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Learning interaction laws in  
particle-based systems

IPAM - Bridging the Gap: Transitioning from Deterministic to Stochastic 
Interaction Modeling in Electrochemistry



Learning in Interacting Particle Systems
<latexit sha1_base64="jRpaQ0E7ggbSGdtiMST1txjCOtE="></latexit>

• Inference problem for interaction kernels

– Problem setup

– Proposed estimator

– Regularized Least Squares

– Performance guarantees

• Examples and Extensions:

– Second order systems

– Emergent behaviors

– Stochastic systems

• Learning the interaction network

• Conclusions

Felix Munoz, https://www.youtube.com/watch?v=OxYn3e_imhA
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stochastic
Lennard-Jones
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Problem: Given observations of trajectories of a dynamical system of interact-
ing agents, learn the interaction rules.
Motivation: particle-/agent-based systems ubiquitous in Physics, Biology, so-
cial sciences, Economics, ... Beyond model-based interaction rules.
Further goals: hypothesis testing for agent-based systems; transfer learning;
agents on networks; collaborative and competitive games.

Introduction and motivation



Problem formulation
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Suppose we have a system driven by of ODEs in the form

ẋ(t) = f(x(t)) ,x 2 RD, f : RD ! RD

and we are given observations of positions and velocities

(x(m)
(tl), ẋ

(m)
(tl))l=1,...,L;m=1,...,M ,

where:

· 0 = t1 < · · · < tL = T ;
· m indexes trajectories corresponding to di↵erent initial conditions at t1 = 0

Problem: construct an estimator f̂n that is close to f .
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?
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<latexit sha1_base64="6CJ+uts963QaTyA+g1KtCay+spw="></latexit>

We are interested in the nonparametric setting, i.e. no assumptions on f except
some regularity.
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Statistical learning version:
given (x(m)(tl), ẋ(m)(tl))l=1,...,L;m=1,...,M , with x(m)(t1) ⇠i.i.d. µ0, we want to

construct an estimator f̂n for the unknown f in ẋ(t) = f(x(t)).



Nonparametric regression
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d⇢(z)
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RD
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Well-understood problem: estimators that, for f s-Hölder regular, satisfy

E[||f̂n � f ||2L2(⇢)] . n� 2s
2s+D .

Moreover, this learning rate is optimal

(in the so-called min-max sense:

for any estimator one can find f
for which the estimator does not converge

to f any faster than this).
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Statistical learning version:
given (x(m)(tl), ẋ(m)(tl))l=1,...,L;m=1,...,M , with x(m)(t1) ⇠i.i.d. µ0, we want to

construct an estimator f̂n for the unknown f in ẋ(t) = f(x(t)).
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Possible approach: regression. In regression one is given pairs

{(zi, f(zi) + ⌘i)}ni=1 ,with zi 2 RD, zi ⇠i.i.d. ⇢ , a prob. measure on RD ,

with ⌘ independent noise, and outputs an estimator f̂n.



Nonparametric estimation
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Suppose we have a system driven by of ODEs in the form

ẋ(t) = f(x(t)) ,x 2 RD, f : RD ! RD

and we are given observations of positions and velocities

(x(m)
(tl), ẋ

(m)
(tl))l=1,...,L;m=1,...,M ,

where:

· 0 = t1 < · · · < tL = T ;
· m indexes trajectories corresponding to di↵erent initial conditions at t1 = 0

Problem: construct an estimator f̂n that is close to f .
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For a system of N agents in Rd, D = Nd is typically very large, and the rate
n� s

2s+D unsatisfactory. Further assumptions are needed for better rates.
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(x(m)(tl), ẋ(m)(tl))l=1,...,L;m=1,...,M , with x(m)(t1) ⇠i.i.d. µ0, construct f̂n.
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f(zi)
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Pretending we had independence, under the only assumption that f is s-Hölder,

the best attainable learning rate is E[||f̂n � f ||L2 ] . n� s
2s+D , where n = LM (L

obs. in each of M traj.) and D = Nd (N agents in Rd
).



Particle-based systems
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· Strong model assumption on the form of the ODE system. Now the un-

known is the function � of 1 variable, r.

· We may be able avoid the curse of dimensionality.

· No value �(r) is observed, so this is not regression, but an inverse problem.

<latexit sha1_base64="bfk/dS25W5IdRskYw8RnNzeBzS4="></latexit>

Particle- and agent-based systems are driven by ODEs with special structure.

A simple prototypical model:

ẋ(m)
i (t) =

1

N

X

i0

�(||x(m)
i0 (t)� x(m)

i (t)||)(x(m)
i0 (t)� x(m)

i (t)) .

Given observations {(xi, ẋi)}Ni=1 at di↵erent times {tl}Ll=1 and/or for di↵erent

initial conditions {x(m)
(0)}Mm=1, we want to learn the interaction kernel �.

Di↵erent limits: N ! +1 (mean-field limit, joint work with M. Fornasier and

M. Bongini), M ! +1 (joint work with F. Lu, S. Tang and M. Zhong).
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Particle- and agent-based systems are driven by ODEs with special structure.

A simple prototypical model:

ẋ(m)
i =

1

N

NX

i0=1

�(||x(m)
i � x(m)

i0 ||)(x(m)
i0 � x(m)

i )

Given observations {(xi, ẋi)}Ni=1 at di↵erent times {tl}Ll=1 and/or for di↵erent

initial conditions {x(m)
(0)}Mm=1, we want to learn the interaction kernel �.

Di↵erent limits: N ! +1 (mean-field limit, joint work with M. Fornasier and

M. Bongini), M ! +1 (joint work with F. Lu, S. Tang and M. Zhong).
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At time scale [0, T ], we define the probability measure on R+:

⇢LT (r) := Ex(0)⇠µ0

1

L

LX

l=1

1�N
2

�
NX

i,i0=1,i<i0

�
r(m)

ii0 (tl)
(r) .
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� function on R+

at every observed
pairwise distance
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initial
conditions
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We will work in L2(⇢LT ).

<latexit sha1_base64="xx+wd8RqwpRIGNVz+vpCeYwqSrs="></latexit>

For fixed t = tl and m, we cannot solve for �(rii0): N(N � 1)/2 unknowns, only
dN known quantities (typically d ⌧ N). Need to leverage observations in time.

Particle-based systems



The Mean-field limit
Rewriting

ẋi =
1

N

X

i0

�(||xi � xi0 ||)(xi0 � xi) =
1

N

X

i0

�0(||xi � xi0 ||)
||xi � xi0 ||

(xi � xi0)

we see this is the gradient flow of the energy JN (X) = 1
2N

PN
i,i0=1 �(||xi�xi0 ||).
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Considering the measure µN (t) = 1
N

PN
i=1 �xi(t), we may let N ! +1 to obtain

(under suitable regularity assumptions on �) the mean field equations

@tµ(t) = �r ·
✓✓

��0(|| · ||)
|| · || ⇤ µ(t)

◆
µ(t)

◆
, µ(0) = µ0 .

This is also a gradient flow for the energy J (µ) =
R
Rd⇥d �(||x�y||)dµ(x)dµ(y)

on the space of probability measures with Wasserstein distance.

<latexit sha1_base64="VnmzYFQVTik8w7okEMKG4A/3MOU="></latexit>

Estimation in the limit as N ! 1: studied in Inferring Interaction Rules from

Observations of Evolutive Systems I: The Variational Approach, M. Bongini, M.

Fornasier, M. Hansen, MM, published in M3S, 2017



Many short time trajectories learning

1 1.5 2 2.5 3 3.5
r, pairwise distances
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Example. The Lennard Jones force is the
derivative of the potential

VLJ(r) = 4✏
⇣�

�
r

�12 �
�
�
r

�6⌘
.

Right figure: In blue the LJ �,
superimposed to an empirical estimate of ⇢LT ,
for a system of N = 7 agents, and L, T small.
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Measures on pairwise distances

At time scale [0, T ], we define the probability measure on R+:

⇢LT (r) := Ex(0)⇠µ0

1�N
2

�
L

LX

l=1

NX

i,i0=1,i<i0

�
r(m)

ii0 (tl)
(r) .
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Observations: {(xi, ẋi)
(m)

(tl)}N,L,M
i=1,l=1,m=1, where x(m)

(0) ⇠ µ0 for some µ0 on

Rd
. Note that each state of the system is in RdN

.

ẋ(m)
i0 (t) =

1

N

NX

i0=1

�(||x(m)
i0 (t)� x(m)

i (t)||
| {z }

r(m)

ii0 (t)

)(x(m)
i0 (t)� x(m)

i (t)) .



The estimator for the interaction kernel

<latexit sha1_base64="tOXHSP4kC5iGK0bip4pRIwrvaZ0="></latexit>

linear map (in �) applied
to unknown �

<latexit sha1_base64="5lp1nvJYpQB0wewDrt2hsli2vcI="></latexit>

Observations: {(x(m)
i , ẋ(m)

i )(tl)}N,L,M
I=1,l=1,m=1, for M di↵erent initial conditions

i.i.d. ⇠ µ0, from

ẋ(m)
i (t) =

1

N

X

i0

�(||x(m)
i0 (t)� x(m)

i (t)||)(x(m)
i0 (t)� x(m)

i (t)) =: f�((x
(m)
i (t))i) .
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Consider the empirical error functional, for “any”  ,

EL,M ( ) :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f ((x

(m)
i (tl))i)

��2 .

Our estimator is defined as a minimizer of EL,M over  2 H, a suitable hypoth-

esis space of functions on R+, with dim(H) = n (with n = n(M)):

�̂L,M,H := arg min
 2H

EL,M ( ) .
<latexit sha1_base64="Ewecu8oqLAXfgP4v/T8MR0ljGF0="></latexit>

For H linear subspace, this is a least squares problem (Gauss, Legendre). We
want a large H to reduce bias, but not too large as that increases the number
of parameters to be estimated for a given amount of data, and therefore the
variance of the estimator.



Coercivity condition
<latexit sha1_base64="9s1ejGg3TTBR7oCXGWgSRADs63Y="></latexit>

EL,M ( ) :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f (x

(m)
i (tl))

��2,

�̂L,M,H := arg min
 2H

EL,M ( ) .
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Lemma. Coercivity =) unique minimizer of limM!+1 EL,M ( ) over  2 H
<latexit sha1_base64="cD9K9zQmprS0krgXHSjrzatHUw4="></latexit>

 � � 2 H =) cL,N,H|| (·) ·��(·) · ||2L2(⇢L
T )  EL,1( )

<latexit sha1_base64="ESkczjmyANO36+CHd8Pq6Bz4FYM="></latexit>

cL,N,H also controls the condition number of the LS problem for �̂L,M,H.

<latexit sha1_base64="CD01MkgLP0hZtfRAi3iL1doz2XQ="></latexit>

We shall assume that the unknown interaction kernel � is in the admissible class
KR,S := { 2 C1(R+) : supp. ⇢ [0, R], supr2[0,R] | (r)|+ | 0(r)|  S}.

<latexit sha1_base64="2IhimBCQ0L6HYeA4ChLtTYyU2Tc="></latexit>

Coercivity condition: 9cL,N,H > 0 s.t. 8 :  (·)· 2 H, rii0 := xi � xi0

cL,N,Hk (·) · k2L2(⇢L
T )

1

NL

L,NX

l,i=1

E
����
1

N

NX

i0=1

 (||rii0(tl)||)rii0(tl)

����
2

.



Bias/variance trade-off
EL,M (') :=

1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2,

�̂L,M,H := arg min
'2H

EL,M (') .
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H
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L2(⇢LT )
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�
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bias

variance
PH�
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bias

variance

Pick dimH an increasing function of M ,
to attain the minimum of the sum of
bias (squared) and variance.
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+ coercivity
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decreases as dimH increases; depends only on
approximation properties of H

<latexit sha1_base64="B7nOwL5uGOtRZCc032SSun24waQ="></latexit> KR,S
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Unlike regression, we do not have access to values of �, but only observations
that are linear functions (via f�) of �; coercivity implies stable invertibility.

<latexit sha1_base64="uS6A5mVxmEtYGoNSauMKNl8NmoU="></latexit>

increases as dimH increases, for fixed M ;
measures randomness of �̂L,M,H 2 H
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�̂L,M,H 2 H



Main Theorem (first order systems)

<latexit sha1_base64="5b7fIMpyf/b37t2k+YxK09dcE6E="></latexit>

In the end solving the minimization problem is a least-squares problem in n = n⇤
dimensions. Algorithms for constructing the LS matrix and computing the
estimator run in time O(N2

Ld ·M +Mn
2
⇤) (online versions also possible).

<latexit sha1_base64="iGgcuLcajjPCvBWlJK7gdKpQz14="></latexit>

this is just the function that,
evaluated at r, gives �(r)r

Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1
[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM

M

◆ s
2s+1

.
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In the examples we choose Hn to be the space of piecewise linear functions on a
uniform partition of cardinality n of [0, Rmax] (estimated supp.⇢TL), for n = n⇤.
Fourier, wavelets, etc...would be other natural choices.

<latexit sha1_base64="YLDSFe0otd4UE9lqjTwVPpxSEZo="></latexit>

this is an occupancy measure
for pairwise distances, over trajectories

<latexit sha1_base64="74fwD2BshtlZrBg8oV7p5AeTT48="></latexit>

coercivity constant: it is a crucial
parameter controlling how well-conditioned
the inverse problem is. Depends on the system.

<latexit sha1_base64="rUSTEUdJS3EvtekBikT/lIsXTiA="></latexit>

· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L. Numerical examples suggest that the
e↵ective sample size can be LM = #obs; but that cannot be always true.



Errors on trajectories

Proposition. Assume b�(k · k)· 2 Lip(Rd), with Lipschitz constant CLip. Let
bX(t) and X(t) be the solutions of systems with kernels b� and � respectively,
started from the same initial condition. Then for each trajectory

sup
t2[0,T ]

kbX(t)�X(t)k2  2Te8T
2C2

Lip

Z T

0

���Ẋ(t)� f�̂(X(t))
���
2
dt ,

and on average w.r.t. the distribution µ0 of initial conditions:

Eµ0 [ sup
t2[0,T ]

kbX(t)�X(t)k]  C(T,CLip)
p
Nk�̂(·) ·��(·) · kL2(⇢T ) ,

where C(T,CLip) is a constant depending on T and CLip.
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Standard arguments yield bounds on the distance between trajectories of the
true system and those of the system driven by the estimated interaction kernel.

quantity controlled by theorem on learning ratedistances between trajectories



Overview
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• Inference problem for interaction kernels

– Problem setup

– Proposed estimator

– Regularized Least Squares

– Performance guarantees

• Examples and Extensions:

– Second order systems

– Emergent behaviors

– Stochastic systems

• Learning the interaction network

• Conclusions



Example: 2nd order systems

one kernel for each
pair of interacting
agent types

<latexit sha1_base64="muRFygvBj1NFWk+bsO0XQ2/PECY="></latexit>

simple environment
(food, light, ...)
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energy and alignment
interactions

<latexit sha1_base64="5g8RnNVusad3CMzqWjvqPR9pSSE=">AAACH3icbVDLSgMxFM3UVx1foy7dBIvgqswU8bEruHFZwT6gLSWTuW1DM8mQZIRS+idu/BU3LhQRd/0bM+2A2nogcDjn3pt7T5hwpo3vz5zC2vrG5lZx293Z3ds/8A6PGlqmikKdSi5VKyQaOBNQN8xwaCUKSBxyaIaj28xvPoLSTIoHM06gG5OBYH1GibFSz7vsCMlEBMJgEKAGY0xEhAlnAxFb0XV/fCYMKEKzPt3zSn7ZnwOvkiAnJZSj1vO+OpGkaTaTcqJ1O/AT050QZRjlMHU7qYaE0BEZQNtSQWLQ3cn8vik+s0qE+1LZZxeZq787JiTWehyHtjImZqiXvUz8z2unpn/dnTCRpAYEXXzUTzk2Emdh4YgpoIaPLSFUMbsrpkOShWAjdW0IwfLJq6RRKQcX5Zv7Sqnq53EU0Qk6RecoQFeoiu5QDdURRU/oBb2hd+fZeXU+nM9FacHJe47RHzizb67wo1g=</latexit>

<latexit sha1_base64="O/OUn6PUTHBpe9s35DhhHb7o4PU="></latexit>

�E
kiki0

vs. �̂E
kiki0

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="AFKT3hv2h7/JyVMFqrLCRbYgwkw="></latexit>

2nd order Prey-Predator system: the interaction kernels and ⇢TL’s.



Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s="></latexit>

Examples: prey-predator systems

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Examples: prey-predator systems

Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Emerging behaviors
Organized collecting stable patterns at large spatial/temporal scale.

Simple, local interaction kernels can learn to complex, organized behavior.

Most of the above is ill-defined, and quotes needed a.e.

Examples include flocking of bird, milling of fish, synchronization in systems of

oscillators (neurons, frogs, ...), etc...
<latexit sha1_base64="rvZNSTGr0gh2/B8wi1PrIE5JQFA="></latexit>

In general di�cult to characterize and predict; however if robust, we may hope
to recover them with systems driven by estimated interaction kernels.

<latexit sha1_base64="QVo14/EGvNGK7/ItHC5slFu9Gjg="></latexit>

BBC Blue PlanetFelix Munoz, https://www.youtube.com/watch?v=OxYn3e_imhA

Ming Zhong, 
Jason Miller

<latexit sha1_base64="pLDitNLc4xwe9XLqdipBM9XsuEs="></latexit>

Not only we are often able to recover them in general, but even predict them
correctly for each initial condition, with good probability of success.

https://www.youtube.com/watch?v=15B8qN9dre4


Emerging behaviors: flocking (*) F. Cucker, J. G. Dong,
Avoiding collisions in flocks,
IEEE Transactions on
Automatic Control, 2010.

<latexit sha1_base64="PoOe9utUW21xkDXZcHGsz/dOMmM="></latexit>

<latexit sha1_base64="JAZkw9TKS7Q6Xyg4d4agPcR8Cps="></latexit>

The governing equations of Cucker-Smale-Dong (*) dynamics,

ẍi = �bi(t)ẋi +

NX

i0=1

⇥
ai,i0(x)(ẋi0 � ẋi) + f(||xi � xi0 ||2)(xi0 � xi)

⇤
.

Here ai,i0(x) = H(1 + ||xi0 � xi||2)��
; bi : [0,1) ! [0,1) is a bounded and

uniformly continuous damping function, and f : (�,1) ! [0,1) is a non-

increasing C1
repulsion function integrable at +1.

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="+OoJN4xYddTsf/EfPtiQHFKPeYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhP9GFLDpVDcR4GSP6aa0ziUvBtObud+94lrIxL1gNOUBzEdKREJRtFKPmoq1KBac+vuAmSdeAWpQYH2oPrVHyYsi7lCJqkxPc9NMcipRsEkn1X6meEpZRM64j1LFY25CfLFsTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6CXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddJp1L2revO+UWs1izjKcAbncAkeXEML7qANPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3A+fwD8A47D</latexit>

tr
ai
n

<latexit sha1_base64="eH79CoheFxuWNCSt45uaOq1MMC4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumtwu/94RK81g+mFmCfkTHkoecUZNLqM2wWnPrbg6yTryC1KBAe1j9GoxilkYoDRNU677nJsbPqDKcCZxXBqnGhLIpHWPfUkkj1H6W3zonF1YZkTBWtqQhufp7IqOR1rMosJ0RNRO96i3E/7x+asIbP+MySQ1KtlwUpoKYmCweJyOukBkxs4Qyxe2thE2ooszYeCo2BG/15XXSbdS9q3rzvlFrNYs4ynAG53AJHlxDC+6gDR1gMIFneIU3J3JenHfnY9lacoqZU/gD5/MHRumOWw==</latexit>

te
st



Emerging behaviors: anticipation & flocking
(*) R. Shu and E. Tadmor,
Anticipation breeds alignment.
arXiv:1905.00633

<latexit sha1_base64="bmf5II5dssO9I3ftLUoP+R7KTL4="></latexit>

ẍi =
1

N

NX

i0=1,i0 6=i

⌧U 0(||xi0 � xi||)
||xi0 � xi||

(ẋi0 � ẋi)

+
1

N

NX

i0=1,i0 6=i

n�⌧U 0(||xi0 � xi||)(xi0 � xi) · (ẋi0 � ẋi)

||xi0 � xi||3

+
⌧U 00(||xi0 � xi||)(xi0 � xi) · (ẋi0 � ẋi)

||xi0 � xi||2
+

U 0(||xi0 � xi||)
||xi0 � xi||

o
(xi0 � xi).

<latexit sha1_base64="H+s4Izuu+gzY16ZyaSa9o4MzYFM="></latexit>

U(r) = r1.5/1.5

<latexit sha1_base64="bnRq9ibWI4F75oBAlvlCFmpFBVY="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="+OoJN4xYddTsf/EfPtiQHFKPeYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhP9GFLDpVDcR4GSP6aa0ziUvBtObud+94lrIxL1gNOUBzEdKREJRtFKPmoq1KBac+vuAmSdeAWpQYH2oPrVHyYsi7lCJqkxPc9NMcipRsEkn1X6meEpZRM64j1LFY25CfLFsTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6CXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddJp1L2revO+UWs1izjKcAbncAkeXEML7qANPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3A+fwD8A47D</latexit>

tr
ai
n

<latexit sha1_base64="eH79CoheFxuWNCSt45uaOq1MMC4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumtwu/94RK81g+mFmCfkTHkoecUZNLqM2wWnPrbg6yTryC1KBAe1j9GoxilkYoDRNU677nJsbPqDKcCZxXBqnGhLIpHWPfUkkj1H6W3zonF1YZkTBWtqQhufp7IqOR1rMosJ0RNRO96i3E/7x+asIbP+MySQ1KtlwUpoKYmCweJyOukBkxs4Qyxe2thE2ooszYeCo2BG/15XXSbdS9q3rzvlFrNYs4ynAG53AJHlxDC+6gDR1gMIFneIU3J3JenHfnY9lacoqZU/gD5/MHRumOWw==</latexit>

te
st



Emerging behaviors: Fish mill patterns
(*) Y. Li Chuang, M. R. D’Orsogna,

D. Marthaler, A. L. Bertozzi, L. S.

Chayes, Physica D: Nonlinear Phe-

nomena 232 (2007)
<latexit sha1_base64="MWbgJViP+MoRi1wOdzvoErF1cn8="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)

<latexit sha1_base64="eVCa6PS4qBGU2B32vEUJyGKY1LY="></latexit>

The governing equations of fish milling dynamics in R2 of (*) are

miẍi = ↵ẋi � �||ẋi||2ẋi �
X

i0
r2U(xi,xi0) ,

with U(xi, ·) is a potential for the interaction of the ith agent with the other
agents: U(xi,xi0) = (�Cae�||xi�xi0 ||/`a + Cre�||xi�xi0 ||/`r ).

<latexit sha1_base64="+OoJN4xYddTsf/EfPtiQHFKPeYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4rmFZoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSMUmmGfdZIhP9GFLDpVDcR4GSP6aa0ziUvBtObud+94lrIxL1gNOUBzEdKREJRtFKPmoq1KBac+vuAmSdeAWpQYH2oPrVHyYsi7lCJqkxPc9NMcipRsEkn1X6meEpZRM64j1LFY25CfLFsTNyYZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6CXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/XlddJp1L2revO+UWs1izjKcAbncAkeXEML7qANPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3A+fwD8A47D</latexit>

tr
ai
n

<latexit sha1_base64="eH79CoheFxuWNCSt45uaOq1MMC4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+he8eFDEq3/Im//GbZqDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumtwu/94RK81g+mFmCfkTHkoecUZNLqM2wWnPrbg6yTryC1KBAe1j9GoxilkYoDRNU677nJsbPqDKcCZxXBqnGhLIpHWPfUkkj1H6W3zonF1YZkTBWtqQhufp7IqOR1rMosJ0RNRO96i3E/7x+asIbP+MySQ1KtlwUpoKYmCweJyOukBkxs4Qyxe2thE2ooszYeCo2BG/15XXSbdS9q3rzvlFrNYs4ynAG53AJHlxDC+6gDR1gMIFneIU3J3JenHfnY9lacoqZU/gD5/MHRumOWw==</latexit>

te
st



Interacting particles on manifolds
<latexit sha1_base64="IcDacmCh/VEjWROcM60ZMtBdKyQ="></latexit>

Generalization to manifolds:

· distances ! geodesic distances

· (xi0 � xi)/||xi0 � xi|| !
direction of tangent to geodesic
from xi to xi0 at xi.

<latexit sha1_base64="D7vab39rMrq413b8AI5Ykz712Zs="></latexit>

Prey-predator system on...

<latexit sha1_base64="XnIAjL9IZzgRDvJ7gBDzv3pvZ5E="></latexit>

S2

<latexit sha1_base64="CY2+byFiKO777L21uIxJ3s3paJc="></latexit> P
oi
n
ca
ré

d
is
k

<latexit sha1_base64="DDNsm4GCrVyVppTmoNQOWxqWOv8="></latexit>

MM, J. Miller, H. Qiu, M. Zhong,

Learning Interaction Kernels for Agent
Systems on Riemannian Manifolds,
ICML 2021



The Stochastic case

<latexit sha1_base64="GFgTmvk74Vr+a2fMICpDRxyik5k=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZmpoC4LblxWsA/oDCWTybShmSQkGbGULt34K25cKOLWT3Dn35hOZ6GtBwKHc+69ufdEklFtPO/bKa2srq1vlDcrW9s7u3vu/kFbi0xh0sKCCdWNkCaMctIy1DDSlYqgNGKkE42uZ37nnihNBb8zY0nCFA04TShGxkp99zjggvKYcAORlEo80DR3ggASpYTqu1Wv5uWAy8QvSBUUaPbdryAWOEvtRMyQ1j3fkyacIGUoZmRaCTJNJMIjNCA9SzlKiQ4n+SFTeGqVGCZC2Wc3ytXfHROUaj1OI1tp1xzqRW8m/uf1MpNchRPKZWYIx/OPkoxBI+AsFRhTRbBhY0sQVtTuCvEQKYSNza5iQ/AXT14m7XrNv6id39arDa+IowyOwAk4Az64BA1wA5qgBTB4BM/gFbw5T86L8+58zEtLTtFzCP7A+fwBhiSaPQ==</latexit>

approximation
error

<latexit sha1_base64="7u2/CJ49QvSN12moR7Xfc76ewDg=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclZkK6rLgxmUF+4DOUDKZO21oJhmSjFBKV278FTcuFHHrN7jzb0zbWWjrgcDhnHtv7j1Rxpk2nvftrKyurW9slrbK2zu7e/vuwWFLy1xRaFLJpepERANnApqGGQ6dTAFJIw7taHgz9dsPoDST4t6MMghT0hcsYZQYK/Xck0BIJmIQBmtjNW2sxYMAg1JS9dyKV/VmwMvEL0gFFWj03K8gljRP7TzKidZd38tMOCbKjuUwKQe5hozQIelD11JBUtDheHbGBJ9ZJcaJVPbZfWbq744xSbUepZGtTIkZ6EVvKv7ndXOTXIdjJrLcgKDzj5KcYyPxNBMcMwXU8JElhCpmd8V0QBShxiZXtiH4iycvk1at6l9WL+5qlbpXxFFCx+gUnSMfXaE6ukUN1EQUPaJn9IrenCfnxXl3PualK07Rc4T+wPn8AcaHmUM=</latexit>

statistical
error

<latexit sha1_base64="mBR7SIaaJ4vg8YmZdMqnQSm8DbI=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuykwFdVlw47KCfUCnlEzmThuaSYYkI9TSrRt/xY0LRdz6B+78G9PpLLT1QOBwzr03954w5Uwbz/t2VlbX1jc2S1vl7Z3dvX334LClZaYoNKnkUnVCooEzAU3DDIdOqoAkIYd2OLqe+e17UJpJcWfGKfQSMhAsZpQYK/VdHAjJRATC4IhpqsCwh9wKAgxKSdV3K17Vy4GXiV+QCirQ6LtfQSRpltiRlBOtu76Xmt6EKMMoh2k5yDSkhI7IALqWCpKA7k3yS6b41CoRjqWyz66Uq787JiTRepyEtjIhZqgXvZn4n9fNTHzVmzCRZgYEnX8UZxwbiWex2OMVUMPHlhCqmN0V0yFRhBobXtmG4C+evExatap/UT2/rVXqXhFHCR2jE3SGfHSJ6ugGNVATUfSIntErenOenBfn3fmYl644Rc8R+gPn8wdKQZqo</latexit>

discretization
error

<latexit sha1_base64="H7b/He8thckj3WCvBB16w65KgBE="></latexit>

We have also generalized these results to the stochastic case

dxi,t =
1

N

NX

i0=1

�(kxi0,t � xi,tk)(xi0,t � xi,t)dt+ �dBi,t .

Joint work with F. Lu and S. Tang, Learning interaction kernels in stochastic
systems of interacting particles from multiple trajectories, FOCM, 2021.

<latexit sha1_base64="+hO5h+hJdAXQv2lEQ32rFZcE7nc="></latexit>

Note that in the stochastic case we do not (cannot!) observe velocities, but only
positions. We have studied carefully the dependence on the observation time
gap �t := tl+1 � tl = T/L:

||�̂L,T,M,H � �||L2(⇢T )  ||�̂T,1,H � �||L2(⇢T ) + C

 r
n

M
+

r
T

L

!
,

where �̂T,1,H is the projection of the true kernel � onto H.



�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�̂

<latexit sha1_base64="17bsBR0Ki18lQ2beOHaiTNFSXPQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKogcPBS8eK9gPbELZbDfN0s0m7E6EUvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCAVXKPjfFuFtfWNza3idmlnd2//oHx41NZJpihr0UQkqhsQzQSXrIUcBeumipE4EKwTjG5nfueJKc0T+YDjlPkxGUoeckrQSI9VLyLopRGv9ssVp+bMYa8SNycVyNHsl7+8QUKzmEmkgmjdc50U/QlRyKlg05KXaZYSOiJD1jNUkphpfzK/eGqfGWVgh4kyJdGeq78nJiTWehwHpjMmGOllbyb+5/UyDK/9CZdphkzSxaIwEzYm9ux9e8AVoyjGhhCquLnVphFRhKIJqWRCcJdfXiXtes29qF3e1yuNmzyOIpzAKZyDC1fQgDtoQgsoSHiGV3iztPVivVsfi9aClc8cwx9Ynz/XoJBc</latexit>

Stochastic opinion dynamics
�̂

<latexit sha1_base64="17bsBR0Ki18lQ2beOHaiTNFSXPQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKogcPBS8eK9gPbELZbDfN0s0m7E6EUvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCAVXKPjfFuFtfWNza3idmlnd2//oHx41NZJpihr0UQkqhsQzQSXrIUcBeumipE4EKwTjG5nfueJKc0T+YDjlPkxGUoeckrQSI9VLyLopRGv9ssVp+bMYa8SNycVyNHsl7+8QUKzmEmkgmjdc50U/QlRyKlg05KXaZYSOiJD1jNUkphpfzK/eGqfGWVgh4kyJdGeq78nJiTWehwHpjMmGOllbyb+5/UyDK/9CZdphkzSxaIwEzYm9ux9e8AVoyjGhhCquLnVphFRhKIJqWRCcJdfXiXtes29qF3e1yuNmzyOIpzAKZyDC1fQgDtoQgsoSHiGV3iztPVivVsfi9aClc8cwx9Ynz/XoJBc</latexit>

<latexit sha1_base64="nUC0aIAx75U61gvVOzMD2UXYSNA=">AAAB8nicbVA9SwNBEJ3zM8avqKXNYhCswl0KtQyk0S6C+YDkCHubTbJkb/fYnRPCkZ9hY6GIrb/Gzn/jJrlCEx8MPN6bYWZelEhh0fe/vY3Nre2d3cJecf/g8Oi4dHLasjo1jDeZltp0Imq5FIo3UaDkncRwGkeSt6NJfe63n7ixQqtHnCY8jOlIiaFgFJ3U1YqgoUKR+3q/VPYr/gJknQQ5KUOORr/01RtolsZcIZPU2m7gJxhm1KBgks+KvdTyhLIJHfGuo4rG3IbZ4uQZuXTKgAy1caWQLNTfExmNrZ3GkeuMKY7tqjcX//O6KQ5vw0yoJEWu2HLRMJUENZn/TwbCcIZy6ghlRrhbCRtTQxm6lIouhGD15XXSqlaC64r/UC3XqnkcBTiHC7iCAG6gBnfQgCYw0PAMr/DmoffivXsfy9YNL585gz/wPn8AbD6Qog==</latexit>

on
tr
ai
n
IC

<latexit sha1_base64="gsIDDYy6sB/L/syZUoJSFrzHNlo=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFoNgFe5SqGUgjXYRzAcmR9jbzCVL9vaO3TkhHPkXNhaK2Ppv7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSKGghQIldBMNLAokdIJJY+53nkAbEasHnCbgR2ykRCg4Qys9xooiGKR3jUG54lbdBeg68XJSITmag/JXfxjzNAKFXDJjep6boJ8xjYJLmJX6qYGE8QkbQc9SxSIwfra4eEYvrDKkYaxtKaQL9fdExiJjplFgOyOGY7PqzcX/vF6K4Y2fCZWkCIovF4WppBjT+ft0KDRwlFNLGNfC3kr5mGnG0YZUsiF4qy+vk3at6l1V3ftapV7L4yiSM3JOLolHrkmd3JImaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7A+fwBtPKQOg==</latexit>

on
te
st

IC

<latexit sha1_base64="zC5ApmJsHdUN1EE/a96DoACYkZ0=">AAAB/HicbVBNTwIxFHyLX4hfqxy9NIKJJ7LLQT2SePGIiYAJbEi3dKGh7W7arslmg3/FiweN8eoP8ea/scAeFJykyWTmTd7rhAln2njet1Pa2Nza3invVvb2Dw6P3OOTro5TRWiHxDxWDyHWlDNJO4YZTh8SRbEIOe2F05u533ukSrNY3pssoYHAY8kiRrCx0tCt1geajQWuIyaJDWomx0O35jW8BdA68QtSgwLtofs1GMUkFVQawrHWfd9LTJBjZRjhdFYZpJommEzxmPYtlVhQHeSL42fo3CojFMXKPmnQQv2dyLHQOhOhnRTYTPSqNxf/8/qpia6DnMkkNVSS5aIo5cjEaN4EGjFFieGZJZgoZm9FZIIVJsb2VbEl+KtfXifdZsO/bHh3zVqrWdRRhlM4gwvw4QpacAtt6ACBDJ7hFd6cJ+fFeXc+lqMlp8hU4Q+czx8JwpRU</latexit>

� increasing

<latexit sha1_base64="s2JSPVM+T+k6z66YvZnlrKZDtYU=">AAAB9XicbVC7SgNBFL0bXzG+opY2g4lgFXZTqGXAxkaIYB6QrGF2cjcZMju7zMwqIeQ/bCwUsfVf7PwbJ8kWmnhg4HDOPdw7J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3zW4+oNI/lvRkn6Ed0IHnIGTVWeijflgmXzCY0l4NeseRW3DnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn86un5MwqfRLGyj5pyFz9nZjQSOtxFNjJiJqhXvZm4n9eJzXhlT/hMkkNSrZYFKaCmJjMKiB9rpAZMbaEMsXtrYQNqaLM2KIKtgRv+curpFmteBcV965aqlWzOvJwAqdwDh5cQg1uoA4NYKDgGV7hzXlyXpx352MxmnOyzDH8gfP5A396kdE=</latexit> M
in
cr
ea
si
n
g



Stochastic Lennard-Jones

<latexit sha1_base64="zC5ApmJsHdUN1EE/a96DoACYkZ0=">AAAB/HicbVBNTwIxFHyLX4hfqxy9NIKJJ7LLQT2SePGIiYAJbEi3dKGh7W7arslmg3/FiweN8eoP8ea/scAeFJykyWTmTd7rhAln2njet1Pa2Nza3invVvb2Dw6P3OOTro5TRWiHxDxWDyHWlDNJO4YZTh8SRbEIOe2F05u533ukSrNY3pssoYHAY8kiRrCx0tCt1geajQWuIyaJDWomx0O35jW8BdA68QtSgwLtofs1GMUkFVQawrHWfd9LTJBjZRjhdFYZpJommEzxmPYtlVhQHeSL42fo3CojFMXKPmnQQv2dyLHQOhOhnRTYTPSqNxf/8/qpia6DnMkkNVSS5aIo5cjEaN4EGjFFieGZJZgoZm9FZIIVJsb2VbEl+KtfXifdZsO/bHh3zVqrWdRRhlM4gwvw4QpacAtt6ACBDJ7hFd6cJ+fFeXc+lqMlp8hU4Q+czx8JwpRU</latexit>

� increasing

<latexit sha1_base64="s2JSPVM+T+k6z66YvZnlrKZDtYU=">AAAB9XicbVC7SgNBFL0bXzG+opY2g4lgFXZTqGXAxkaIYB6QrGF2cjcZMju7zMwqIeQ/bCwUsfVf7PwbJ8kWmnhg4HDOPdw7J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3zW4+oNI/lvRkn6Ed0IHnIGTVWeijflgmXzCY0l4NeseRW3DnIKvEyUoIM9V7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn86un5MwqfRLGyj5pyFz9nZjQSOtxFNjJiJqhXvZm4n9eJzXhlT/hMkkNSrZYFKaCmJjMKiB9rpAZMbaEMsXtrYQNqaLM2KIKtgRv+curpFmteBcV965aqlWzOvJwAqdwDh5cQg1uoA4NYKDgGV7hzXlyXpx352MxmnOyzDH8gfP5A396kdE=</latexit> M
in
cr
ea
si
n
g



�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�

<latexit sha1_base64="kZYWSV5YJ1IH8FYTjcWh+pDGquo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFRQuLgI1lBPMByRH2NnvJmr3dY3dPCEf+g42FIrb+Hzv/jXvJFZr4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLnN/M4TVZpJ8WCmMfUjPBIsZAQbK7Wr/XjMqoNyxa25c6BV4uWkAjmag/JXfyhJElFhCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVOCIaj+dXztDZ1YZolAqW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIRJ4YKslgUJhwZibLX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf88ipp12veRe3yvl5p3ORxFOEETuEcPLiCBtxBE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPzPmOmw==</latexit>

�̂

<latexit sha1_base64="17bsBR0Ki18lQ2beOHaiTNFSXPQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKogcPBS8eK9gPbELZbDfN0s0m7E6EUvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCAVXKPjfFuFtfWNza3idmlnd2//oHx41NZJpihr0UQkqhsQzQSXrIUcBeumipE4EKwTjG5nfueJKc0T+YDjlPkxGUoeckrQSI9VLyLopRGv9ssVp+bMYa8SNycVyNHsl7+8QUKzmEmkgmjdc50U/QlRyKlg05KXaZYSOiJD1jNUkphpfzK/eGqfGWVgh4kyJdGeq78nJiTWehwHpjMmGOllbyb+5/UyDK/9CZdphkzSxaIwEzYm9ux9e8AVoyjGhhCquLnVphFRhKIJqWRCcJdfXiXtes29qF3e1yuNmzyOIpzAKZyDC1fQgDtoQgsoSHiGV3iztPVivVsfi9aClc8cwx9Ynz/XoJBc</latexit>
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Deterministic ALS stage. The rows of a and the vector c are estimated via a
joint factorization of the matrices of the estimated vectors {bzi,M}, denoted by
bZi,M , with a shared vector c:

(baM ,bcM ) = argmina2M, c2RpE(a, c) :=
NX

i=1

���bZi,M � a>i,·c
>
���
2

F



Theoretical results
<latexit sha1_base64="b81DL8/CrYJ2DMqLYIZ/iKK15+w="></latexit>

The system satisfies a rank-2 joint coercivity condition on H if 9 cH > 0
s.t. 8�1,�2 2 H with h�1,�2iL2(⇢L) = 0, 8a(1),a(2) 2 M and 8 i 2 [N ]

1

L

L�1X

l=0

E
����

X

j 6=i

[a(1)ij �1(rij(tl))+a(2)ij �2(rij(tl))]

����
2�

� cH
h
|a(1)i· |

2
k�1k

2
⇢L

+ |a(2)i· |
2
k�2k

2
⇢L

i

<latexit sha1_base64="CqKuFr0Wld3sji7Pi+kVjyZ7mA8="></latexit>

uniqueness of the minimizer for M = 1,
solution of EL,1(a,�) = 0.
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Convergence & sampling
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Top: Estimation errors as a function of M (all other parameters fixed), for ALS and ORALS, for

a random Fourier interaction kernel with p = 16, N = 32, L = 2. In the small and medium sample

regime, between the two vertical bars, ALS significantly and consistently outperforms ORALS; for

large sample sizes, the two estimators have similar performance.
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“Leaders”: consider the feature Li = ↵kai·k`1 + �ka·ik`1 , with ↵+ � = 1. With ↵ � �, clustering
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with �(x) = � 1(x)� 0.1 2(x), where  1(x) = 1{x1},  2(x) = 1{1<x1.5}.
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Estimation of two types of kernels: short range and long range. The first panel shows the error
decay with respect to iteration numbers. The algorithm using K-means decays faster and reaches
lower errors than the algorithm without K-means. The right two columns show the estimation
result of the two kernels. The classification is correct for both of the algorithms, and the one with
K-means yields more accurate estimators, particularly for the kernel Type 1.

Particles of different types: example
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 : [N ] ! [Q], with Q = 2, with �1 short-range, and �2 long-range.



Conclusions and further work
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• Learning interaction kernels in particle systems may be performed e!-
ciently, nonparametrically, without curse of dimensionality of the state
space...

• ...also on networks, with particles of di”erent types, with interaction ker-
nels, networks and types all unknown.

• Generalizations: 1st- and 2nd-order, multi-type, stochastic; learning vari-
ables; more general interaction kernels.

• many open problems and many connected techniques: singular kernels,
learning variables inside interaction kernels; estimators that use weak for-
mulations; robustness w.r.t. observational noise and mis-specified models;
better connections to mean field equations; uncertainty quantification;
learning controls; ternary kernels and beyond; anomaly detection.
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