GNN technique

Limitation
Isotropic kernels

[1] Bruna, Zaremba, Szlam, LeCun, Spectral networks and locally connected networks on graphs, 2013
[2] Defferrard, Bresson, Vandergheynst, Convolutional neural networks on graphs with fast localized spectral filtering, 2016
[3] Kipf, Welling, Semi-supervised classification with graph convolutional networks, 2017
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j2, h
`
j2

<latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit><latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit><latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit><latexit sha1_base64="80iz/A0giqUskrYzpgoYdRBiOT8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSFEGXBTcuK9gHtDFMpjft2MkkzEyEErvwV9y4UMStv+HOv3HSdqGtBy73cM69zJ0TJJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhd5X77AaRisbjV4wS8iAwECxkl2ki+fXTv1yp46GemT+56wHkph2+XnaozBV4m7pyU0RwN3/7q9WOaRiA05USprusk2suI1IxymJR6qYKE0BEZQNdQQSJQXja9f4JPjdLHYSxNCY2n6u+NjERKjaPATEZED9Wil4v/ed1Uh5dexkSSahB09lCYcqxjnIeB+0wC1XxsCKGSmVsxHRJJqDaR5SG4i19eJq1a1XWq7s15uV6Zx1FEx+gEnSEXXaA6ukYN1EQUPaJn9IrerCfrxXq3PmajBWu+c4j+wPr8AU26k5s=</latexit>

i, h`
i

<latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit><latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit><latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit><latexit sha1_base64="fJepk/nLbNuAbDG8rUtL3Vntvcs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1ISEfRY8OKxgm2FNobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zMCxLOlHacb6uytr6xuVXdru3s7u0f2If1nopTSWiXxDyW9wFWlDNBu5ppTu8TSXEUcNoPpteF33+kUrFY3OlZQr0IjwULGcHaSL5dZ0008TOWPwwp57UCvt1wWs4caJW4JWlAiY5vfw1HMUkjKjThWKmB6yTay7DUjHCa14apogkmUzymA0MFjqjysvntOTo1ygiFsTQlNJqrvycyHCk1iwLTGWE9UcteIf7nDVIdXnkZE0mqqSCLRWHKkY5REQQaMUmJ5jNDMJHM3IrIBEtMtImrCMFdfnmV9M5brtNyby8a7WYZRxWO4QTOwIVLaMMNdKALBJ7gGV7hzcqtF+vd+li0Vqxy5gj+wPr8Aebtkk8=</latexit>

<latexit sha1_base64="gpeMckdRslE3Wdu4vGrh8YPctnE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoY9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG1zO/84RK81jemUmCfkSHkoecUWOlduehh0L0yxW36s5BVomXkwrkaPbLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5tdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmr5MBV8iMmFhCmeL2VsJGVFFmbEAlG4K3/PIqadeq3kW1fluvNGp5HEU4gVM4Bw8uoQE30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB2rojv0=</latexit>

W `
<latexit sha1_base64="gpeMckdRslE3Wdu4vGrh8YPctnE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoY9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG1zO/84RK81jemUmCfkSHkoecUWOlduehh0L0yxW36s5BVomXkwrkaPbLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5tdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmr5MBV8iMmFhCmeL2VsJGVFFmbEAlG4K3/PIqadeq3kW1fluvNGp5HEU4gVM4Bw8uoQE30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB2rojv0=</latexit>

W `

Most data is anisotropic

1st order approx

Chebyshev 
functions
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Anisotropic GNNs

Xavier Bresson 17

Contributions
Design anisotropic equivariant mechanisms that treat neighbors differently.
GatedGCNs[1] with anisotropic diffusion[2], GAT[3] with softmax attention[4], 
Mesh CNNs[5] with anisotropic gauge equivariant kernels
Stable, robust, interpretable, linear complexity O(N+E)

Limitations
Low expressivity, over-squashing issue

[1] Bresson, Laurent, Residual gated graph convnets, 2017 
[2] Perona, Malik, Scale-space and edge detection using anisotropic diffusion, 1987
[3] Velickovic, Cucurull, Casanova, Romero, Lio, Bengio, Graph Attention Networks, 2017
[4] Vaswani, Shazeer, Parmar, Uszkoreit, Jones, Gomez, Kaiser, Polosukhin, Attention is all you need, 2017 
[5] De Haan, Weiler, Cohen, Welling, Gauge equivariant mesh CNNs: Anisotropic convolutions on geometric graphs, 2020

W `
ij1

<latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit><latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit><latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit><latexit sha1_base64="kEosnm6tiBw8/fcWuvOnSwmt0y4=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURQY8FLx4r2A9oY9hsN+3azSbsbsQS8le8eFDEq3/Em//GTZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Nitb1e2d3b19+6DWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuS787iOVisXiTk8T6kV4JFjICNZG8u1a18/Yg+/m9wPKebWAb9edhjMDWiZuSepQouXbX4NhTNKICk04VqrvOon2Miw1I5zm1UGqaILJBI9o31CBI6q8bHZ7jk6MMkRhLE0JjWbq74kMR0pNo8B0RliP1aJXiP95/VSHV17GRJJqKsh8UZhypGNUBIGGTFKi+dQQTCQztyIyxhITbeIqQnAXX14mnfOG6zTc24t686yMowJHcAyn4MIlNOEGWtAGAk/wDK/wZuXWi/VufcxbV6xy5hD+wPr8AToEkoM=</latexit>

W `
ij2

<latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit><latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit><latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit><latexit sha1_base64="tEZ8Ci5GnBHi33qxvBO5CNjqKMw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCBylJEfRY8OKxgv2AtobNdtKu3WzC7kYsIX/FiwdFvPpHvPlv3LQ5aOuDgcd7M8zM82POlHacb6u0tr6xuVXeruzs7u0f2IfVjooSSaFNIx7Jnk8UcCagrZnm0IslkNDn0PWn17nffQSpWCTu9CyGYUjGggWMEm0kz652vZQ9eI3sfgCcV3J4ds2pO3PgVeIWpIYKtDz7azCKaBKC0JQTpfquE+thSqRmlENWGSQKYkKnZAx9QwUJQQ3T+e0ZPjXKCAeRNCU0nqu/J1ISKjULfdMZEj1Ry14u/uf1Ex1cDVMm4kSDoItFQcKxjnAeBB4xCVTzmSGESmZuxXRCJKHaxJWH4C6/vEo6jbrr1N3bi1rzvIijjI7RCTpDLrpETXSDWqiNKHpCz+gVvVmZ9WK9Wx+L1pJVzByhP7A+fwA7k5KE</latexit>

j1, h
`
j1

<latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit><latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit><latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit><latexit sha1_base64="5mQSrZFcDMPgVH66EHIyzB7gbQc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCi1ISEXRZcOOygn1AG8NketOOnUzCzEQosQt/xY0LRdz6G+78GydtFtp64HIP59zL3DlBwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5Lxamk0KQxj2UnIAo4E9DUTHPoJBJIFHBoB6Or3G8/gFQsFrd6nIAXkYFgIaNEG8m3D+99t4qHfmb65K4HnJdz+HbFqTlT4EXiFqSCCjR8+6vXj2kagdCUE6W6rpNoLyNSM8phUu6lChJCR2QAXUMFiUB52fT+CT4xSh+HsTQlNJ6qvzcyEik1jgIzGRE9VPNeLv7ndVMdXnoZE0mqQdDZQ2HKsY5xHgbuMwlU87EhhEpmbsV0SCSh2kSWh+DOf3mRtM5qrlNzb84r9WoRRwkdoWN0ilx0geroGjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHSpSTmQ==</latexit>
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k,`
ij ) =
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GatedGCNs[1]
(based on Perona-Malik’s anisotropic PDE[2] generalized on graphs)
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ê`ij = ê`�1
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GAT[3]
(based on Transformers[4])
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Most GNNs s.a. GCN[1], GAT[2], GatedGCNs[3] have theoretically low expressivity/            
representation power to 

Distinguish (simple) non-isomorphic graphs[4,5].
Identify/count elementary sub-structures like cycles and cliques[6]. 

[1] Kipf, Welling, Semi-supervised classification with graph convolutional networks, 2017
[2] Velickovic, Cucurull, Casanova, Romero, Lio, Bengio, Graph Attention Networks, 2018
[3] Bresson, Laurent, Residual gated graph convnets, 2017 
[4] Xu, Hu, Leskovec, Jegelka, How powerful are graph neural networks? 2019
[5] Morris, Ritzert, Fey, Hamilton, Lenssen, Rattan, Grohe, Weisfeiler and leman go neural: Higher-order graph networks, 2019
[6] Chen, Chen, Villar, Bruna, Can graph neural networks count substructures? 2020 
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Fig 3. Graph with
19 × 3-vertex cliques (light and dark blue triangles) 

and 2 × 4-vertex cliques (dark blue areas)

Fig 2. Graph with cycles (rings)

Fig 1. Vectorial graph representation
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Graph isomorphism : Two graphs are isomorphic if there exists an 
index permutation between the nodes that preserves node neighboors. 

Determining whether two graphs are isomorphic is NP-intermediate. It 
is not known if a polynomial time algorithm exists, or the problem is 
NP-hard.

Weisfeiler-Lehman test[1] provides a necessary (but not sufficient) 
condition to guarantee that two graphs are isomorphic.

Design an injective coloring function fWL that takes a pair (node, 
its neighborhood) as input, and outputs a new node color :

[1] Weisfeiler, Lehman, A reduction of a graph to a canonical form and an algebra arising during this reduction, 1968
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<latexit sha1_base64="5dYFtKxlLiZiuV1uI5eux464YxI="></latexit><latexit sha1_base64="5dYFtKxlLiZiuV1uI5eux464YxI="></latexit><latexit sha1_base64="5dYFtKxlLiZiuV1uI5eux464YxI="></latexit><latexit sha1_base64="5dYFtKxlLiZiuV1uI5eux464YxI="></latexit>
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Weisfeiler-Lehman test[1]

Xavier Bresson 20

WL algorithm iteratively applies the coloring function fWL until no new colors are created :

However the 1-WL test can fail to distinguish (simple) non-isomorphic graphs :

[1] Weisfeiler, Lehman, A reduction of a graph to a canonical form and an algebra arising during this reduction, 1968

Isomorphic graphs
w.r.t. WL test

,
<latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit>
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,
<latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit><latexit sha1_base64="jlSS2Q+jSNVYymThqn4ESI/jvU8=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuiHoMePHgIYJ5QLKE2clsMmR2ZpnpVeIS/BUvHhTx6n9482+cTXLQxIKGoqqb7q4wEdyA5307haXlldW14nppY3Nre8fd3WsYlWrK6lQJpVshMUxwyerAQbBWohmJQ8Ga4fAq95v3TBuu5B2MEhbEpC95xCkBK3Xdg84Ni0Dz/gCI1uqhlKPrlr2KNwFeJP6MlNEMta771ekpmsZMAhXEmLbvJRBkRAOngo1LndSwhNAh6bO2pZLEzATZ5PoxPrZKD0dK25KAJ+rviYzExozi0HbGBAZm3svF/7x2CtFlkHGZpMAknS6KUoFB4TwK3OOaURAjSwjV3N6K6YBoQsEGlofgz7+8SBqnFd+r+Ldn5er5LI4iOkRH6AT56AJV0TWqoTqi6BE9o1f05jw5L8678zFtLTizmX30B87nD1l0k8k=</latexit>
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WL-GNNs
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GIN[1] designed to be as maximally expressive as the original 1-WL test[2].

k-WL tests : Original test uses 2-tuple of nodes. To improve expressivity power of WL test, 
higher-order interactions between nodes with k-tuple of nodes with k ≥ 3 can be used.

k-order equivariant GNNs[3] are theoretically more expressive but
These networks require O(Nk) memory/speed complexities, with at least k=3 to be 
more powerful than GIN, which means O(N3) and thus not practical.
3-WL/Ring/2-FGNN GNNs[4,5,6] have O(N2)-memory but O(N3)-speed complexities.
Expressivity does not necessarily imply generalization[7].

2-tuple of nodes
Edges = {i, j}, {i, r}, {i, k}

<latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit><latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit><latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit><latexit sha1_base64="E/Ly3WOvrVIWQYIR2+MTfmLqDCo=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBEtJRNCNUBDBZQV7gaaUyfS0HTu5MHMilpCHcOOruHGhiFsX7nwbkzaCtv4w8PGfczhzfieQQqNpfhm5hcWl5ZX8amFtfWNzq7i909B+qDjUuS991XKYBik8qKNACa1AAXMdCU1ndJHWm3egtPC9GxwH0HHZwBN9wRkmVrd4ZCPco3Kjy94AdHxuR6J8a8dlmoL6gZEd00KhWyyZFXMiOg9WBiWSqdYtfto9n4cueMgl07ptmQF2IqZQcAlxwQ41BIyP2ADaCXrMBd2JJkfF9CBxerTvq+R5SCfu74mIuVqPXSfpdBkO9WwtNf+rtUPsn3Ui4QUhgseni/qhpOjTNCHaEwo4ynECjCuR/JXyIVOMY5JjGoI1e/I8NI4rllmxrk9KVTOLI0/2yD45JBY5JVVyRWqkTjh5IE/khbwaj8az8Wa8T1tzRjazS/7I+PgGz3edRg==</latexit>

i
<latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit>

j
<latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit>

k
<latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit>

r
<latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit>

i
<latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit>

j
<latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit>

k
<latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit>

r
<latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit>

G = (V,E)
<latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit><latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit><latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit><latexit sha1_base64="9eEsROaA+gtArSj6pU5qdCoFfbs=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8EiVJCSiKAboSCiywr2AW0ok+m0HTqZhJmJUGIX/oobF4q49Tfc+TdO2iy0emDgcM693DMniDlT2nW/rMLC4tLySnHVXlvf2NxytncaKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gxGl5nfvKdSsUjc6XFM/RAPBOszgrWRus5eJ8R6SDBPryfoApUbx1dHtm13nZJbcadAf4mXkxLkqHWdz04vIklIhSYcK9X23Fj7KZaaEU4ndidRNMZkhAe0bajAIVV+Os0/QYdG6aF+JM0TGk3VnxspDpUah4GZzNKqeS8T//Paie6f+ykTcaKpILND/YQjHaGsDNRjkhLNx4ZgIpnJisgQS0y0qSwrwZv/8l/SOKl4bsW7PS1V3byOIuzDAZTBgzOowg3UoA4EHuAJXuDVerSerTfrfTZasPKdXfgF6+MbUk6TnQ==</latexit>

3-tuple of nodes

i
<latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit><latexit sha1_base64="N89hhB8xbwG8XFEXW8czvNjNWS4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg6gMqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w/+iIzv</latexit>

j
<latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit><latexit sha1_base64="fQQ7GgFqWcw9i0Uzt9APMfN2jDs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbt2swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGivdP1YG1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9qTCib0BH2LJU0Qu1n80tn5MwqQxLGypY0ZK7+nshopPU0CmxnRM1YL3u5+J/XS0147WdcJqlByRaLwlQQE5P8bTLkCpkRU0soU9zeStiYKsqMDScPwVt+eZW0L+qeW/fuLmsNt4ijDCdwCufgwRU04Baa0AIGITzDK7w5E+fFeXc+Fq0lp5g5hj9wPn8AAByM8A==</latexit>

k
<latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit><latexit sha1_base64="fchcpnwggetbUyhttC81HwlCUns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqthbaUDbbSbtkswm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqBVSj4BI7hhuBvVQhjQOBj0F0U/iPT6g0T+SDmabox3QsecgZNVa6j2rDesNtunOQVeKVpAEl2sP612CUsCxGaZigWvc9NzV+TpXhTOCsNsg0ppRFdIx9SyWNUfv5/NIZObPKiISJsiUNmau/J3Iaaz2NA9sZUzPRy14h/uf1MxNe+zmXaWZQssWiMBPEJKR4m4y4QmbE1BLKFLe3EjahijJjwylC8JZfXiXdi6bnNr27y0bLLeOowgmcwjl4cAUtuIU2dIBBCM/wCm9O5Lw4787HorXilDPH8AfO5w8BoYzx</latexit>

r
<latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit><latexit sha1_base64="OL+fW3ah2h2nGvfx4tYYZWSo3n0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94izhfkTHSoSCUbTSg64MqzW37i5A1olXkBoUaA2rX4NRzNKIK2SSGtP33AT9jGoUTPJ5ZZAanlA2pWPet1TRiBs/W1w6JxdWGZEw1rYUkoX6eyKjkTGzKLCdEcWJWfVy8T+vn2J442dCJSlyxZaLwlQSjEn+NhkJzRnKmSWUaWFvJWxCNWVow8lD8FZfXiedq7rn1r3761rTLeIowxmcwyV40IAm3EEL2sAghGd4hTdn6rw4787HsrXkFDOn8AfO5w8MRIz4</latexit>
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How to improve the limited expressivity of MP-GNNs ?

Consider higher-order node interactions (k-tuples with k>2) with WL-GNNs[1,2,3,4].
Theorem[5] (universal approximator) : Any continuous function invariant by 
permutation can be arbitrarily approximated by WL-GNNs, with the necessary 
condition the network has higher-order tensor of order k=poly(N)= N(N-1)/2.
These networks are computationally expensive, at least O(N3) for 3-WL expressivity.

Provide a unique ID for each node, i.e. positional encoding (PE).
Theorem[6] : MP-GNNs are provable more expressive than the 1-WL test when 
considering node positional encoding.
Theorem[7] : MP-GNNs are Turing-complete when depth d ≥ δG layers (graph 
diameter), width is unbounded, and each node is uniquely identified.

[1] Maron, Ben-Hamu, Shamir, Lipman, Invariant and equivariant graph networks, 2019
[2] Maron, Ben-Hamu, Serviansky, Lipman, Provably powerful graph networks, 2019
[3] Chen, Chen, Villar, Bruna, Can graph neural networks count substructures? 2020 
[4] Azizian, Lelarge, Expressive power of invariant and equivariant graph neural networks, 2020
[5] Maron Fetaya, Segol, Lipman, On the universality of invariant networks, 2019
[6] Murphy, Srinivasan, Rao, Ribeiro, Relational pooling for graph representations, 2019
[7] Loukas, What graph neural networks cannot learn: depth vs width, 2019
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Theory does not provide guidance on the choice of structural PE for the class of graphs and task.

The simplest PE is an (arbitrary) indexing of the nodes[1], among N! possible indexings.
During training, indexing are uniformly sampled from the N! possible choices in order for the 
network to learn to be independent to these arbitrary choices.

Laplacian eigenvectors[2,3]

Spectral techniques that embed graphs into an Euclidean space, 
while preserving the global graph structure.

Define via factorization (EVD) of the graph Laplacian matrix.
Computational complexity is O(E3/2) and O(N) with approximate Nystrom method[4]. 
LapPE have arbitrary sign. During training, sign of eigenvectors must be uniformly sampled 
at random between the 2k possibilities[3] for the network to learn this invariance.
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[4] Fowlkes, Belongie, Chung, Malik, Spectral grouping using the nystrom method, 2004 
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Synthetic datasets for expressivity

Xavier Bresson 24

Circular Skip Link (CSL) dataset[1]

Classify isomorphic graphs that differ by the skip link value.
CSL contains 150 4-regular graphs (1-WL failed) divided 
into 10 isomorphism classes.

EXP dataset[2]

EXP contains 1200 1&2-WL failed graphs that are split into 
two classes.

SR25 dataset[3]

SR25 has 15 strongly regular 3-WL failed graphs with 25 
nodes each with the goal of classifying them.

[1] Murphy, Srinivasan, Rao,  Ribeiro, Relational pooling for graph representations, 2019
[2] Abboud, Ceylan, Grohe, Lukasiewicz, The surprising power of graph neural networks with random node initialization, 2020
[3] Balcilar, Heroux, Gauzere, Vasseur, Adam, Honeine, Breaking the limits of message passing graph neural networks, 2021

Example of non-isomorphic graphs where 
1-WL test failed to distinguish 

(w/ skip-link 2 and 3).

Example of non-isomorphic graphs where 
3-WL test failed to distinguish 

(strongly regular graphs known as 4×4-
Rook and Shrikhande graphs)
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Message-passing mechanism

Xavier Bresson 25

Most neural networks are message-passing techniques s.a. CNNs, RNNs, Transformers, GNNs.
New representation is computed by aggregating (with fNN) the neighborhood information j → i :

As the MP mechanism is local for CNNs/RNNs/GNNs, they require to stack multiple layers to 
propagate information over long-range distances (ideally over the whole domain). 
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<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

GNN

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

CNN

i
<latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit><latexit sha1_base64="RlAIlE5MorzaIuoAsYZUvwE4eUI=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBg5REBD0WvHisaD+gDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bN20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW33Z3dvf2DyuFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj29xvP6HSPJGPZpJiENOh5BFn1Fjpgbtuv1L1at4cZJX4BalCgUa/8tUbJCyLURomqNZd30tNMKXKcCZw5vYyjSllYzrErqWSxqiD6fzUGTmzyoBEibIlDZmrvyemNNZ6Eoe2M6ZmpJe9XPzP62YmugmmXKaZQckWi6JMEJOQ/G8y4AqZERNLKFPc3krYiCrKjE0nD8FffnmVtC5rvlfz76+q9YsijjKcwCmcgw/XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+ADHkjP8=</latexit>

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j
<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

<latexit sha1_base64="37l9nVb65TwGQF6UebuJin2WlL0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF49V7Ae0oWy2m3btZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GN5nffuLaiFg94CThfkSHSoSCUbTS/WOpX664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboT6lGwSSflXqp4QllYzrkXUsVjbjxp/NLZ+TMKgMSxtqWQjJXf09MaWTMJApsZ0RxZJa9TPzP66YYXvtToZIUuWKLRWEqCcYke5sMhOYM5cQSyrSwtxI2opoytOFkIXjLL6+S1nnNu6xd3F1U6tU8jiKcwClUwYMrqMMtNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AACijPE=</latexit>

j

layer

Learnable parametric 
function w/ inductive bias

Domain structure

<latexit sha1_base64="sNPYynjxZX80k6ukkoh4UV7IF1E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiSlqLgquHFZwT6gCWUynbRjJzNhZqKEUH/FjQtF3Poh7vwbJ20W2nrgwuGce7n3niBmVGnH+bZKa+sbm1vl7crO7t7+gX141FUikZh0sGBC9gOkCKOcdDTVjPRjSVAUMNILpte533sgUlHB73QaEz9CY05DipE20tCu3nuSjicaSSkeIYUevKoM7ZpTd+aAq8QtSA0UaA/tL28kcBIRrjFDSg1cJ9Z+hqSmmJFZxUsUiRGeojEZGMpRRJSfzY+fwVOjjGAopCmu4Vz9PZGhSKk0CkxnhPRELXu5+J83SHR46WeUx4kmHC8WhQmDWsA8CTiikmDNUkMQltTcCvEESYS1ySsPwV1+eZV0G3X3vN68bdZajSKOMjgGJ+AMuOACtMANaIMOwCAFz+AVvFlP1ov1bn0sWktWMVMFf2B9/gBR65Pa</latexit>

j ! i :



26

Enhanced RNNs 
(w/ attention)

Standard RNNs 

Figure[1]. Accuracy of translated 
sequences (higher is better).

Over-squashing 

Xavier Bresson 26

Stacking layers to propagate information though the domain can be a major issue.
The reception field grows as O(L2) for CNNs, O(L) for RNNs and O(2L+1) for GNNs (for tree 
graphs), L being the number of layers.

The reception field size gives the number of neighbors used to update the representation. 
For RNNs, this requires aggregating O(L) number of vectors and O(2L+1) for GNNs.

This issue is known as over-squashing.
NNs w/ local reception field cannot learn long-range dependency.
RNNs cannot process sequences more than 30 words[1].
MP-GNNs cannot stack many layers.

[1] Bahdanau, Cho, Bengio, Neural machine translation by jointly learning to align and translate, 2014
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Synthetic graph for over-squashing

Xavier Bresson 27

TreeNeighboursMatch[1] is a synthetic dataset to 
simulate the exponentially-growing receptive field in 
GNNs and controls the intensity of over-squashing 
with the tree depth. 

The experiment consists in classifying the root node 
with the letter of the green labeled node with the 
same number of blue neighbors than the root node.

To succeed, the network must be able to 
communicate across long distance (from the root to 
the leaf) and extract the information from O(2L+1) 
aggregated nodes.

Standard MP-GNNs s.a. GCN, GAT and GIN fail to 
generalize for a depth ≥ 4 because of over-squashing.

[1] Alon, Yahav, On the bottleneck of graph neural networks and its practical implications, 2020

Root 
node

Random assignment of {1,2,…,2d} blue neighbors 
to the green nodes with alphabetical labels. 

Random assignment of {1,2,…,2d} blue 
neighbors to the root node. The goal is 
to predict the class of the root node.

depth

Leaf 
nodes
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Graph Transformers[1]

Xavier Bresson 28

Contributions
Generalize Transformer to graphs to overcome over-squashing and poor 
long-range dependency (same idea from NLP[2,3]).
Leverage graph as topological inductive bias. Generalize cos/sin positional 
encoding to graphs (node ordering) with Laplacian eigenvectors. Introduce 
edge features through bi-linear product (for molecular bounds).
Several improvements : SAN[4], GraphiT[5], Graphormer[6]

Popular class of architectures in biology (top 1&2 winners at NeurIPS’22 
OGB Large-Scale Challenge competition)[7]

Limitations
Quadratic complexity O(N2+E), limited to small molecular graphs.

[1] Dwivedi, Bresson, A generalization of transformer networks to graphs, AAAI 2021
[2] Bahdanau, Cho, Bengio, Neural machine translation by jointly learning to align and translate, 2014
[3] Vaswani, Shazeer, Parmar, Uszkoreit, Jones, Gomez, Kaiser, Polosukhin, Attention is all you need, 2017
[4] Kreuzer, Beaini, Hamilton, Letourneau, Tossou, Rethinking Graph Transformers with Spectral Attention, 2021
[5] Mialon, Chen, Selosse, Mairal, GraphiT: Encoding Graph Structure in Transformers, 2021
[6] Ying, Cai, Luo, Zheng, Ke, He, Shen, Liu, Do Transformers Really Perform Bad for Graph Representation? 2021
[7] https://ogb.stanford.edu/neurips2022/workshop

https://ogb.stanford.edu/neurips2022/workshop
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Transformer for long sequences

Xavier Bresson 30

Key ingredients of original Transformer[1] :
Attention mechanism (self/cross attention)
Layer normalization + residual connection + MLP
Cos/sin functions as node positional encoding

But attention mechanism is costly :
The reception field is the size of the domain O(N).
Memory/speed complexity is O(N2d)
This limits Transformer on GPUs to short sequences, 
N ≤ 1,000 for d=512.

How to scale-up to long sequences?
Linear approximations of the attention function[2,3]

[1] Vaswani, Shazeer, Parmar, Uszkoreit, Jones, Gomez, Kaiser, Polosukhin, Attention is all you need, 2017
[2] Choromanski et-al, Rethinking attention with performers, 2020
[3] Jaegle, Gimeno, Brock, Vinyals, Zisserman, Carreira, Perceiver: General perception with iterative attention, 2021
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ViT/MLP-Mixer for images

Xavier Bresson 31

How to scale Transformer to image grids (CV)? 
E.g. N = 1,000 x 1,000 pixels = 1M pixels/nodes

ViT architecture[1] :
Perform attention not on image pixels but on image patches : 
O(N2d) ↘ O(P2d) w/ P≪N patches
Embed patches with MLP (or CNN with stride/kernel = patch size)
Same layer normalization + residual connection + MLP
Raster ordering of patches as node positional encoding

MLP-Mixer architecture[2] :
Replacing the costly attention function with simple MLPs reduces 
complexity from O(P2d) ↘ O(Pd) with comparable performance.
Token embedding + token mixer layer is enough to capture long-
range dependency in images.  

[1] Dosovitskiy et-al, An image is worth 16x16 words: Transformers for image recognition at scale, 2020
[2] Tolstikhin et-al, MLP-mixer: An all-MLP architecture for vision, 2021

MLP-Mixer

Vision Transformer (ViT)

+

N pixels P≪N patches
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Why MLP-Mixer for graphs?

Xavier Bresson 33

Standard MLP-Mixer[2] captures long-range interaction in images with low complexity. 

Our goal is to transfer these advantages to GNNs and design a new network that simultaneously 
captures long-range dependency (mitigating the over-squashing issue),
keeps linear speed/memory complexity (similar to standard MP-GNNs),
achieves isomorphism expressivity (good representation power).

However, generalizing MLP-Mixer is challenging due to the variable nature of graphs.

[1] Tolstikhin et-al, MLP-mixer: An all-MLP architecture for vision, 2021

MLP-Mixer for images[1] MLP-Mixer for graphs

+
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Generalization challenges

Xavier Bresson 34

We identify four key challenges to generalize MLP-Mixer from grids to graphs.

(1) How to define and quickly extract graph patches(/tokens)?
Images are supported by a regular lattice, easily split into same-size grid-like patches via fast pixel 
reordering. 
Graphs are irregular and cannot be divided into similar patches.

(2) How to encode graph patches into a vectorial representation?
Same-size patches can be encoded with MLP.
Graph patches have different topological structures (variable #nodes and #edges)
Embedding process must be invariant to index permutation. 

Image patches Graph patches

Lattice grid Graph



35

Image patches Graph patches

Lattice grid Graph

Generalization challenges

Xavier Bresson 35

(3) How to preserve node and patch positional information? 
Image patches have implicit positions since images are always ordered the same way, but graphs 
are naturally not-aligned and the set of graph patches are therefore unordered. 
Pixels in each patch are ordered the same way, but nodes in graph tokens are generally unordered.

(4) How to reduce over-fitting for graphs? 
MLP-Mixer architectures are strong over-fitters. Images have a rich set of data augmentation and 
regularization techniques, e.g. cropping, flipping, RandAugment[1], mixup[2].
Graph data augmentation methods[3] are not yet as effective. 

[1] Cubuk, Zoph, Shlens, V Le, Randaugment: Practical automated data augmentation with a reduced search space, 2020
[2] Zhang, Cisse, Dauphin, Lopez-Paz, mixup: Beyond empirical risk minimization, 2017
[3] Zhao, Liu, Neves, Woodford, Jiang, Shah, Data augmentation for graph neural networks, 2020

Image patch
domain

Graph patch
domain
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Proposed architecture[1]

Xavier Bresson 37

Generic architecture of Graph MLP-Mixer is illustrated below.

Implementation of each building block is arbitrary.

Our choices lead to a simple framework that provides speed and accuracy.

[1] He, Hooi, Laurent, Perold, LeCun, Bresson, A Generalization of ViT/MLP-Mixer to Graphs, 2022

Graph MLP-Mixer
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Patch extraction

Xavier Bresson 38

Graph patch extraction algorithm must satisfy the following conditions : 
The clustering algorithm can be applied to any arbitrary graph.
The nodes in the patch must be more connected than for those outside the patch                  
(s.a. compound of atoms).
The extraction must be fast, i.e. complexity at most linear w.r.t. the number of edges O(E).

Graph partitioning algorithms have a long and rich development[1,2].

They are NP-hard combinatorial problems and approximations are required.

We select Metis[3] that 
Partitions a graph by maximizing the number of within-cluster links.
Presents one of the best trade-off accuracy and speed.

[1] Von Luxburg, A tutorial on spectral clustering, 2007
[2] Buluc, Meyerhenke, Safro, Sanders, Schulz, Recent advances in graph partitioning, 2016
[3] Karypis, Kumar, A fast and high quality multilevel scheme for partitioning irregular graphs, 1998

Normalized Association
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Metis limitations

Xavier Bresson 39

Two major limitations
(1) Metis produces non-overlapping patches and loses the cutting 
edges. We expand the graph patches with a k-hop neighborhood.
(2) Metis is a deterministic process, it always generates the same 
clusters which leads to over-fitting.

Data augmentation
At each epoch, Metis is applied on a perturbed graph (by randomly 
dropping a small set of edges) to get slightly different partitions. 
Then graph patches are extracted from the original graph (not the 
perturbed one) to retain the original nodes and edges.
This new dropout technique produces distinct graph patches at 

each epoch that significantly improves the results at a small 
additional computational time.
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Patch encoder

Xavier Bresson 40

Image patch embedding is fast and well-defined with a simple MLP.

Graph patch embedding must handle heterogeneous structure, variable patch size, index 
permutation invariance, weight sharing and capable of distinguishing isomorphic patches.

As a result, the graph patch encoder is a MP-GNN (e.g. GCN[1], GAT[2], GT[3]) which can 
map a graph token into a fixed-size representation into 3 steps :
(1) Raw node and edge embedding :

(2) Graph convolutional layers with MP-GNN :

(3) Pooling and readout :

Note that the MP-GNN is applied to small patch graphs, which are not affected             
by poor long-range interaction and over-squashing.

[1] Kipf, Welling, Semi-supervised classification with graph convolutional networks, 2017
[2] Velickovic, Cucurull, Casanova, Romero, Lio, Bengio, Graph Attention Networks, 2018
[3] Dwivedi, Bresson, A generalization of transformer networks to graphs, 2021
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Positional information

Xavier Bresson 41

Regular grid offers an implicit arrangement for the sequence of image patches and for 
the pixels inside the image patch. 

General graphs do not have a canonical ordering of nodes and patches. This lack of 
positional information reduces the expressivity of the network. 

We use two explicit positional encoding (PE) :
Absolute node PE : We use random-walk structural encoding[1] for molecular 
data and Laplacian eigenvectors[2,3] encodings for synthetic graph datasets.
Relative patch PE : We use a n-step random walk diffusion process[4] on the the 
adjacency matrix of the patch graphs (computed from the original graph 
adjacency matrix and the cluster extracted by Metis) :

[1] Dwivedi, Luu, Laurent, Bengio, Bresson, Graph neural networks with learnable structural and positional representations, 2021
[2] Dwivedi, Joshi, Laurent, Bengio, Bresson, Benchmarking graph neural networks, 2020
[3] Dwivedi, Bresson, A generalization of transformer networks to graphs, 2021
[4] Kondor, Vert, Diffusion kernels, 2014

Graphs
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Patch PE
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Mixer layer and graph embedding

Xavier Bresson 42

The original mixer layer[1] is a network that alternates channel and token mixing 
steps with two MLPs. These interleaved steps fuse token and channel information. 

The simplicity of the mixer layer was important to understand the attention 
mechanism is not the only key component to get good performance. 
This has led to a significant reduction in the computational cost, from O(P2d) 
to O(Pd), with almost the same performance.

Let X ∈ RP×d be the patch embedding matrix, then the graph mixer layer is 
defined as

The final graph-level representation is given by mean pooling all the (non-empty) 
patches and using a small MLP : 

[1] Tolstikhin et-al, MLP-mixer: An all-MLP architecture for vision, 2021
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Numerical experiments

Xavier Bresson 44

We evaluate Graph MLP-Mixer on a range of benchmark graph datasets :

1) Simulated datasets : CSL[1], EXP[2], SR25[3] and TreeNeighbourMatch[4] datasets. 

2) Small molecular datasets : ZINC from Benchmarking GNNs[5] (for solubility) and MolTOX21 
(for toxicity) and MolHIV from Open Graph Benchmark (OGB)[6] (for HIV inhibition).

3) Large molecular datasets : Peptides-func (for antibacterial, antiviral properties etc) and 
Peptides-struct (for 3D properties) from Long Range Graph Benchmark (LRGB)[7]

[1] Murphy, Srinivasan, Rao,  Ribeiro, Relational pooling for graph representations, 2019
[2] Abboud, Ceylan, Grohe, Lukasiewicz, The surprising power of graph neural networks with random node initialization, 2020
[3] Balcilar, Heroux, Gauzere, Vasseur, Adam, Honeine, Breaking the limits of message passing graph neural networks, 2021
[4] Alon, Yahav, On the bottleneck of graph neural networks and its practical implications, 2020
[5] Dwivedi, Joshi, Laurent, Bengio, Bresson, Benchmarking graph neural networks, 2020
[6] Hu et-al, Open graph benchmark: Datasets for machine learning on graphs, 2020
[7] Dwivedi, Rampavek, Galkin, Parviz, Wolf, Luu, Beaini, Long range graph benchmark, 2022
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Benchmark datasets
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Statistics of molecular and synthetic datasets :

Simulated 
datasets 

Small molecular 
datasets

Large molecular 
datasets

ZINC

Peptide

MolHIV
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Comparison with standard MP-GNNs

Xavier Bresson 46

Graph MLP-Mixer lifts the performance of all base MP-GNNs across all datasets, which include 
GCN[1], GatedGCN[2], GINE[3] and GraphTransformer[4]. 

We augmented all base models with the same PEs as Graph MLP-Mixer to ensure fair comparison.

These promising results demonstrate the generic nature of our architecture which can be applied to 
any MP-GNN in practice. 

Table: Results are averaged over 4 runs with 4 different seeds.

[1] Kipf, Welling, Semi-supervised classification with graph convolutional networks, 2017
[2] Bresson, Laurent, Residual gated graph convnets, 2017 
[3] Hu, Liu, Gomes, Zitnik, Liang, Pande, Leskovec, Strategies for pre-training graph neural networks, 2019
[4] Dwivedi, Bresson, A generalization of transformer networks to graphs, 2021
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Comparison with SOTA results
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We compare against GNN models with SOTA results
Graph Transformers: GraphiT, GPS, SAN, etc
Expressive GNNs: GNN-AK+ and SUN

For small molecular graphs, our model achieved competitive results on ZINC and MolHIV.

For larger molecular graphs, our model sets SOTA performance on Peptides-fun/struct.

Graph MLP-Mixer offers better space-time complexity and scalability. 
SAN+LapPE and SUN require 7.5× and 41× training time per epoch, 
and 12× and 18× memory respectively, compared to our model.

Table: Results are averaged over 4 runs with 4 different seeds.
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Graph MLP-Mixer mitigates over-squashing[1]
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Standard MP-GNNs s.a. GCN, GGCN, GAT, GIN fail to generalize for depth ≥ 4 because of over-
squashing that squeezes too much info from the exponential growth of the tree reception field. 

Our model is able to mitigate over-squashing and generalize until depth = 7 since it transmits the 
long-distance information directly with the mixer layer.

[1] Alon, Yahav, On the bottleneck of graph neural networks and its practical implications, 2020

Figure. Test Accuracy w.r.t. the tree depth 
in the NEIGHBORSMATCH problem.

depth

depth
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Graph MLP-Mixer achieves high expressivity

Xavier Bresson 49

Graph MLP-Mixer can be proved to be strictly more powerful than 1-WL. 
Theorem[1] : Laplacian eigenvectors or k-step Random Walk PE can distinguish non-isomorphic 
graphs for which the 1-WL test fails such as the CSL dataset[2]. 

Interestingly, experiments on EXP[3] and SR25[4] datasets show that our model is strictly more 
powerful than 1&2-WL and not less powerful than 3-WL (where all standard MP-GNNs fail).

[1] Dwivedi, Luu, Laurent, Bengio, Bresson, Graph neural networks with learnable structural and positional representations, 2021
[2] Murphy, Srinivasan, Rao,  Ribeiro, Relational pooling for graph representations, 2019
[3] Abboud, Ceylan, Grohe, Lukasiewicz, The surprising power of graph neural networks with random node initialization, 2020
[4] Balcilar, Heroux, Gauzere, Vasseur, Adam, Honeine, Breaking the limits of message passing graph neural networks, 2021

Table: Results are averaged over 4 runs with 4 different seeds.
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Ablation studies
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We evaluate various choices for each component of the architecture in the appendix of[1].
Assess the benefits of Metis against random graph partitioning. 
Evaluate the effect of number of graph patches. 
Study the effect of patch overlapping with k-hop neighborhood extension. 
Show the effects of node PE and patch PE. 
Examine the effect of data augmentation.
Estimate the trade-off between performance and efficiency. 
Compare the mixer layer vs. transformer layer as in ViT.

[1] He, Hooi, Laurent, Perold, LeCun, Bresson, A Generalization of ViT/MLP-Mixer to Graphs, 2022
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Outline
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DL for molecular science

Review of graph network architectures

ViT/MLP-Mixer for images

Why MLP-Mixer for graphs?

Proposed architecture

Numerical experiments

Conclusion
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Conclusion
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We introduce a novel GNN architecture that improves standard MP-GNN limitations (poor long-
range dependency and low expressivity power) and has better complexity than Graph Transformers 
(linear complexity).

We demonstrate its potential on small and large molecular datasets.

Reproducibility
ArXiv paper : https://arxiv.org/pdf/2212.13350.pdf
GitHub repo : https://github.com/XiaoxinHe/Graph-MLPMixer

Future work 
Expand architecture to node and link prediction tasks
Prove network captures long-range dependency for trees and (possibly) more general graphs
Hierarchical architecture (next slide)
Speed up (next slide)

https://arxiv.org/pdf/2212.13350.pdf
https://github.com/XiaoxinHe/Graph-MLPMixer
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Future work
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Hierarchical architecture : Apply recursively the same architecture (with same/different MP-
GNNs) at different coarsening levels.

Figure from Cecilia Clementi (FU Berlin)

Graph MLP-
Mixer 
Level 1

(GNN1+Mixer1)

Graph MLP-
Mixer 
Level 2

(GNN2+Mixer2)

Graph MLP-
Mixer 
Level 3

(GNN3+Mixer3)
+ + + + + …<latexit sha1_base64="kx/8835xJQaQmg7mcIb0gO/jv0c=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4kJJIUTdCwYUuK9gHtKFMppN26GQSZiZCCd258VfcuFDErb/gzr9x0mZRWw8MnDnnXu69x485U9pxfqyl5ZXVtfXCRnFza3tn197bb6gokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH95kfvORSsUi8aBHMfVC3BcsYARrI3Xto06I9YBgnt6Ou871zK+YoWuXnLIzAVokbk5KkKPWtb87vYgkIRWacKxU23Vi7aVYakY4HRc7iaIxJkPcp21DBQ6p8tLJHWN0YpQeCiJpntBoos52pDhUahT6pjLbU817mfif1050cOWlTMSJpoJMBwUJRzpCWSioxyQlmo8MwUQysysiAywx0Sa6LAR3/uRF0jgvuxflyn2lVD3L4yjAIRzDKbhwCVW4gxrUgcATvMAbvFvP1qv1YX1OS5esvOcA/sD6+gWBD5ey</latexit>

G0 = G

<latexit sha1_base64="ODuIJ1Zr5hybGd3+6pCn34W8kM4=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBFcSEgktHVXcKHLCvYBbSiT6aQdOnk4MymU0O9w40IRt36MO//GSRpBRQ8MHM65l3vmeDFnUlnWh7Gyura+sVnaKm/v7O7tVw4OOzJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa8yvzujQrIovFPzmLoBHofMZwQrLbmDAKsJwTy9XgztYaVqmbVGw7EdZJlWjpzUa/YlsgulCgVaw8r7YBSRJKChIhxL2betWLkpFooRThflQSJpjMkUj2lf0xAHVLppHnqBTrUyQn4k9AsVytXvGykOpJwHnp7MQsrfXib+5fUT5TfclIVxomhIlof8hCMVoawBNGKCEsXnmmAimM6KyAQLTJTuqaxL+Pop+p90Lky7Zjq3TrV5XtRRgmM4gTOwoQ5NuIEWtIHAPTzAEzwbM+PReDFel6MrRrFzBD9gvH0C8a+SKg==</latexit>

G1

<latexit sha1_base64="yvriJ44g8Fk+i2w9aAn+10GOZX8=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4kCEzzExdFlzosoJ9QDuUTJppQzMPk0yhDP0ONy4UcevHuPNvzLQVVPRA4HDOvdyTE6ScSYXQh1FaW9/Y3CpvV3Z29/YPqodHbZlkgtAWSXgiugGWlLOYthRTnHZTQXEUcNoJJleF35lSIVkS36lZSv0Ij2IWMoKVlvx+hNWYYJ5fzwf2oFpDpu05qI4gMh3HteuuJpbruR6ClokWqIEVmoPqe3+YkCyisSIcS9mzUKr8HAvFCKfzSj+TNMVkgke0p2mMIyr9fBF6Ds+0MoRhIvSLFVyo3zdyHEk5iwI9WYSUv71C/MvrZSq89HMWp5miMVkeCjMOVQKLBuCQCUoUn2mCiWA6KyRjLDBRuqeKLuHrp/B/0rZNyzOdW6fWuFjVUQYn4BScAwvUQQPcgCZoAQLuwQN4As/G1Hg0XozX5WjJWO0cgx8w3j4BCJOSOg==</latexit>

G2

<latexit sha1_base64="dwleaVG5zeyB9htgMm519bWv1Rc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4kCHT6ctdwYUuK9gHtEPJpGkbmsmMSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7J8SPOlEbow8qsrW9sbmW3czu7e/sH+cOjlgpjSWiThDyUHR8rypmgTc00p51IUhz4nLb9yVXqt6dUKhaKOz2LqBfgkWBDRrA2ktcLsB4TzJPred/t5wvIdivIdcsQ2Q6qocuUlCtOsVqEjo0WKIAVGv38e28QkjigQhOOleo6KNJegqVmhNN5rhcrGmEywSPaNVTggCovWYSewzOjDOAwlOYJDRfq940EB0rNAt9MpiHVby8V//K6sR7WvISJKNZUkOWhYcyhDmHaABwwSYnmM0MwkcxkhWSMJSba9JQzJXz9FP5PWkXbqdil21KhfrGqIwtOwCk4Bw6ogjq4AQ3QBATcgwfwBJ6tqfVovVivy9GMtdo5Bj9gvX0CBbeSOA==</latexit>

G3

Hierarchical scene graphs 
Rosinol et-al, 2020
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Future work
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Speed up : For balanced graph patches, it should be possible to drop specialized GNN libraries 
PyG[1] or DGL[2] by replacing sparse linear algebra operations with dense ones (optimized for GPUs).

[1] Fey and Lenssen, Fast graph representation learning with pytorch geometric, 2019
[2] Wang et-al, Deep graph library: Towards efficient and scalable deep learning on graphs, 2019

<latexit sha1_base64="g0IUJ8FRADrpFjlQLKApvY4io9M="></latexit>

A⇤ = block diag(A1, ..., AK) 2 RV⇥V

with V =
XK

k=1
Vk

Figure 2. Adjacency matrix A+ of a batch 
of small graphs (dense representation) 

K

A1

A5

A3

Vmax

Vmax

Figure 1. Adjacency matrix A* of a batch of 
graphs in PyG and DGL (sparse representation)

V

V = ΣkVk

V1 V2

0

0

A3

A5

A1

<latexit sha1_base64="+DUWg53D6N1Kiq7RzfwLrDKBJBw="></latexit>

A+ = concat(A1, ..., AK) 2 RVmax⇥Vmax⇥K

with Vk  Vmax 8k and zero padding
<latexit sha1_base64="jgnlLshhDIfDxknNEtSbUy4heVU=">AAACIXicbVBNS8NAEN3U7/pV9ehlsQitQklE1KPixaOCbYUmhs122i7dbMLuRKyhf8WLf8WLB0W8iX/GpO1Bqw8GHu/NMDMviKUwaNufVmFmdm5+YXGpuLyyurZe2thsmCjRHOo8kpG+CZgBKRTUUaCEm1gDCwMJzaB/nvvNO9BGROoaBzF4Iesq0RGcYSb5pRMX4R51mKrA9R9AR2ZYObvdr1JXSvqvt1ct5vBLZbtmj0D/EmdCymSCS7/04bYjnoSgkEtmTMuxY/RSplFwCcOimxiIGe+zLrQyqlgIxktHHw7pbqa0aSfSWSmkI/XnRMpCYwZhkHWGDHtm2svF/7xWgp0TLxUqThAUHy/qJJJiRPO4aFto4CgHGWFci+xWyntMM45ZqHkIzvTLf0njoOYc1Q6vDsun9iSORbJNdkiFOOSYnJILcknqhJNH8kxeyZv1ZL1Y79bHuLVgTWa2yC9YX98rYaIZ</latexit>

nb zeros(A+) ⌧ nb zeros(A⇤)



55

Thank you

Xavier Bresson 55

Xavier Bresson
xaviercs@nus.edu.sg

https://twitter.com/xbresson
https://scholar.google.com/citations?user=9pSK04MAAAAJ
https://www.youtube.com/channel/UCeONAtqVKCS30Xn6zy1YQ_g
https://github.com/xbresson
https://www.linkedin.com/in/xavier-bresson-738585b
https://www.facebook.com/xavier.bresson.1
https://graphdeeplearning.github.io
https://www.comp.nus.edu.sg/cs/people/xaviercs
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