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Modeling
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Modeling

U = wiu + wou?
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Data-Driven
Sparse Identification

& Estimation




Equation Error vs. Output/Solution Error

@ Greenberg, NACA TN 2340, 1951.
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@ Plug data U into DE

Opu = w1 f1(u) + wa fo(u) + - -

B _ _ T
bi= | 80 a4V - BU |

[0 fo(Un) -+ fr(Uh)
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@ Plug in data U and solve Equation-Error (EE) linear least squares
problem
min ||Gw — b||

@ FAST, but VERY sensitive to noise.



Equation Error vs. Output/Solution Error

@ Greenberg, NACA TN 2340, 1951.
@ Plug data U into DE

Opu = w1 f1(u) + wa fo(u) + - -

B _ _ T
bi= | 80 a4V - BU |

[0 fo(Un) -+ fr(Uh)

U U
G = [fs(Ui)l;y = fl(. 2 fQF ?)
f1lUm) - Jr(Un)
@ Plug in data U and solve Equation-Error (EE) linear least squares

problem
min ||Gw — b||

@ FAST, but VERY sensitive to noise.
@ Advances in OE methods.



SINDy: Brunton, Proctor, Kutz, PNAS (2016)

Consider a Differential Equation

Ou = G(u)w*

with an uber-model matrix

G(u) = ’l‘t alu amLu . | . u@Lu uamg'u .. ] ,
o b |
Q evaluateat U
@ solve a sparse regression problem for weights w*:
& = argmin,, ||G(U)w — 3,U|% + A |wll,
PROBLEM!
@ Approximating derivatives is unstable:
2
E [0 — Af(u+e)2] =0 (;?2%»)
@ True solution u(z, t) may not be smooth



WSINDy: Messenger & Bortz, (MMS, JCP}, 2021

Consider

8,J
O = G(u)w* — Dy = Z W;’jDasfj(u) 1)

s,j=1




WSINDy: Messenger & Bortz, (MMS, JCP}, 2021

Consider

8,J
Ou = G(u)w* — Dy = Z W;’jDasfj(u) 1)

s,j=1

@ Interpret PDE in a weak sense: Vi) € CL“',
S,J

()" u) = 3 wi; (C)ID*w fiw) @)

s,5=1



WSINDy: Messenger & Bortz, (MMS, JCP}, 2021

Consider

8,J
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WSINDy: Messenger & Bortz, (MMS, JCP}, 2021

Consider

8,J
Ou = G(u)w* — Dy = Z W;)jDasfj(u) 1)

s,j=1

@ Interpret PDE in a weak sense: Vi) € CL“',
S,J
0 0 s s
()" ) = 37 wi, ()10, fiw) @)
s,j=1
@ For test functions (¢ )1<k<k, evaluate (2) at U
by = <(_1)|a0\Da0wk7U> ’ Gk,(jfl)SJrs = <(_1)|a5|Das’ka,fj(U)>
@ Solve sparse regression problem for weights w*:
& = argmin,, | Gw — b[|2 + X2 |wl|,



Test Functions
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Test Functions
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@ Choose function space: radius, smoothness, shape, spectrum, ...
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Test Functions

stwan = (1-(2)") ©
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WSINDy: Interpretable AI?
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Performance



Lorenz 10% noise ||w — w*||, / ||w*||, = 0.0084

Observed Data
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DAM & DMB, MMS 19(3):1474-1497, 2021.
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Lorenz 10% noise ||w — w*||, / ||w*||, = 0.0084

Observed Data
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DAM & DMB, MMS 19(3):1474-1497, 2021.
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shinsky wu;

100
t

Noise-free 50% Noise
Noise level | Max. Coefficient Error | Identification Rate
0% 8.1x 1077 100%
25% 0.017 100%
50% 0.070 100%
100% 0.31 96.1%

DAM & DMB, JCompPhys, 443:110525, Oct. 2021
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WSINDy Computational Cost

[ PDE H U (MB) [ U (dim) [ G (dim) [ nz(w*) [ Walltime (s) ]

1B 0.5 256 X 256 784 x 43 1 0.12

KS 0.6 256 x 301 1,806 x 43 3 0.24
Kdv 1.9 400 x 601 1,443 x 43 2 0.39
NLS 1.0 2 X 256 x 251 1,804 x 190 6 2.5

NS 233 3 X 324 x 149 x 201 3,872 x 50 4 12

PM 41 200 x 200 x 128 4,608 x 65 3 16

SG 85 129 x 403 x 205 13,000 x 73 3 29

RD 211 2 X 256 x 256 x 201 11,638 x 181 14 75

2011 Intel i7-2670QM CPU

DAM & DMB, JCompPhys, 443:110525, Oct. 2021
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WSINDy Computational Cost

[ PDE H U (MB) [ U (dim) [ G (dim) [ nz(w*) [ Walltime (s) ]

1B 0.5 256 X 256 784 x 43 1 0.12

KS 0.6 256 x 301 1,806 x 43 3 0.24
Kdv 1.9 400 x 601 1,443 x 43 2 0.39
NLS 1.0 2 X 256 x 251 1,804 x 190 6 2.5

NS 233 3 X 324 x 149 x 201 3,872 x 50 4 12

PM 41 200 x 200 x 128 4,608 x 65 3 16

SG 85 129 x 403 x 205 13,000 x 73 3 29

RD 211 2 X 256 x 256 x 201 11,638 x 181 14 75

2011 Intel i7-2670QM CPU

DAM & DMB, JCompPhys, 443:110525, Oct. 2021

o Comparison?
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Application:
Interacting Particle Systems



Wound Healing (Nardini et al., JTB, 2016)

Identified advection-diffusion PDE: ‘ Ou =V - (ua(u))+AD(u) ‘

Time = 47.6 hrs
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WT_E3.avi
Media File (video/avi)


WT_E3_sim_2.avi
Media File (video/avi)


1st Order (DAM & DMB, PhysD, 2022)

Mean field equations from particle trajectory data

N
i 1 i j
dxt>:(_NZVK(X§>_X§J>) YV (x! ))dt+0<xf )dB"
—

Histogram for atoms By;:

/ Gz, y)dpy (y)
D

1 \
N =00 | =V - (VK # ) + V- (eVV) + 5 D 0, (007 )i5)

i,J
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morseIPS_01-Jun-2022.avi
Media File (video/avi)


1st Order (DAM & DMB, PhysD, 2022)

Mean field equations from particle trajectory data

N
i 1 7 i i (. (7) i
dxg ) = (— N g VK(XE ) X]EJ)) - VV(XE )))dtJr o(x\")dB"

Histogram for atoms Bj:

/ Gz, y)dpy (y)
D

Glaw) = Y 11 )15,
k

Weak form needs fewer
particles and avoids problems
with small bin widths.

1 ) .
N —=oo: |0 =V (VK *xpu)+V-(uVV)+ 5 Z (')_,./_,.J((\(I(T/ Jijhit)

(2]




morseIPS_01-Jun-2022.avi
Media File (video/avi)


1st Order (DAM & DMB, PhysD, 2022)

ax? = (& T, VK %)~ TV ™))t + o)),

1 , "\ .
N —=oo: |0y =V (VK x*p)+V-(uVV)+ Z Osa; (00T )ijpe)

i,J

Timestep = 19; N = 4000
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morse2D_clustermerge.avi
Media File (video/avi)


1st Order (DAM & DMB, PhysD, 2022)

@ 2D Local (9.2s)

7 (o) = VAT 055 o) oo | |




1st Order (DAM & DMB, PhysD, 2022)

@ 2D Local (9.2s)

K*(z,y) =0
V*(z,y) = -z —vy

7 (o) = VAT 055 o) oo | |

o mean field model (FP eqn for dist of each particle):

Orpte = —Ozptr — Oypir + A [(1 4 0.95 cos(wz) cos(wy)) gt ]
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@ 2D Local + Homogenization



1st Order (DAM & DMB, PhysD, 2022)

@ 2D Local (9.2s)

K*(z,y) =0
V*(z,y) = -z —vy

7 (o) = VAT 055 o) oo | |

o mean field model (FP eqn for dist of each particle):
Ot = —Oxpit — Oypr + A (1 4 0.95 cos(wz) cos(wy)) pe)

@ 2D Local + Homogenization
o Asw — oo, the WSINDy should identify the homogenized equation

Otpre = —Onfts — Oyfte + WA

= / dudy 062
~ \UJp 1+ 0.95cos(wx) cos(wy) -




1st Order (DAM & DMB, PhysD, 2022)

=1

- - oy

03 T 00816 K

o dxgi) = F(xsi))dt + QU(x(i).wx(i>)dB£i) 5

0 N particles " =5° highly osc. PDE
[Bene = =V - (Fue) + Ao (x, wx)ne) |

015

highly osc. PDE “=$° homog. PDE

0.05

‘ O, = —V - (FTi,) + A(T,) \

S Y ) B

0.1

F = const, o(x,y) = 1+ 0.95 cos(y1) cos(y2)

— 04 1
005 — 0o ~ 0.62 ——w =20

0

03
1020 2048 4096 8192 16384 52768 63036
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1st Order (DAM & DMB, PhysD, 2022)

@ 1D nonlocal (0.7s)

1
Koanr(z) = 5172 — ||
)=

Viz)=0
o(x) = {0,v/2(0.1), 2(0.1) | - 2}

¥ =X+e e~ N0, | X lRs)



1st Order (DAM & DMB, PhysD, 2022)

@ 1D nonlocal (0.7s)

1
Koanr(z) = 5172 — ||
)=

Viz)=0
o(x) = {0,v/2(0.1), 2(0.1) | - 2}

¥ =X+e e~ N0, | X lRs)

—=N =500

—— N = 1000
=G N = 2000
—0-- N = 4000
N = 5000

Identifies nonlocal interaction from particle trajectories
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1st Order (DAM & DMB, PhysD, 2022)

@ 2D nonlocal (parabolic-elliptic Keller-Segel chemotaxis, 8.5s)

K(z)= - 1og |z
V(z) =
o(z) = {o 0.28}

Y =X+e¢, e~N(0,é ||Xt||l2{MS)



1st Order (DAM & DMB, PhysD, 2022)

@ 2D nonlocal (parabolic-elliptic Keller-Segel chemotaxis, 8.5s)

K(z)= - 1og |z
V(z) =
o(z) = {o 0.28}

Y =X+e¢, e~N(0,é ||Xt||l2{MS)

1
. 0.1
= =
E £
).0316
= 00316 - = 00516
G 0.01 g
= > 001
1 0.0032 - |
z X
E 0.001 - é 0.0032
0.0003
0.001
10 1071 10! 1005 10° 1 2 4 8 16 32 64
Var(e)!/2 M

Identifies nonlocal interaction from particle trajectories
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predict_TKO_B03_2_15-Oct-2021.avi
Media File (video/avi)


2nd Order (DAM, Wheeler, Liu, & DMB, JRSI, 2022)

Bi= ) [z — 2], 05) (@ — ) + > k(e — x5, 055) (@5 — @5) + D d(|vil, 055) + 71

i J#i

Jj#i

065 07 075 08 085 09

09
08 09

R -
==

0.85 0.9 0.95 1 105




2nd Order (DAM, Wheeler, Liu, & DMB, JRSI, 2022)

s :Z.f“fl'

J#i

Time = 0.000

|, 0i3) (& — d5) + D _ dl
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K

,0i5) + i
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DIPS_29-May-2022.avi
Media File (video/avi)


2nd Order (DAM, Wheeler, Liu, & DMB, JRSI, 2022)

fax flign Jarag

Species B : I I

Table 1: Species delineation by active force modes.




2nd Order (DAM, Wheeler, Liu, & DMB, JRSI, 2022)
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2nd Order (DAM, Wheeler, Liu, & DMB, JRSI, 2022)

@ Validation errors approximately log-normally distributed

@ Three-species population identified from unlabeled trajectories
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Cell Migration: Lyons et al., 2025, in prep

Figure: Snapshots of wound assay at ¢t = 0, 15, 30 hours




Cell Migration: Lyons et al., 2025, in prep

Data
Track 1798

Figure: Example single cell data set




Cell Migration: Lyons et al., 2025, in prep

1 Ntot
&=+ fax(lzi — 24, 0:5) (xi — 25)
tot 1
j
Ntot
1
+N7 Zfalign“xi _xj|’9ij)(vi _'Uj) 4
tot j=1
1 Ntot
N D a0l 6:5)vi + i
tot =1




Data
Learn:

1

0.5

Cell Migration: Lyons et al., 2025, in prep

-0.5

0.5

o

-10

-15
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Cell Migration: Lyons et al., 2025, in prep




Applications:

Reduced Order Modeling
in Plasma Physics




Reduced Order Modeling

Z;o55 = 1000
Z;o45 =
70, =16
800
- 600
-400
o s ow w @
- ® w s e e .
200
@ m e W e U W W
mvﬁ 8 31 124 W6 B 120 MO WT e W 107 104
7w
o

® s ©

PR O N

IR R R R R ORI R R R CRRCRTN

Width

Burgers’ equation (WLaSDI)
Tran et al., CMAME, 2024

Nonlinear coupled oscillators

DAM, Burby, DMB, Sci Rep, 2024



Reduced Order Modeling

7o, =16

R R R R R ORI R R ORCRRCRTN

Width
Nonlinear coupled oscillators 50% noise — (5% error, 100X)
DAM, Burby, DMB, Sci Rep, 2024 Tran et al., CMAME, 2024



Reduced Order Modeling

Z;oof=1
Z;osr =4
W70, =16

0P TP BT PPy Py S Ty Py PPy B By ST By 24O
Width
Nonlinear coupled oscillators 50% noise — (5% error, 100X)
DAM, Burby, DMB, Sci Rep, 2024 Tran et al., CMAME, 2024

Automated discovery of models on different scales
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Applications:
Parameter Estimation



Weak form Parameter Estimation

@ Minimize the residual
I[G(U)]w + b(U)|I5

@ The OLS solution is

w:=(GTG)"'G™»

G = [l (@O(U))
b :=-vec(®(U))
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Weak form Parameter Estimation

@ Minimize the residual
I[G(U)]w + b(U)|I5

@ The OLS solution is

w:=(GTG)"'G™»

G =L (20(U))]
b :=-vec(®(U))

o But, this is a GLS problem:

I[G(u* +€)]w + b(u* +¢)]l3

45 / 66



Weak form Parameter Estimation

@ Specifically, it’s an Errors-in-Variables problem:

I @ | T

https:/ /towardsdatascience.com/



Weak form Parameter Estimation

@ Specifically, it’s an Errors-in-Variables problem:

I x | T
https:/ /towardsdatascience.com/
@ Solve via iterative reweighting of covariance:
GW* —b ~ N(0,0%Ly+ (Ly+)T)

Ly := [mat(w)” @ ®|VOK + [I; ® 9]



FitzZHugh-Nagumo: Parameter Estimation (5% noise)

100 -
® NLS
® WENDy-NLS
e WENDy LY
@
‘ .“ [ ) '..
107 ®
I
@
w .
L ] ' ~.
Sl L ) bt
10 ‘ [
®
L 4 ®e
® ®
1073 : : ‘
10° 10! 102 103

Walltime (sec)

DMB, DAM, VD, WENDy, Bull. Math. Biol., 2023
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FitzZHugh-Nagumo: Parameter Inference

w1 w2 w3 Wy Wy We
wy | 1.000 | -0.984 | 0.850 | 0.233 | -0.202 | -0.186
Wo 1.000 | -0.813 | -0.178 | 0.203 | 0.135
w3 1.000 | 0.411 | -0.306 | 0.003
Wy 1.000 | -0.551 | -0.136
Wy 1.000 | -0.183
We 1.000

(Scaled) Covariance Matrix for FN with 20% noise, 128 timepoints

DMB, DAM, VD, WENDy, Bull. Math. Biol., 2023
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Parameter Estimation:
All Variables Measured?




Heitzman-Breen et al., arXiv:2506.17373, 2025

@ SIRODE N = S+ I+ R =10,000, 3 =5.5/N
S =—BSI
I =BSI—5I

R =51

20% Noise




Heitzman-Breen et al., arXiv:2506.17373, 2025

Noise Level 0% Noise Level 5% Noise Level 10%
10° 10° 103 I
10" * N L o0
10 107! 107!
© 3
9
10 10 9 ' 108 ,
10713 &
10% 102 10° 102 10* 10?2 10° 102 10* 10?7  10° 107
Walltime Walltime Walltime
Noise Level 15% Noise Level 20%
Q.
£ 10° \d
@ WENDy S ’ “Q
¢ OE wm 10" ¢
/A Median WENDy 0
A Median OE E=] Q ’
& 5
& 10 ®

10* 102 10° 102  10* 102  10° 107
Walltime Walltime
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Parameter Estimation:
Nonlinear in Parameters?
Non-Gaussian Errors?




Rummel et al., WENDy-MLE, arXiv:2502.08881, 2025.

Coefficient Error
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== OE-LS

= WLS
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Forward Simulation Error
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Parameter Estimation:
PDE?




PDEs? KS Ut = — (Uz);ﬁ — Ugpy — Uggax

%
L T

g




|
LT A
wl'!!,‘ﬁ'lhp.‘l. 0

(
(s Mg

ol i

. 150
Infer parameters from noisy data
w=(-1,-1,-1)



Parameter Estimation Performance (20% noise)

= = OF
1021 © WENDy

10° ¢

relative error (%)

m
o
d @E@ED—%D ﬁﬁm =

@ D
1072

107! 10° 10! 10? 10°
walltime (s)

OE - Output Error
DMB, DAM, VD, WENDy for PDEs, 2025, in prep.
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Theory




WSINDy Asymptotic Discoverability Class

U™ = (XM t™M) +e,  w™ =WSINDy(U™),  Az™ =0

| In what sense does W™ — w*?

Under reasonable assumptions (subGaussian €, poly-trig ©), there exists a critical
noise level o, > 0 and a stability tolerance 0, such that for all o < o, all
0 € (0,6.), and sufficiently large n,

supp(W™) =supp(w*)  and  |[W" — W <C(0+0%) (5

with probability exceeding 1 — 4K (J + 1) exp (—g (mn0)2/p"‘a"> forany 6 > 0,
where m,, = |supp(p) N (X £(M)].

DAM & DMB, IMA J. Num. Ana., 2024



WSINDy Asymptotic Discoverability Class

Opu = (1)0%u + (0.75)05u + (—0.5)0, (u?) + (0.1)93 (u?)

§

—e—onn—0.001 ¥

g = 0.01

ayg =0.1 60
—t—oyp =02
—t—ayp =0.5

~ 40 0
—o—oyp =1 71N\
1
o 20
nn 0.6 2
|
- 0 3
E 20 10 60 80 100
0
— 04
Y 3

0.2

0

%)
e

fi 'LY\ 6 A AN O {8 a1y
¥ @™ @ @ @? @19
(e, 1)

DAM & DMB, IMA J. Num. Ana., 2024



Summary



@ Equation Learning: WSINDy



@ Equation Learning: WSINDy
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e Matlab

e Python

o Julia

e R (in development)
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