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neral method, suitable for fast computing machines, for mvestlgatmg such propertles agfequations of |

€
ls:gggior substances consisting of interacting individual molecules js de
modified Monte Carlo integration over configuration spacefl

system have been obtained on the Los Alamos MANTAC and"ar¢ prescrted Here. -
to the free volume equation of state and to a four-term virial coefficient expans:on
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1092 METROPOLIS,

[N

s RS A.. a..
distinguished by primes, For example, A; is given
schematically by the diagram

A3n3: A

and mathematically as follows: if we define f(r,) by
flrijy=1
flriy)=0

ROSENBLUTH,

it rg<d,
it ry>d,
then

1
Ay :=*f' . -frh‘ldxzdmsdy.dy,dya(/mfnfu).
wtd!

The schematics for the remaining integrals are indicated
in Fig. 6.
The Fugﬂicieqts Asz Ay and Ay wrererca.h:’u!ated

ROSENBLUTH, TELLER, AND TELLER

were put down at random, subject to fio=fa=fa
= fis=1. The number of trials for which fis= 1, divided
by the total number of trials, is just As 5.

The data on A4 is quite reliable. We obtained

VI. CONCLUSION

The method of Monte Carlo integrations over con-
figuration space seems to be a feasible approach to
statistical mechanical problems which are as yet not
analytically soluble. At least for a single-phase system
a sample of several hundred particles seems sufficient.
In the case of two-dimensional rigid spheres, runs made
with 56 particles and with 224 particles agreed within
statistical error. For a computing time of a few hours
with presently available electronic computers, it seems
possible to obtain the pressure for a given volume and
temperature to an accuracy of a few percent.

In the case of two-dimensional rigid spheres our re-
sults are in agreement with the free volume approxima-
tion for A/ 40 < lSandgui s

2 5. Wilhere s _no_indication of a_phase]

jLransition,
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B. J. Atper anp T, E. WAINWRIGHT
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(Received October 30, 1961)

The study of a two-dimensional system consisting of 870 hard-disk
region has shown that the isotherm has a van der Waals-like loop. The

articles in the phase-transition
_nsity change across the transition

is about 4% and the corresponding entropy change is small.

STUDY has lJeLn made of a two-dimensional
éﬂs&;’mm g of 870 hard-disk particles,
Slmu]lancous mollons Of the particles have been calcu-

M™Clectronic computer as described

prevmusly ! The dlSkS were again placed in a periodi-
cally repeated rectangular array. The computer program

interchanges it was not possible to average the two
branches,

Two-dimensional systems were then studied, since
the number of particles required to form clusters of
particles of one phase of any given diameter is less than
in three dimensions. Thus, an 870 hard-disk system is
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n=0.72

- n=048

(Peierls, Landau 1930s)
but they can turn solid (Alder & Wainwright, 1962).

@ Nature of transition disputed for decades.

@ Generic 2D systems cannot crystallize

de Physique
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Kosterlitz-Thouless (1973), the motivations

Ordering, metastability and phase transitions in
two-dimensional systems

J M Kosterlitz and D J Thouless

versity of Birmingham, Birmingham B152TT, UK
Received 13 Nov :mbr

1. Introduction

Peierls (19351 has argued that thermal motion of long-wavelength phonons will destroy

1he lon e order of a Iv«u dlmrnmonal solld m lhe sense that [he mean suare

size of the sys!em and |he Brdgg peaks of thc d:ﬂ'ras.lmn pattern formed by the system
are broad instead of sharp. The absence of long-range order of this simple form has been
shown by Mermin (1968) using rigorous inequalities. Similar arguments can be used to
show that there is no spontaneous magnetization in a two-dimensional magnet with
spins with more than one degree of freedom (Mermin and Wagner 1966) and that the
cxpcctalmn \raluc of the superfluid order parameter in a two-dimensional Bose fluid




Possible phases in two dimensions

N~
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Phase  positional order orientational order

solid algebraic long-range
hexatic short-range algebraic
liquid short-range short-range B S



Correlation time in larger simulations

disk k same disk

t=0




Reversible Metropolis algorithm, 1d (detailed balance)

20 0 00 00 (

-1 i i+1
@ Local Metropolis: x; — x; + ran[—1, 1] (reject if overlap)
@ Detailed balance:
map(a — b) = mpp(b — a)
R el
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Reversible Metropolis algorithm, 1d (detailed balance)

@ Local Metropolis: x; — x; + ran[—1, 1] (reject if overlap)

@ Detailed balance:
map(a — b) = mpp(b — a)
G
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Detailed balance and global balance

() ) (¥ .
f == a = ¢ f £ a = ¢
7N VAR
e d e d
global balance detailed balance

map(a — b) = mpp(b — a) detailed balance

Fa= Zﬂbp(b — a) =7, global balance
b
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Reversible Metropolis algorithm

@ Reversible Metropolis: x; — x; + ran[—1, 1] (reject if overlap)

@ Global balance:

f;eV:QNZ (AF+RF+ A +R)) =

—2for any €

o NB: Af () + R; (¢) =1 also A; (¢) + R (e) = 1.
m, e
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Sequential Metropolis algorithm

-1 i i+1

@ Sequential Metropolis: Update 0, then 1, then 2,

@ Global balance:

Ft = S (AF R+ A7 +R)) =1

1088 METROPOLIS, ROSENBLUTH, ROSENBLUTH, TELLER, AND TELLER

Our method in this respect is similar to the cell configurations with a probability exp(—E/kT) and
method except that our cells contain several hundred weight them evenly.
particles instead of one. One would think that such a This we do as follows : W
sample would be quite adequate for describing any one- ati e
phase system. We do find, however, that in two-phase
systems the surface between the phases makes quite a
nerturhation. Also. statistical fluctuations mav he

V particles in any
jce. Then
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Forward Metropolis algorithm

e Forward Metropolis: x; — x; + ran[0, 1] (reject if overlap)
°
Fom = LS (AF HRE) =1,
" lforanye
o NB: Forward sequential Metropolis is wrong.
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Lifted Forward Metropolis algorithm (infinite chain)

Move i forward until it is rejected by i + 1.

@ Then move i + 1 forward until it is rejected, etc.

||ft A++RI L= - 1.

o NB: 1 time step: 1 part|c|e move OR 1 lifting move

Fx:(l Département
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Lifted Forward Metropolis algorithm (with restarts)

@ uniformly sample starting sphere i
@ sample chain length M oc N
@ Then perform the lifted forward Metropolis algorithm
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Infinitesimal Lifted Forward Metropolis algorithm =

event-chain algorithm

@ In the lifted forward Metropolis, take ¢ — 0, M — oo,
{ =eM ~ Nconst

90— 00000

(o i+1
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Synopsis (Irreversible Markov chains in 1d)

Algorithm mixing discrete analogue
Rev. Metropolis N3log N Symmetric SEP
Forward Metropolis, Lifted (c0) N%/2 TASEP
Event-chain, Lifted (restarts) N2log N lifted TASEP

e For Symmetric SEP mixing cf Lacoin (2014).
e For TASEP mixing cf Baik & Liu (2016).
o All others cf Kapfer & Krauth (2017).

NB: All algorithms converge towards equilibrium.



Detailed balance and global balance again 1/3

0O

» D

f < =< C f €& a == ¢
7 N\ « Z X
e d e d
global balance detailed balance

maximal global balance
R I
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Detailed balance and global balance again 2/3

maximal global balance
R I

@ {ﬂ Ecole normale

supérieure



Detailed balance and global balance again 3/3

maximal global balance
R I
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Faster algorithm: Event-chain algorithm again

O
S  ecge
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Bernard, Krauth, Wilson (2009).

Infinitesimal moves: No multiple overlaps, consensus.
Global balance, lifting (Diaconis, Holmes, & Neal (2000))
1d : ~ TASEP (‘lifted” TASEP) Kapfer, Krauth (2017).
Michel, Kapfer, Krauth (2014) (smooth potentials). Wi



Hard-disk configuration

2 .
@ 1024 hard disks R

| de Physique

@ Bernard, Krauth (PRL 2011) UG



equation of state

n
0.72 0.715 0.71 0.705 0.7

! i ! !

N=256>

o
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9.175

9.17 1

1.1 111

o First-order transition (Bernard & Krauth, PRL (2011)).

@ Many confirmations. i

Département
de Physique

G,
3

Ecole normale
supérieure



Phase coexistence in hard disks

© ' @

10242 systems.
Densities n = 0.700 (a), n = 0.704 (b), n = 0.708 (c).

Phase coexistence = Coarsening = Slow dynamics.

cf. Engel et al (2013). s
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Possible phases (again)

Phase  positional order orientational order

solid algebraic long-range
hexatic short-range algebraic
liquid  short-range short-range
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Spatial correlations at = 0.718 and 0.720

10 5

n=0720 —
0718 —

£0:01

s 10 100 1000

Two-dimensional pair correlations, sample-averaged.
At n = 0.718; hexatic: First-order liquid-hexatic transition.
At 1 ~ 0.720: KT-type hexatic-solid transition.

Bernard & Krauth (PRL 2011). Py ol
U e
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Soft disks

e Soft disks: V o< (o/r)".

" soft disk: |
a) N=-85k — -
; N = 25%:
6 x X 3 liquid &
liquid hexatic &
8 o E solid &
i © Yukawa --—- ]
solid 3
s
r-]
c 16 E 5
+ ]
hex BN
o
a
64 |- @ o} A =
coex
1024 | B
- T
-0.02 0.00 0.02 E 0.04
0~ Ppey &= djq

o Kapfer & Krauth (PRL 2015).

o Two melting scenarios depending on softness n of potentlaI@@ s
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Discussion

Berni Alder and Phase

age - . . (2016)
Transitions in Two Dimensions

J. Michael Kosterlitz

I do not know Bemi Alder as a person, but [ feel that I know him well

David Thoule» and myself to thmk about phahe transitions in twol
dimensional systems with a continuous symme

the conventional wisdom was that a crystalline solid could not exist'in a

transition resulting in the expected isotropic fluid phase. These results

NO! Krauth in 2011A

@ IMHO: Elasticity theory does describe 2D melting...
e See: Krauth (2017, soon)
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Conclusion 1/6

O
S  egee

O @® 0
QO O O

o cf Bernard, Krauth, Wilson (2009).
e NB: Equilibrium but not ‘dead’ (dixit Ron Elber)



Conclusio

o cf Bernard & Krauth (2011).
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Conclusion 3/6

"Metropolis" paradigm "Beyond-Metropolis" paradigm

(Metropolis et al, 1953) Michel , Kapfer & Krauth, 2014]
Detailed balance
vanishing probability flows
Metropolis algorithm
energy driven
Rejections
finite random moves

Global balance
steady-state probability flows

Factorized Metropolis algorithm
consensus driven

Liftings
infinitesimal persistent moves

@ Metropolis algorithm

pMet(a — b) = min 1,Hexp(—5AVi,j)
i<y

e Factorized Metropolis algorithm (Michel, Kapfer, Krauth 2014)
pract(a — b) = H min [1,exp (—BAV;;)].

i<j

o Département
de Physique
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Conclusion 4

e Soft disks: V o (a/r)".

' Soft disk: ‘
a) N =85k —
N = 258k:
6 [ & A liquid ®
liquid hexatic
8 b H ! ]
solid 3
5
o
c 16 | E -]
h +
ex
§
=8
64 3 [ 7Y =
coex
1024 | B
o e
-0.02 0.00 0.02
- Opey 0= dig

o cf Kapfer & Krauth (2015).

Fx:‘l Département

de Physique

@ {ﬂ Ecole normale

supérieure



Conclusion 5/6

Algorithm mixing discrete analogue
Heatbath, Metropolis N3log N Symmetric SEP
Forward Metropolis, Lifted (00) N>/2 TASEP
Event-chain, Lifted (term) N2log N lifted TASEP

o cf Kapfer & Krauth (2017).
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Conclusion 6/6 (XY model)

HOH@

o Irreversible MCMC great for spin waves and phonons.
@ Local algorithm, moves topological excitations step by step@% Dl
o cf Lei, Krauth (2017). e



