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Modeling of multiscale phenomena

G resolution[km] Microscopic governing equations

150

103 dep + Vl-(pul-) =0 - Viu; =0
o Opu; + Vj(wu) = — p~'Vip + VWV
o Traditional coarse-graining approach:
73
Coupled Model Intercomparison u=u+u
Project 6 using Alfred Wegener
Institute Climate Model u; = F(u) i, ~ F;(@) + W, (1)
Closure term
Accounting for information flow M

from small to large scales: i; = F(w) + W(u, s ])

() $ij... = G(W,s35..)
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Sij...



Temporal coarse-graining (RANS)

atﬂi + ﬁJV]ﬂl = — p_lviﬁ ~+ ijvjal -+ V] Rl]

I, .1

Reynolds stress tensor:  R;j = uju;

70 = [ Gale - ulet)dr =

Can derive an infinite system of 0¢Rij + Uk ViRij = —RuyVilj — Ry Vili; + VV2R;; + T;;
equations for correlations: 2 o T )
q Tl] = ;p SU — ZVVkuinuj — Vk <uiujuk +;[p ui5jk + p uj5ik]
Eddy viscosity
. _ 1 _ 1
...or model closure in ad hoc way: R;; — < 0ijRie = 2veSyy,  Sij =3 (Viwj + Vi)
- . ™ s a\
Smagorinsky model: k-& model:

Ok + ﬁjvj.'k = 2Vl + C3V;(VeVik) — €,

k?
— Az C..C.. -UB:CV_ :
Ve =C 1/SUSU € Ore + U;V je = Olél”efl + Cy Vi (Ve Vie) — OQ%

- J - J




Spatial coarse-graining (LES)

ulx, t) = j GA(X - y)u(y, t)dy :> Gtﬁi + ﬂ]V]ﬁl = — p_lviﬁ + ijv]l_l,l + V] Tij
SGS stress tensor: Model f(u) using:
T = Wy — wy = f () o Empirical considerations

o Scaling & symmetry

o Formal expansions



.the correct way to do this

ﬁ(X, t) = j GA(X — y)u(y, t)dy :> Gtﬁi + ﬂ]V]ﬂl = — p_lviﬁ + ijv]l_l,l + V] Tij
e D
Large scales:
SGS stress tensor: L =uu — o = f(4)

Tij = ula] — uiuj

Scale interaction:
— Ll] + Cl] + RU

—_ = —— = 7 =" __ —
Cij = uiuj + Uiu; — uiuj — Uju; = fc(ui,Rij)

Leonard (1975) Small scales:
Rij = uiu; — u’u]’
N J
Closing the system... D ol suborid-scal
ynamical subgrid-scale 0.R;; = f(1l; R;;)

(SGS) model:




Data-driven inference of equivariant models



What do we do when formal homogenization
approaches fail?

The idea: infer the governing equations of an effective
physical theory in explicit, interpretable form from data
using primarily the most fundamental physical constraint:
symmetry

Use specific domain knowledge and formal analytical
methods mostly to identify the relevant variables
(effective degrees of freedom)



Equivariant structure of physical models

Governing equations for fluids O(3) group representation
Viu; =0, ViVip = pV;(u;Vu;) O rank-0 tensor (scalar)
0.u; + U;Vi; = — p~'V;p + VV,;V;U; + V; Ry; a rank-1 tensor (vector)

0(R;; + W ViR;j + Ry Vil + Ry Vi

i rank-2 tensor
= VVkaRij + Tl]




Symmetry equivariant search space

Most “physical laws” can be Z o FM — ()
written in the form:

n

Translation symmetry: all coefficients c, are constant (with respect to
group transformations)

Rotation + reflection symmetry: every term F” transforms according to the same
irreducible representation k= 0,1,2,... of O(d)

Libraries of potential terms: £, = {F', F? ... ,F"} —  Search space




Term libraries

Symmetries: E(3)=T(3) x O(3) (translations, rotations, reflections)

Original variables: p, u Differential operators: 9,V
Derivative variables: u, p, d;u, 9;p, Vu, Vp, 9?p, VVu, - - -

Truncation: complexity, order of derivatives, scaling, ...

Rank-0: Lo = {1,p,V -u,dp,p*,u*,p’, u-Vp,V°p, pdip, 8;p,pV - u, u’p,u - du}

Rank-1: Ly = {u, o, Vp, pu, (u- V)u, Viu, 3?11: u?u, p?u, 8, Vp,
pVp,u(V-u),(Vu) -u,V(V - u), pdru, udsp}



Term libraries

Symmetries: E(3) x G(3) (translations, rotations, reflections, Galilean)

Original variables: p, u Differential operators: o, +u -V V
Derivative variables: )z{j-pj du+ (u-V)u,0p+ (u-V)p,Vu, Vp, ---
Truncation: complexity, order of derivatives, scaling, ...

Rank-0: Lo={1,p,V-up’.p’ dp+u-Vp V’p,pV - u}

Rank-1: L1 = {0+ (u-V)u,Vp, Vu,pVp, V(V -u)}



Sparse physically-informed discovery of empirical relations (SPIDER)

Variables O > Derivatives » Irreducible representations
f :
~
Differential ( .
< Symmetries
operators L
Y
v v
Library . Library
of terms of terms
Data {Weak formulation } é —>é
Coefficient . Coefficient
N equation equation

Iterative
homogeneous
Gurevich et al. (20 19), regression . |
. ] |
Gurevich et al. (2021), J Empirical Empirical
Golden et al. (2023) relation relation




WSINDy

To put things in proper perspective...

Empiric
library of
terms

Data {Weak formulation }

Coefficient
equation

W
J

{ Sparse regression

Messenger & Bortz (2021)
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Scalar
empirical
relation




Governing equations from experiment

ule
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Lorenz-force-driven electrolyte Active nematic (microtub
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Kageorge ef al. (2021) Golden et al. (2023)

(Invalidated a universally accepted model)



Inference of boundary conditions

Symmetries: E(2)=T(2) x O(2) (translations, rotations, reflections)

Original variables: u, Differential operators: V,d,
Derivative variables: n;, u, V,u;, V,V;u,, ..
Truncation: complexity, order of derivatives, scaling, ...

Rank-0: EO,R = {1, n;u;, u;u;, Vl-ul-, } \

/ L, = {nk,nkniui,nkninjvjui, .}
Rank-1: Ly, = {m,u,nVu, ViV, .. } ~_
ﬁ” = {P"ni, P"ul', P”njv]'ui, P"Vjv]'ui, }



Governing equations and boundary conditions from DNS

Pressure-driven turbulence @ Re~10°
1=

Buoyancy-driven turbulence
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(WSINDy mostly fails)



Coarse-graining continuum microscopic models



Data generated by fully resolved DNS

Vorticity at time 0.0
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Learning the closure term

Constitutive relation for SGS stress tensor inferred from data:

Ty Lis Ciy Rxy
N\ - s l 5 iE N\ " 0.015 0.002
0.10 0.10 0010 L 0.001
- 0.05 - 0.05 L 0.005
- 0.00 - 0.00 L 0.000 L 0.000
’ - —0.05 ’ - —0.05 ‘4 - —0.005 \
~0.10 -0.10 - - —0.001
-0.15 I -0.15 —0.015 ~0.002

Tij(l_li, RU) = Cl(vkl_li) (Vkﬁ]) + cz(Vleﬁi) (Vleﬁ]) + Rl]

What is the relation between microscopic and macroscopic parameters ¢, (v, 4, ...)?
o Scaling
o Dimensional analysis
o Formal expansions



Moment Expansion
For a filter G, (1) with finite moments:

1 1
B(x) = j Ga(r) x — )% = GOMy + My () + o= Mijadididi0jp(x) + ..

24

_ d
M; i, i, = jril ri, 1, Ga(r)dér

For a Gaussian filter

12 A?
_ - 2 _ 2
Gp(r) = exp( 02>, o T

...the SGS stress tensor can be derived in continuum space:

T = Wy — Wy = 02(Vu) (Vg uj) += (V Viell) (Vi Vi) +— (V ViVt (Vi VicVi2) + -




Moment Expansion
For a filter G, (1) with finite moments:

_ 1 1
B = [ Gar) $x = 1) = GGOMo +5 My0,019(0) + 57 Mijadidididj(x) + .

_ d
M; i, i, = jril ri, 1, Ga(r)dér

For a Gaussian filter 2 A2
GA(T) = exp I 0% =—
A o2 )’ 12

...have to model high orders on a discrete computational grid.

4
Ty = Wty — Wl ~ 0% (V) (Vi ;) + %(vakﬂi)(vmvkﬁj) t Ri;
J
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Closing the system

Evolution equation for the closure variable (Reynolds stress) inferred from data:

0.7

Gt Rl] + clﬁk Vk RU = Cy (Rikvkﬂj + R]k Vkﬁl-) + C3v2Rij + C4Rij

-~

Dimensional analysis + scaling:

c; = 1,
C3 =V,

c, = +1,
[ca] =T71

~

0.01 0.02 0.04

G /4

0.005

s . . R
Buckingham Pi theorem:

Vv f(m/E ?l, o?l, )

o2 v v v
\ Y,

C4_=

Tensor invariants:

11: ’5_‘”5—‘”, 12: ﬁl]'(_)'

ij
Q;; = 3(Vity; — Vi)

— 1= =
E —Eukuk,

$ij = 3(Vity; + V),

{ Regression output: ¢, = —0.51; J




Energy flux between scales

Energy flux:
I1= _Tij‘s_‘ij
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Coarse-graining discrete microscopic models



MD simulation of a compressible liquid
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Spatial coarse-graining

Discrete data:
xMW() - x™@), k™), ...

U

4 .. A
Kernel coarse-graining;:
plul(x,0) = ) 6a (x=xP(©) u™ ()
N " J
U
C Continuous fields: A
p(x.0) = ) Galx—xM(®)
pll (x5 = ) Ga(x=x™(®) v
N " J




Spatial coarse-graining

Discrete data:
xMW() - x™@), x™ (), ...

100

U N

- N 150
Kernel coarse-graining;:

plul(x,0) = ) Ga(x—xM(©)) u™ (1)

\\ J 0 50 100 150 200 250

@

é Continuous fields: h

p(x.0) = ) Ga(x—xM (D))

200

Pl (0 = ) Ga(x—x(®) v @
N . Y
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Inferred equations for an athermal liquid

eqn. 1D sublibrary equation
(a) rank 0, C = 3 Gy p + Ouplve] =0
| B —0.996- p-Pp+0.268-p-0p +
(b) rank 0, C =4 Pp—027-3p =0
‘ ‘ B —0.997 - p-0,p — 0.191 - p - Oyplv,]| +
(c) rank 1, C =4 Dup +0.192 - Byplv,] = 0
0.714-p—0.709 - p - p +
‘ — B
(d) rank 0, C =5 p - plva - va] —0.992 - plvg - ve] =0
B ap+3.46 x 107 - 929%p —
() | rank0,C=5 |4 167" 82p + 0.162 - 8,03 p[vg - v5] = 0
(f) rank 1,C =5 —p Oap+ Oap =0
; B p - plva) —0.727 - p- plu, - vg - vg] —
(&) frank L, C=5 1 097" piva] + 0.718 - plu, - vg - 5] =0
B Oap +4.33 X 107° - 9,0%p +
(h) rank 1, C =5 0158 - Bup[va] + 0.16 - Daplve - vs] = 0
) rank 2 STF, STF| — 0.5 &2p[va - vg] +
C=5 8n0,plvg - vy — 0.5+ 0405plvy - vy]] =0

Continuity (mass conservation)

Lighthill’s equation or acroacoustics

Momentum balance

Gurevich (2025)



Inferred equations for an athermal liquid

eqn. 1D sublibrary equation
(a) rank 0, C = 3 O p+ Ouplv,] =0
| B —0.996- p-92p + 0.268 - p- Fp &
(b) | rank0,C =4 PR Pu !
1 ; B —0.997 - p - op — 0.191 - p - Oy plv,] +
(€) rank 1, € =4 ap + 0.192 - 9;plv,] =0
0714 - p—0.700 - p - p &
‘ — B
() rank 0, 0 =5 P p[:jﬂi ' ”a] — 0.992 5 p[”;x 'J'U-:x] =0
| B Oap+3.46 x 107 - 9205p —
(€) | rank 0, C =51 167 52 + 0.162 - 8,95 p[v - v5] = 0
(f) rank 1,C =5 —p Oap+ Oap =0
. , B p-plva) —0.727 - p- plv, - vg - vg] —
(&) rank 1, =5 (997 plva] + 0.718 - plu, - vg - v5] =0
B Oap +4.33 X 107° - 0,0%p +
() rank L,C =516 158 0, ploa] + 0.16 - splum - vs] = 0
i rank 2 STF, STF| — 0.5 - 82p[vq - vg] +
C=5 8a0,plvg - vy] — 0.5+ 00splvy - vy]] =0

Spurious relations:

(1 —p)f(p. plval, plvavg]) = 0

U

4 )
Incorrect choice of variables:
p-pp
\\§ J

2D indentity




MD simulation of low-T argon (Lennard-Jones potential)
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Temporal filtering:
| xMW() - ™), x@(p), ...
2

Spatial coarse-graining;:

plul(x,0) = > Ga (x=XW(®) u™ (@)

-

J

U

f Continuous fields:
o(x,0) = z Ga(x — XM (D))
n

Pl 0) = ) Ga(x—x™(®) 77

N

P = > Ga(x=xM(©®) vy ™ @)

/

Spatio-temporal coarse-graining for “thermal” data

4 N

Chapman-Enskog theory:
n=[f(xv)dv
n = [ vf(x,v)dv
3kgnT = [ mv?f(x,v)dv

(requires small Knudsen number
and thermodynamic equilibrium)

o /

Mass density

Momentum density

Stresses & internal energy density



Thank you!

Daniel Gurevich Matteo Ugliotti Mateo Reynoso
Princeton/UCLA

pySPIDER: https://github.com/sibirica/PySPIDER
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