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Open Problems, Key Challenges, Emerging Techniques

Often , or are only partially known
Combinatorially large search space for candidate models
Machine learning, sparse (parsimonious) methods

dynamics still poorly understood
Topologically complex, no closed form (Poincare)
Koopman spectral analysis (linear embeddings)

Optimal and estimation
Finding intrinsic coordinates (Koopman eigenfunctions)
Uncertainty quantification and robust control

_ transients, intermittent, and uncertain phenomena
Limitations of topological and operator perspectives
Time delay embeddings facilitate linear regression

Optimal sensing for problems with
Largely heuristic, brute-force, lack of basic principles
Compressed sensing, library learning




Dynamical Systems: Poincare and Geometry

Dynamics
d to+1
X = f(x), » Fi(x(tg)) = x(tg +t) = x(tg) + / f(x(7))dr.
to
» X1 = Fy (Xk), Discrete-time update
Finite-time Lyapunov exponents ( )
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Dynamical Systems: Koopman and Operators

Dynamics
to+t
Cx=f(x). === F(x(to) = x(to +1) = x(to) + / f(x(r)) dr

>

X1 = Fy (Xk), Discrete-time update
Koopman operator

Kig = goFy D Kigxi) = g(Fi(xx)) = 9(Xpt1)-

» g(Xk+1) — /Ctg(Xk). Discrete-time update

Koopman invariant subspace:

Koopman operator K is infinite
di ional and linear
g = 1Ys; T Q2Ysy T+ T AmYs,, ; MENSIO '

O
g = Z Xk YE -
k=1

Koopman, PNAS 1931.
ICg — ﬁlysl + 62?%92 + - T BmysTn'

Mezic, Nonlinear Dynamics 2005.

Mezic, ARFM 2013.
Williams, Kevrekidis, Rowley, JNS 2015.



Dynamical Systems: Koopman and Operators
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0 g = d1Ys, + A2Yso + - AmYs,, N
g = Z XkYk - Koopman, PNAS 1931.
k=1 Kg = B1ys, + Boys, + -+ Bmys, - Mezic, Nonlinear Dynamics 2005.
Mezic, ARFM 2013.

Williams, Kevrekidis, Rowley, JNS 2015.



Example: Koopman Linear Embedding

Nonlinear L1 = [
dynamics: j}‘Q m— )\(QEQ — Qj%)
< 7 Y1 w0 0 [y Y1 E28
Ii:ec:lllb*n;agtem g (2] =0 A A we| for fu) = @
ystem. ys| [0 0 2u] |vs ys| |zt
{
4
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Example: Koopman Linear Embedding

Nonlinear L1 = [l

dynamics: To = Nxy — x7)

< PR E7/% I P UV N F7Y | [r1
I.oopman o |v2| = |V A=Al |y2| for  y2| = |z

inear system: |l oo 2| |us | |22
Eigen-observables: va(X) = &,y (x), where §,K = a{a.'




Koopman Operator Optimal Control

ics wi d [z o Oz [ O ], [0
Pynamlcs with R N I Z1 n |+ "
inputs: dt |x2 0 Al |2  |—Ax7| |1
Koopman A Y1 | po 00 Y1 0
linear system il ) 0 A —=A| |y2| + |1]| w
with inputs: | Y3 | 0 0 2u/| |ys 0 - %108

o'e 4 /1
LQR Cost function: J = / XT(T)QX(T) + U(T)TRU(T) dT, ; / _Rgspman optimal control
0

cost

Nonlinear optimal ~ ~ _$1_ = 9
P u=—[K; Ko — Ksa7. 1
controller:

0 10 20 30 40 50
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Dynamical Systems: Koopman and Operators
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Dynamical Systems: Koopman and Operators
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Koopman Eigenfunctions Define
Invariant Subspaces

Linear dynamics in
eigenfunction coordinates

() = Ap(x)

9 o(x) = Vo(x) - £(x)

Nonlinear dynamics
In original coordinates

%X: f(x)
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Dynamic Mode Decomposition (DMD)

1. Collect Data 2. Organize into Matrices 3. DMD
a) Diagnostics past
I m —
X: X1 X9 X1 ,.§ L
| ‘ A=X'XT &
) ) * :
c
‘ ‘ ‘ Regression 3
X'=|x5 x5 X
N o

Schmid, JFM 2010.

Rowley, Mezic, Bagheri, Schlatter, Henningson, JFM 2009.
Tu, Rowley, Luchtenburg, Brunton, Kutz, JCD 2014.

Kutz, Brunton, Brunton, Proctor, SIAM 2016.

Klus, Nuske, Koltai, Wu, Kevrekidis, Schutte, Noe, arXiv 2017
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Sparse Regression to Solve for Active Terms in the Dvnamlcs

Sparse Identification of Nonlinear Dynamlcs (SINDy)

ton, Proctor, Kutz, PNAS 2016.



Noisy Computed
, Me;asuremengs Perivatives

TV difs
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SINDy: Noisy State Measurements
Zn
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Brunton, Proctor, Kutz, PNAS 2016.
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SINDY: Vortex Shedding Past a Cylinder

Limit cycle | A

— [ —

-

U, - POD mode 1

ur —wy + Axz

T
y = wr+py+ Ayz
z Mz — % — y?).

Slow

Ruelle and Takens, 1971
Zebib, 1987 and Jackson, 1987
Noack et al., JFM 2003.

aml
o
-
N
w
S
o
»
~J
oo |



Limit cycle

<

ur —wy + Axz

= wx + uy + Ayz
Az — % — y?).

Ruelle and Takens, 1971
Zebib, 1987 and Jackson, 1987
Noack et al., JFM 2003.

Brunton, Proctor, Kutz, PNAS 2016.
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o o o J-C Loiseau, SLB
Constrained Sparse Galerkin Regression To appear in JFM, 2017

——  Shift mode aa (?) —  Fluctuation a4 (?) ——  Fluctuation a;(t) ——  Shift mode aa (?)
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SINDy: Bifurcation Parameters and Forcing

Logistic Map

1 3.45

k..  Measurements
| & of Stochastic
| System

3.63 S Ti+1 = pri(l — zk) + M.

.
|
-

T~ Identified

\ Model

Brunton, Proctor, Kutz, PNAS 2016.




SINDy: Rational Function Nonlinearity

e

Mangan, SLB, Proctor, Kutz

IEEE Trans. Mol. Bio Multi-Scale Comm.

1) Build function library from data 2) Calculate 3) Alternating Directions Method: 4) Assemble
x(t), Zr(t) such that O(X,z,)E =0 N = null(©) find « such that £ is sparse inferred model
5 L . @ @,
~ 1 21 zo 27 Tr TpT1TpTo  —
g ) ) ) —
2 &N
- - @,
- — — ) = —ge
Y
\_/ \_/ \_/ €D
~ . N~ O
SN diag(j:k)@p




Including Information Theory for Model Selection

: : ) O
Bl
g e ,3'"'-»';'«., L

Y L2

2 "*‘ﬂ Proceedings of the Royal Society A

4 ‘ Mangan, Kutz, SLB, Proctor

c) Down-selection and ranking of potential models

. O} ) @F - O} @ g& —~
w000l .08
e O3 @ O @4 O
fit time series data @(_/ %{_/ \@(_/ ‘\é(_/

@, . O). @ O O
\@E@ e o or @2@

2.9

Rank models using

. : . stron
information critera S

support




Including Information Theory for Model Selection

Proceedings of the Royal Society A
Mangan, Kutz, SLB, Proctor

c) Down-selection and ranking of potential models

e O3 O} @ O R
of possible @ : \@(_/ - O

models

SINDy: Sparse inference @ @ Complex1ty, number of terms
selects models that best @

fit time series data %{_/ \@(_/ \é{_/ b\_@\

Rank models using
information critera

\a&

strong
support

e DX @)y O) O
\@é e o SL im0 C




SINDYy: Partial Differential Equations

Full Data

la. Data Collection

Compressed Data

| Nlb. Build Nonlinear

Library of Data and
Derivatives

Wt = @(wv u, U)S

2b. Compressed library
Cwi = CO(w,u,v)€

CO

Rudy, SLB, Proctor, Kutzp i ;-
Science Advances, 2017 &8 ’

Ic. Solve Sars
Regression

a?“ggmnH@f — wil3 + All€]lo

d. Identified Dynamics

wi + 0.9931uw, + 0.9910vw,
= 0.0099wg4 + 0.0099w,,,,

Compare to True
Navier Stokes (Re = 100)

1
Wt -+ (u . V)w — §v2w

2¢. Solve Compressed
Sparse Regression
argfminHC@f — Cwil5 4+ All€]lo



Open Problems, Key Challenges, Emerging Techniques

Often , or are only partially known
Combinatorially large search space for candidate models
Machine learning, sparse (parsimonious) methods

dynamics still poorly understood
Topologically complex, no closed form (Poincare)
Koopman spectral analysis (linear embeddings)

Optimal and estimation
Finding intrinsic coordinates (Koopman eigenfunctions)
Uncertainty quantification and robust control
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