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Electrode-Electrolyte Interfaces

?

V

Goal — Develop a rigorous, thermodynamically consistent modeling 
framework for liquid electrolytes and charged interfaces.



Partial charge transfer

What we can do … predict CVs 

CVs of charge transfer 2-step reactions Solutions mixtures

Pseudo-capactance Solutions mixtures



The metal/electrolyte interface - general modeling
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The metal/electrolyte interface - general modeling
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Volume and Surface species densities

Free energy densities and chemical potentials
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The metal/electrolyte interface - General modeling
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Material Modeling - Electrolyte

Task: Chemical potentials      of all species  
derived from a free energy density                             

µ–

flÂ = flÂMix + flÂRef + flÂMech + . . .

µ– = ˆflÂ

ˆn–
[ J ]

– Entropy of mixing 
– Mechanical contributions 
– Reference contributions  
– Debye Hückel 
– … (e.g. Polarization)



Material Modeling - Electrolyte - Entropy of mixing

... common basis for ideal mixtures etc.

Basic idea: Count the number of permutations in the mixture 

µ– = ˆflÂ

ˆn–
[ J ]

M. Landstorfer 3

entropy of mixing
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For an ideal solution, however, the mixing entities are all solvent molecules in addition to the
dissolved ions, which gives for the entropy of mixing
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Fig. 3 displays the di�erence between the models and shows that the impact of the solvation
e�ect is enormous, even for small solvation numbers.
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Figure 3: Entropy of mixing various solvation numbers Ÿ = ŸA = ŸC and an ideal mixture.

While the solvation e�ect decreases the number of free solvent molecules in the mixture, it
actually increases the molar mass and the partial molar volume of the solvated ions. The
molar mass of a solvated ion is clearly mA,C = ÊmA,C + ŸA,C · mS, where ÊmA,C be the mass
of the central ion and mS the molar mass of the solvent. A quite similar relation holds for the
partial molar volume vA,C of a solvated ion. However, while the molecular mass is conserved
during the solvation process, the volume is not necessarily. Bound solvent molecules may have
a slightly smaller volume than in the bulk due to microscopic charge-dipole interaction which
decreases their thermal motion. On the other hand, a crystal-like binding structure of the
solvent molecules around the central ion may increase the volume due to less dense packing
compare to the liquid state. Ab initio methods could probably predict precise relations between
ŸA,C and vA,C based on a microscopic structure model. But the goal of this work is not to
predict such a precise relation, but rather show the general impact of the solvation e�ect. It
is hence su�cient to assume for the partial molar volume of a solvated ion a relation

vA,C = ÂvA,C + ŸA,C · vS with vS = (nR
S)≠1 , (4)

where ÂvA,C is the molar volume based on the ionic radius of the respective cation and anion,
vS the molar volume of the solvent and ŸA,C the solvation number. This relation allows us
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Material Modeling - Electrolyte - Entropy of mixing

Basic idea: Count the number of permutations in the mixture 
   Each ion bounds     solvent molecules  Ÿ–
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Note: solvation impacts (implicitly) the mole fraction in solution!
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a slightly smaller volume than in the bulk due to microscopic charge-dipole interaction which
decreases their thermal motion. On the other hand, a crystal-like binding structure of the
solvent molecules around the central ion may increase the volume due to less dense packing
compare to the liquid state. Ab initio methods could probably predict precise relations between
ŸA,C and vA,C based on a microscopic structure model. But the goal of this work is not to
predict such a precise relation, but rather show the general impact of the solvation e�ect. It
is hence su�cient to assume for the partial molar volume of a solvated ion a relation

vA,C = ÂvA,C + ŸA,C · vS with vS = (nR
S)≠1 , (4)
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vS the molar volume of the solvent and ŸA,C the solvation number. This relation allows us
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Our investigation presented here is based on a thermodynamic model [17] which is capable to
predict qualitatively and quantitatively the double layer capacity of various electrolytes (see.
Fig. 1). Within a brief review of the modeling procedure, we emphasize the impact of the
solvation e�ect on the various thermodynamic parameters. It turns out that the double layer
capacity maxima are determined by the partial molar volume of the anion and the cation,
respectively, whereby capacity measurements can be consulted to determine explicit values for
di�erent ions. For mono-valent ions in water we find that the partial molar volume of the ionic
species is about 45 times larger than the solvent [17]. This suggests that the ionic species are
strongly solvated, and based on a simple relation for the molar volume we can determine the
solvation number from a single capacity measurement. A subsequent investigation of the double
layer structure in the potential region beyond the capacity maximum shows the formation of an
ionic saturation layer, which has some fundamental and remarkable similarities to a saturated
bulk solution. This is then the starting point for our reflections on the dissociation degree, and
it is shown that even for simple salts at concentrations of (0.5≠ 1) mol L≠1 the assumption of
complete dissociation is questionable.

Ideal mixture Solvation mixture

Entities for the entropy of mixing

free solvent moleculesnS
nS = nR

S ≠ �A · nA ≠ �C · nC
solvent moleculesnR

S

    bound solvent 

molecules per ion

��

nA nC
nSnA nC

nR
S

Figure 2: Sketch of solvation e�ect in a liquid mixture and the consequence on the entities for
the entropy of mixing.

Consider exemplarily a mono-valent salt AC of concentration c which completely dissociates
in solvated anions A≠ and cations C+. Each ion A≠ and C+ is assumed to bind ŸA and ŸC

solvent molecules S in its solvation shell, whereby the number density of free solvent molecules
S in solution is

nS = nR
S ≠ ŸA · nA ≠ ŸC · nC . (1)

The parameter nR
S corresponds to the mole density of the liquid solvent, i.e. for water nR

S =
55.4 mol L≠1 . The number of mixing particles is then n = nS + nA + nC , and not the total
number of atoms or molecules in solution, which is nT = nR

S + nA + nC . For the entropy of
mixing this is extremely important. In a solvation mixture the mixing entities are now the free

solvent molecules, the solvated anions and the solvated cations (see Fig. 2), leading to an
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then to deduce a solvation number from a (measured) partial molar volume vA,C .

The chemical potential of the free solvent, the solvated anion and the solvated cation in the
liquid, incompressible mixture is then [17]

µ– = g– + kBT ln (y–) + v– · (p≠ pE) – œ {S,A,C} , (5)

where y– = n–
n is the mole fraction with respect to the number density n = nS + nA +

nC of mixing particles, g– the constant molar Gibbs energy and pE the bulk pressure. The
corresponding incompressibility constraint reads [17]

vS · nS + vA · nA + vC · nC = 1. (6)

A representation of the ionic free charge density q = e0 · (zAnA + zCnC) is then deduced from
the flux equilibrium conditions

Òµ– + e0z–ÒÏ = 0, – œ {S,A,C} , (7)

together with eq. (5) as

q = e0zA nE
A e≠

e0zA
kBT
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�p + e0zC nE
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Here nE
– denotes the respective bulk concentration, �p = p(x) ≠ pE the pressure di�erence

between the bulk solution and some point x (in the space charge layer), and �Ï = Ï(x)≠ÏE

the electrostatic potential di�erence between bulk electrolyte and x. Note that the charge
density remains inherently a function of the electrostatic potential Ï(x) and the material
pressure p(x), i.e. q = q(Ï, p), while almost all Poisson–Boltzmann-type approaches and
recent extensions lead to representations q = q(Ï) [19–21]. For the generic case q = q(Ï, p)
the Poisson equation alone is not su�cient anymore to solve the mathematical problem. But
in a consistent modeling of mechanics and electrostatics in charged media one obtains actually
a coupled Poisson-momentum equation system

≠div Á0(1 + ‰)ÒÏ = q(Ï, p) and Òp = ≠q(Ï, p)ÒÏ , (9)

where the equation (9)2 corresponds the force balance between electrostatics and mechanics
[17, 22, 23]. Note that this inherent coupling is the origin of the remarkable agreement be-
tween theory and experiment on the double layer capacity (c.f. Fig. 1).

The (surface) charge stored in the electrochemical double layer is then Q =
´ xE

0 q dx, where
the electrode surface is positioned at x = 0 and the bulk electrolyte is denoted by x =
xE. The equations (8) and (9) lead to an expression of Q in terms of the applied voltage
U ≠ UR = Ï|x=0 ≠ ÏE, i.e. Q = Q̂(U), where UR corresponds to the potential of zero
charge of a non-adsorbing salt. Therewith we obtain an expression for the di�erential capacity
C = dQ

dU = Ĉ(U) based on the above model which can be compared to experimental data (see
Fig. 1). The continuum model shows an exceptional agreement to experimental data, an we
refer to [17] for the full derivation and validation.
The capacity maxima are determined by the partial molar volume of the solvated anion and
cation, respectively [17] . Surprisingly, the capacity is symmetric for many non-adsorbing salts
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Our investigation presented here is based on a thermodynamic model [17] which is capable to
predict qualitatively and quantitatively the double layer capacity of various electrolytes (see.
Fig. 1). Within a brief review of the modeling procedure, we emphasize the impact of the
solvation e�ect on the various thermodynamic parameters. It turns out that the double layer
capacity maxima are determined by the partial molar volume of the anion and the cation,
respectively, whereby capacity measurements can be consulted to determine explicit values for
di�erent ions. For mono-valent ions in water we find that the partial molar volume of the ionic
species is about 45 times larger than the solvent [17]. This suggests that the ionic species are
strongly solvated, and based on a simple relation for the molar volume we can determine the
solvation number from a single capacity measurement. A subsequent investigation of the double
layer structure in the potential region beyond the capacity maximum shows the formation of an
ionic saturation layer, which has some fundamental and remarkable similarities to a saturated
bulk solution. This is then the starting point for our reflections on the dissociation degree, and
it is shown that even for simple salts at concentrations of (0.5≠ 1) mol L≠1 the assumption of
complete dissociation is questionable.

Ideal mixture Solvation mixture

Entities for the entropy of mixing

free solvent moleculesnS
nS = nR

S ≠ �A · nA ≠ �C · nC
solvent moleculesnR

S

    bound solvent 
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Figure 2: Sketch of solvation e�ect in a liquid mixture and the consequence on the entities for
the entropy of mixing.

Consider exemplarily a mono-valent salt AC of concentration c which completely dissociates
in solvated anions A≠ and cations C+. Each ion A≠ and C+ is assumed to bind ŸA and ŸC

solvent molecules S in its solvation shell, whereby the number density of free solvent molecules
S in solution is

nS = nR
S ≠ ŸA · nA ≠ ŸC · nC . (1)

The parameter nR
S corresponds to the mole density of the liquid solvent, i.e. for water nR

S =
55.4 mol L≠1 . The number of mixing particles is then n = nS + nA + nC , and not the total
number of atoms or molecules in solution, which is nT = nR

S + nA + nC . For the entropy of
mixing this is extremely important. In a solvation mixture the mixing entities are now the free

solvent molecules, the solvated anions and the solvated cations (see Fig. 2), leading to an
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corresponding incompressibility constraint reads [17]

vS · nS + vA · nA + vC · nC = 1. (6)

A representation of the ionic free charge density q = e0 · (zAnA + zCnC) is then deduced from
the flux equilibrium conditions

Òµ– + e0z–ÒÏ = 0, – œ {S,A,C} , (7)

together with eq. (5) as

q = e0zA nE
A e≠

e0zA
kBT

�Ï≠ vA
kBT

�p + e0zC nE
C e≠

e0zC
kBT

�Ï≠ vC
kBT

�p

vS nE
S e≠

vS
kBT

�p +vA nE
A e≠

e0zA
kBT

�Ï≠ vA
kBT

�p +vC nE
C e≠

e0zC
kBT

�Ï≠ vC
kBT

�p
. (8)

Here nE
– denotes the respective bulk concentration, �p = p(x) ≠ pE the pressure di�erence

between the bulk solution and some point x (in the space charge layer), and �Ï = Ï(x)≠ÏE

the electrostatic potential di�erence between bulk electrolyte and x. Note that the charge
density remains inherently a function of the electrostatic potential Ï(x) and the material
pressure p(x), i.e. q = q(Ï, p), while almost all Poisson–Boltzmann-type approaches and
recent extensions lead to representations q = q(Ï) [19–21]. For the generic case q = q(Ï, p)
the Poisson equation alone is not su�cient anymore to solve the mathematical problem. But
in a consistent modeling of mechanics and electrostatics in charged media one obtains actually
a coupled Poisson-momentum equation system

≠div Á0(1 + ‰)ÒÏ = q(Ï, p) and Òp = ≠q(Ï, p)ÒÏ , (9)

where the equation (9)2 corresponds the force balance between electrostatics and mechanics
[17, 22, 23]. Note that this inherent coupling is the origin of the remarkable agreement be-
tween theory and experiment on the double layer capacity (c.f. Fig. 1).

The (surface) charge stored in the electrochemical double layer is then Q =
´ xE

0 q dx, where
the electrode surface is positioned at x = 0 and the bulk electrolyte is denoted by x =
xE. The equations (8) and (9) lead to an expression of Q in terms of the applied voltage
U ≠ UR = Ï|x=0 ≠ ÏE, i.e. Q = Q̂(U), where UR corresponds to the potential of zero
charge of a non-adsorbing salt. Therewith we obtain an expression for the di�erential capacity
C = dQ

dU = Ĉ(U) based on the above model which can be compared to experimental data (see
Fig. 1). The continuum model shows an exceptional agreement to experimental data, an we
refer to [17] for the full derivation and validation.
The capacity maxima are determined by the partial molar volume of the solvated anion and
cation, respectively [17] . Surprisingly, the capacity is symmetric for many non-adsorbing salts
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⌅ Surface reaction equilibrium of the general reactions2

A
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‹–,iAs – i = N+ + N≠ + 1, . . . , NS (9)

⌅ Electrical equilibrium in �±

≠Á0div (ÒÏ) = q and Á0[[E]] · n = q
s

(10)

⌅ Mechanical equilibrium in �±

Òp = ≠qÒÏ and [[p]] · n = q
s

·
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2(E+

S ≠ E≠S ) (11)

Throughout this work we consider only equilibrium situations. Note that a combination
of di�usional and adsorption equilibrium leads to

µ
±
– + e0z–(Ï± ≠ Ï

---
±

S
) = µ

s
– – = 1, . . . , N. (12)

We abbreviate the electrochemical potential as Âµ– := µ– + e0z–µ–.

1.2 Thomas–Fermi model of the metal-vacuum interface

Consider a metal �M
µ R3 in contact with vacuum �V. For simplicity we assume that the

metal surface S = �M
fi �V is flat and parallel to the (y, z)-plane, positioned at x = 0.

We can thus approximate the field equations in a 1D setting. The point xM corresponds
to a bulk point in the metal while xV is a bulk point in vacuum. Evaluation of some field
variable u(x) at x = x

M,V is denoted by u
M,V.

The simplest model approach for a metal is to consider only the metal ions M and the
conduction band electrons e in terms of their volume densities nM(x) and ne(x) with
respective chemical potentials (see appendix A.1 for the derivation based on the actual
free energy density flÂM)

µe = a · n
2
3
e with a = h

2

2me

3 3
8fi

4 2
3

x œ (xM, 0) fi (0, xV) (13)

µM = g
R
M + v

R
M(pM ≠ p

R
M) with n

R
M = 1

v
R
M

= const. x œ (xM, 0) (14)

where v
R
M denotes the partial molar volume of the metal ions, pM the metal ion partial

pressure, gRM the reference Gibbs energy and p
R
M the bulk pressure. The surface S is not

explicitly modeled in terms of surface densities.

2Note that quite a large amount of reactions could be rewritten

5

with

evaluation of the field u in the bulk.

In each phase we consider a mixture of constituents A–,– = 0, 1, . . . , N± with molar
mass m– and charge e0z–. For each constituent we have a (volume) density n–(x, t) with
units molm≠3. On the singular surface S we permit all constituents from �+ and �≠ to
be present, and some addition species which arise from surface reactions. Each adsorbed
constituent A

s –
is described in terms of surface species densities n

s–
/mol m≠2

, – =
0, 1, . . . , NS. The electric field is denoted by E.

The free energy densities of the volume phases are flÂ± = flÂ̂
±(T, n1, . . . , nN±) and of

the surface Â
s
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The total mass densities in the volume and on the surface are defined as
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Similar, multiplication of the mole densities by the electric charges z–e0 and summation
gives the total free charge densities in the bulk and on the surface,

q =
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z–e0n– and q
s

=
NSÿ
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z–e0ns–
. (4)

The electric field E is related to the electrostatic potential Ï via E = ≠ÒÏ since we
neglect magnetic e�ects throughout this work. Note, however, that the electrostatic
potential Ï is not necessarily continuous at the surface S, i.e.

[[Ï]] = Ï|
≠
S ≠ Ï|

+

S . (5)

In the thermodynamic equilibrium, the following conditions hold[7]

⌅ Di�usional equilibrium in �±
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which can be integrated as
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Òµ– ≠ e0z–ÒÏ = 0 – = 1, . . . , n + BC’s

… y– = yB
– · e≠z–

e0
kBT (Ï≠ÏE )≠ v–

kBT (p≠pE ) = y–(Ï, p) – = 0, 1, . . . , n

qF = e0

qn
–=1 z– · y–(Ï, p)qn
–=0 vR

– · y–(Ï, p) = qF (Ï, p)

Electrolyte - Charge density in equilibrium

Á0(1 + ‰)div ÒÏ = ≠qF(Ï, p)
Òp = ≠qF(Ï, p)ÒÏ

Consequence: Poisson equation and momentum balance do not decouple

solvent

solvated ion

vR
0 ”= vR

–

Charge density is pressure and potential dependent
Pressure term covers the actual size of the species

W. Dreyer, C. Guhlke, R. Müller, PCCP, 2013, 15, 7075–7086
W. Dreyer, C. Guhlke and M. Landstorfer, Electrochem. Comm., 2014, 43, 75 – 78.
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equilibrium conditions we derived expressions for the capacity      

Validation: Charge and Capacity of the double layer
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Charge density representation in equilibriumRemarks:

• Poisson–Boltzmann approximation (p = pB):

qPB =
qn

–=1 z–nB
– · e≠z–

e0
kBT � = qPB(�)

• Gouy–Chapman approximation (ex ¥ 1 + x):

qGC = ≠
!

e0
kBT

qn
–=1 z2

–nB
–

"
· � = qGC(�)

• Ideal mixture approximation (Ÿ– = 0, vR
– = vR

0 )

qIM =
qn

–=1
z–nB

– ·e≠z–
e0

kBT
�

qn
–=0

yB
– ·e≠z–

e0
kBT

� = qIM(�)

• Solvation mixture (Poisson-eq. and
momentum balance do not decouple):
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M. Landstorfer, C. Guhlke and W. Dreyer, Electrochim. Acta., 2016, 201, 187 – 219.
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Validation: Ag(abc)|KPF6 – non-adsorbing salt - Capacity
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TABLE 1 

Potent ia l  values (SCE) in mV of the capacity min imum for a (110)  silver e lectrode in NaF, 
NaC104 and KPF 0 solut ions 

Anion Co ncen t ra t ion /M 

0.1 0.04 0.02 0.01 0.005 

F -  - -1007  - -988 - -982 - -978 - -975 
C107~ - -993  - -983  - -980 - -977 - -975 
PF~ - -980  - -975  - -975 - -975 - -975 

Figure 3 shows the concentrat ion effect on C(E) curves in KPF6 (a) and 
KBF4 (b) solutions. With KPF6, for which the concentrat ion range is suffi- 
ciently extended,  the capaci ty  minimum potential  Em is independent  of 
concentration,  with an accuracy of +3 mV (Table 1); then, no specific adsorp- 
tion or a quite negligible one is inferred. In this case alone, Em is identifiable 
with the pzc, so the (110) silver electrode pzc is --0.975 + 0.005 V (SCE). As a 
consequence of this absence of specific adsorption, the capacity is lower at the 
positive maximum with respect to NaF or NaC104; the behaviour of PFg and 
BF7~ should be identical. From Table 1 it can be seen that  for the 0.005 M solu- 
tion E m is independent  of the nature of the anion. With low concentrations, 
o i for F- and CIOY, are small (O i < <  1 #C cm -2) and Em is not  experimentally 
sensitive to this phenomenon within the limits of accuracy. With each electro- 
lyte the E~ dependence on concentrat ion seems to become significant above 
O.O4 M. 

From Parsons and Zobel graphs [9], straight lines are obtained for all elec- 
trolytes~ their inverse slopes are equal to 1.22 (NaF), 1.17 (NaC104) and 1.10 
(KPF6). Since the weaker the specific adsorption the lower is the inverse slope, 
only for KPF6 is the roughness coefficient R value actually approached, so 1 < 
R < 1.10 + 0.05. 
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Fig. 3. C(E) curves for a (110) silver electrode.  Concent ra t ion  dependence  in (a) KPF6, and 
(b) KBF6 solutions.  

Fig. 3 of G. Valette, J. of Electroanal. Chem., 1981, 122, 285 – 297.

– Qualitative agreement 
• 1V potential range 

– Quantitative agreement 
• of a single capacity curve (-0.5V - 

0.5V) 
• regarding the salt variation 

self consistent prediction of capacity data

No parameter adjustment

- Capacity of single crystal Ag(111)|KPF6(H2O) 
- Variation of the salt concentration 
- Capacity depends non-linear on the  
   applied voltage

Mathematical model

Experimental data



Remarks: Charge and Capacity of the double layer

Note: No single equation, but an algebraic equation system

Interface capacity: C = dQ

dU
with CM = dQM

dU

CM = Á0(1 + ‰)
2(p ≠ pE)

· qE(UM,E, p ≠ pE) and g(UM,E, p ≠ pE) = 0

Note: Relation between metal-surface/bulk-electrolyte potential drop UM,E to the 
applied/measured voltage U 

UM,E = U ≠ UR with UR = const. and dependent on µ
s

M
e

... originates from the Poisson-momentum 
coupling due to solvation effect

surface chemical potential of 
electrons

(100) (110) (111)



Validation: Ag(abc)|KPF6 – non-adsorbing salt - work function
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Fig. 1. Measured capacity as a function of potential and bulk concentration of the electrolyte for a (111) 
face of silver in aqueous solutions of NaF. (- ) 0.1; (---) 0.04; (.-.-.) 0.02; (-...-) 0.01; 
(.~...~)O.otx M. 
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Fig. 2. Same as Fig. 1, but in NaClO.,. 

A 
c/yEcm-2 

KPF, 

Fig. 3. Same as Fig. 1, but in KPF,. 

Ag(111)
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TABLE 1 

Potent ia l  values (SCE) in mV of the capacity min imum for a (110)  silver e lectrode in NaF, 
NaC104 and KPF 0 solut ions 

Anion Co ncen t ra t ion /M 

0.1 0.04 0.02 0.01 0.005 

F -  - -1007  - -988 - -982 - -978 - -975 
C107~ - -993  - -983  - -980 - -977 - -975 
PF~ - -980  - -975  - -975 - -975 - -975 

Figure 3 shows the concentrat ion effect on C(E) curves in KPF6 (a) and 
KBF4 (b) solutions. With KPF6, for which the concentrat ion range is suffi- 
ciently extended,  the capaci ty  minimum potential  Em is independent  of 
concentration,  with an accuracy of +3 mV (Table 1); then, no specific adsorp- 
tion or a quite negligible one is inferred. In this case alone, Em is identifiable 
with the pzc, so the (110) silver electrode pzc is --0.975 + 0.005 V (SCE). As a 
consequence of this absence of specific adsorption, the capacity is lower at the 
positive maximum with respect to NaF or NaC104; the behaviour of PFg and 
BF7~ should be identical. From Table 1 it can be seen that  for the 0.005 M solu- 
tion E m is independent  of the nature of the anion. With low concentrations, 
o i for F- and CIOY, are small (O i < <  1 #C cm -2) and Em is not  experimentally 
sensitive to this phenomenon within the limits of accuracy. With each electro- 
lyte the E~ dependence on concentrat ion seems to become significant above 
O.O4 M. 

From Parsons and Zobel graphs [9], straight lines are obtained for all elec- 
trolytes~ their inverse slopes are equal to 1.22 (NaF), 1.17 (NaC104) and 1.10 
(KPF6). Since the weaker the specific adsorption the lower is the inverse slope, 
only for KPF6 is the roughness coefficient R value actually approached, so 1 < 
R < 1.10 + 0.05. 
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Fig. 3. C(E) curves for a (110) silver electrode.  Concent ra t ion  dependence  in (a) KPF6, and 
(b) KBF6 solutions.  
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Fig. 3 .  Sam e  as  Fig.  I.  but  in  KPF<. 

With KPF,, EA is kdependent of concentration with a relative accuracy of 23 
mV (Table 1). As for the (110) face, it may thus be assumed that no significant 
specific adsorption of PF,- occurs at the pzc. Consequently, the pzc for the (100) 
face of the silver/aqueous electrolyte system without specific adsorption is -0.865 
-C O_OOS V (SCE). This value is in full agreement with that given in ref. 11: -0.86 V. 
This identity between two surfaces issued from single crystals prepared according to 
different techniques seems to prove that the surface distribution of metal atoms. is 
identical. 

From the method of Parsons and Zobel [12], the variation of the inverse of 
double-layer capacity (C)-l at the minimum, as a function of the inverse of 
diffuse-layer capacity (Cd)-‘. can be considered as linear for each electrolyte. The 

TABLE I 

Po lc n t ial value s  in  m V (SCE). al t h e  c apac it y  m in im um  for a.(lOO) s ilve r c lc c t wdc  in  NaCIO,. NaF ar;d 
KPF, s o lut ions  

An ion  Cont ./ M 

0 .1  0 .0 4  0 .0 2  0 .0 1  0 .0 0 5  

ClO,- -9 0 5  -a8 5  - 8 7 8  -8 7 5  -8 7 3  
F- - 8 8 7  - 8 7 5  - 0 7 0  -8 6 7  -~ -_&S. ~. . .  

PF,- -8 7 0  -8 6 5  - 8 6 5  -8 8 6 5  -8 6 5  : : 

Ag(100)

Our model predicts:

(110) (100) (110)
µ
s

e µ
s

e µ
s

e

Ag 4.52 4.64 4.74

Capacity minimum (Potential of zero charge for a non-adsorbing salt E0)  dependent 
on the 

- metal surface orientation

- work function
A. Frumkin, A. Gorodetzkaya,  
Z. Phys. Chem., 136 (1928) 215.

Data of G. Valette

E0 Ã ≠µ
s

M
e + e0[[Ï]]M = W M

self consistent incorporation of the PZC in the model

(100) (110) (111)



U

Structure of the double layer

?



Low potential regime (  ~60mV)

Debye length ⁄D

±

bulk 
electrolyte

diffuse layer

IHP

 

 

C
ap
ac
it
y

C
[µ
F
/c
m

2
]

Potential E (vs. SCE) [V]

cKPF
6

=0.0025

cKPF
6

=0.005

cKPF
6

=0.01

cKPF
6

=0.02

cKPF
6

=0.04

cKPF
6

=0.1

−1.3 −1.2 −1.1 −1 −0.9 −0.8 −0.7
0

10

20

30

40

50

60

70

80

90

100

theory



 

 

C
ap
ac
it
y

C
[µ
F
/c
m

2
]

Potential E (vs. SCE) [V]

cKPF
6

=0.0025

cKPF
6

=0.005

cKPF
6

=0.01

cKPF
6

=0.02

cKPF
6

=0.04

cKPF
6

=0.1

−1.3 −1.2 −1.1 −1 −0.9 −0.8 −0.7
0

10

20

30

40

50

60

70

80

90

100

theory

Stern layer potential    ~60mV �S

ˆxxqF--
xS

!= 0
inflection point

bulk 
electrolyte

IHP



Definition of the Stern layer

Our new definition

Stern layer 
Counter and co-ions in immediate contact with a surface are 
said to be located in the Stern layer, and form with the fixed 
charge a molecular capacitor.

Stern layer
the domain [0, xS ], where xS is the inflection point of
the free charge density qF, i.e. ˆxxqF--

x=xS = 0. If no
inflection point is present, no Stern layer is formed.

IUPAC Definition
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Counter and co-ions in immediate contact with a surface are 
said to be located in the Stern layer, and form with the fixed 
charge a molecular capacitor.

Stern layer
the domain [0, xS ], where xS is the inflection point of
the free charge density qF, i.e. ˆxxqF--

x=xS = 0. If no
inflection point is present, no Stern layer is formed.

IUPAC Definition
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TABLE 1 

Potent ia l  values (SCE) in mV of the capacity min imum for a (110)  silver e lectrode in NaF, 
NaC104 and KPF 0 solut ions 

Anion Co ncen t ra t ion /M 

0.1 0.04 0.02 0.01 0.005 

F -  - -1007  - -988 - -982 - -978 - -975 
C107~ - -993  - -983  - -980 - -977 - -975 
PF~ - -980  - -975  - -975 - -975 - -975 

Figure 3 shows the concentrat ion effect on C(E) curves in KPF6 (a) and 
KBF4 (b) solutions. With KPF6, for which the concentrat ion range is suffi- 
ciently extended,  the capaci ty  minimum potential  Em is independent  of 
concentration,  with an accuracy of +3 mV (Table 1); then, no specific adsorp- 
tion or a quite negligible one is inferred. In this case alone, Em is identifiable 
with the pzc, so the (110) silver electrode pzc is --0.975 + 0.005 V (SCE). As a 
consequence of this absence of specific adsorption, the capacity is lower at the 
positive maximum with respect to NaF or NaC104; the behaviour of PFg and 
BF7~ should be identical. From Table 1 it can be seen that  for the 0.005 M solu- 
tion E m is independent  of the nature of the anion. With low concentrations, 
o i for F- and CIOY, are small (O i < <  1 #C cm -2) and Em is not  experimentally 
sensitive to this phenomenon within the limits of accuracy. With each electro- 
lyte the E~ dependence on concentrat ion seems to become significant above 
O.O4 M. 

From Parsons and Zobel graphs [9], straight lines are obtained for all elec- 
trolytes~ their inverse slopes are equal to 1.22 (NaF), 1.17 (NaC104) and 1.10 
(KPF6). Since the weaker the specific adsorption the lower is the inverse slope, 
only for KPF6 is the roughness coefficient R value actually approached, so 1 < 
R < 1.10 + 0.05. 
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Some consequences

Capacity maximum is proportional 
to ionic partial molar volume

Cmax Ã vR
A,C

monovalent cations 

and anions have equal 

partial molar volumes

Does this apply to different 
solvents as well?



Various solvents, equal ions (KPF6)

A. S. Shatla, M. Landstorfer, and H. Baltruschat. ChemElectroChem, 8 (2021)



Various solvents, equal ions (KPF6)

Model based 
interpretation/
reproduction

solvated ions → 

A. S. Shatla, M. Landstorfer, and H. Baltruschat. ChemElectroChem, 8 (2021)



Various solvents, equal ions (KPF6)
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A. S. Shatla, M. Landstorfer, and H. Baltruschat. ChemElectroChem, 8 (2021)

Well, Au(111) …  
 

@Helmut: What about Ag(111) and 
complete the dataset of Valette for 

various solvents?
Solvated ions have similar partial molar 
volumes in the various solvents
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A. S. Shatla, M. Landstorfer, H. Baltruschat. 
ChemElectroChem, 8 (2021)

agreement among 
various solvents 
work in progress
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Discussion - Dissociation degree

Consequence: re-question dissociation reaction

M. Landstorfer 5

the incompressibility constraint vRSnS +vEAnA+vECnC = 1 of the liquid mixture. For E æŒ we
obtain in the Stern layer nS, nA æ 0 and thus vECnC æ 1. Since vC = 45 · vRS ¥ 0.85 mol L≠1

we obtain directly nC æ 1.17 mol L≠1. Since the saturation concentration is actually indepen-
dent of the bulk concentration, it explains also why the value of the capacity maxima is almost
independent of the bulk concentration. In the saturation layer the free water molecules are
pushed out of the space charge layer in order to ensure the incompressibility of the liquid. We
thus find that double layer is actually a saturated solution of about 1 mol L≠1 of solvated ions,
and that the model with which we draw this conclusions predicts qualitatively and quantita-
tively the precisely measurable di�erential capacity. What does this imply for an electrolytic
solution of 1≠ 2 mol L≠1 bulk concentration ?

Based on the relation (4) the capacity measurements suggest that each (mono-valent) ion
solvates about ŸA = ŸC = Ÿ = 45 solvent molecules. A completely dissociated solution of
c = 0.5mol L≠1 AC requires about (ŸA + ŸC) · c = 45 mol L≠1 of solvent molecules, which
is almost the bulk value of water. Hence there are not much more free solvent molecules left,
which is somehow a similar state as the Stern layer1. Increasing the salt concentration further
would even imply a negative value of the free solvent molecules, which certainly does not
occur. In consequence one has to requisition the concept of complete dissociation, even at
moderate concentrations of (0.1≠ 1)mol L≠1. Note that this e�ect occurs also when the the
solvation number is smaller, but at little higher concentrations.
Requisitioning the concept of complete dissociation requires to state the actual bulk reactions
occurring during the dissociation process. It is quite common to write the dissociation reaction
of AC as

AC
---
R ⌦ A≠ + C+ (11)

where R refers to the solid phase and A≠,C+ are parts of the electrolytic mixture. However,
from an elementary perspective, the process actually occurs in two steps, initially the dissolution
reaction2

AC
---
R ⌦ AC (12)

and subsequent the dissociation reaction

AC + (ŸA + ŸC)S ⌦ A≠ + C+ . (13)

Note that we account also for the solvation e�ect in the dissociation reaction. The reaction
(13) implies that the constituent AC is actually a species of the liquid mixture and thus has
a chemical potential in solution. Whether to term the constituent AC an ion pair, associated
ion, Bjerrium pair or undissociated salt molecule in solution, is thermodynamically insignificant.
What is significant, how ever, is the equilibrium condition the reaction (13) implies, namely

µAC + (ŸA + ŸC)µS = µA + µC . (14)

With the representation (5) of the chemical potentials µ–, this condition actually rewrites as
yA · yC

yAC · (yS)ŸA+ŸC
= e

�gD

kBT with �gD = gAC + (ŸA + ŸC) · gS ≠ gA ≠ gC . (15)

1
In the Stern layer only ions of one kind are present but mechanical equilibrium between the electrostatic

force and the material pressure
2
Note that this process could also require solvent molecules.
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2. Step: dissociation of the ion pair with solvation effect

M. Landstorfer 5

the incompressibility constraint vRSnS +vEAnA+vECnC = 1 of the liquid mixture. For E æŒ we
obtain in the Stern layer nS, nA æ 0 and thus vECnC æ 1. Since vC = 45 · vRS ¥ 0.85 mol L≠1

we obtain directly nC æ 1.17 mol L≠1. Since the saturation concentration is actually indepen-
dent of the bulk concentration, it explains also why the value of the capacity maxima is almost
independent of the bulk concentration. In the saturation layer the free water molecules are
pushed out of the space charge layer in order to ensure the incompressibility of the liquid. We
thus find that double layer is actually a saturated solution of about 1 mol L≠1 of solvated ions,
and that the model with which we draw this conclusions predicts qualitatively and quantita-
tively the precisely measurable di�erential capacity. What does this imply for an electrolytic
solution of 1≠ 2 mol L≠1 bulk concentration ?

Based on the relation (4) the capacity measurements suggest that each (mono-valent) ion
solvates about ŸA = ŸC = Ÿ = 45 solvent molecules. A completely dissociated solution of
c = 0.5mol L≠1 AC requires about (ŸA + ŸC) · c = 45 mol L≠1 of solvent molecules, which
is almost the bulk value of water. Hence there are not much more free solvent molecules left,
which is somehow a similar state as the Stern layer1. Increasing the salt concentration further
would even imply a negative value of the free solvent molecules, which certainly does not
occur. In consequence one has to requisition the concept of complete dissociation, even at
moderate concentrations of (0.1≠ 1)mol L≠1. Note that this e�ect occurs also when the the
solvation number is smaller, but at little higher concentrations.
Requisitioning the concept of complete dissociation requires to state the actual bulk reactions
occurring during the dissociation process. It is quite common to write the dissociation reaction
of AC as

AC
---
R ⌦ A≠ + C+ (11)

where R refers to the solid phase and A≠,C+ are parts of the electrolytic mixture. However,
from an elementary perspective, the process actually occurs in two steps, initially the dissolution
reaction2

AC
---
R ⌦ AC (12)

and subsequent the dissociation reaction

AC + (ŸA + ŸC)S ⌦ A≠ + C+ . (13)

Note that we account also for the solvation e�ect in the dissociation reaction. The reaction
(13) implies that the constituent AC is actually a species of the liquid mixture and thus has
a chemical potential in solution. Whether to term the constituent AC an ion pair, associated
ion, Bjerrium pair or undissociated salt molecule in solution, is thermodynamically insignificant.
What is significant, how ever, is the equilibrium condition the reaction (13) implies, namely

µAC + (ŸA + ŸC)µS = µA + µC . (14)

With the representation (5) of the chemical potentials µ–, this condition actually rewrites as
yA · yC

yAC · (yS)ŸA+ŸC
= e

�gD

kBT with �gD = gAC + (ŸA + ŸC) · gS ≠ gA ≠ gC . (15)

1
In the Stern layer only ions of one kind are present but mechanical equilibrium between the electrostatic

force and the material pressure
2
Note that this process could also require solvent molecules.

DOI 10.20347/WIAS.PREPRINT.+++Preprint-Nummer+++Berlin +++Preprint-Jahr+++

TD equilibrium condition: 
same chemical potential functions as previously!

Consider 1 mol/L AC solution

common assumption: complete dissociation justified ? 



Discussion - Dissociation degree

M. Landstorfer 5

the incompressibility constraint vRSnS +vEAnA+vECnC = 1 of the liquid mixture. For E æŒ we
obtain in the Stern layer nS, nA æ 0 and thus vECnC æ 1. Since vC = 45 · vRS ¥ 0.85 mol L≠1

we obtain directly nC æ 1.17 mol L≠1. Since the saturation concentration is actually indepen-
dent of the bulk concentration, it explains also why the value of the capacity maxima is almost
independent of the bulk concentration. In the saturation layer the free water molecules are
pushed out of the space charge layer in order to ensure the incompressibility of the liquid. We
thus find that double layer is actually a saturated solution of about 1 mol L≠1 of solvated ions,
and that the model with which we draw this conclusions predicts qualitatively and quantita-
tively the precisely measurable di�erential capacity. What does this imply for an electrolytic
solution of 1≠ 2 mol L≠1 bulk concentration ?

Based on the relation (4) the capacity measurements suggest that each (mono-valent) ion
solvates about ŸA = ŸC = Ÿ = 45 solvent molecules. A completely dissociated solution of
c = 0.5mol L≠1 AC requires about (ŸA + ŸC) · c = 45 mol L≠1 of solvent molecules, which
is almost the bulk value of water. Hence there are not much more free solvent molecules left,
which is somehow a similar state as the Stern layer1. Increasing the salt concentration further
would even imply a negative value of the free solvent molecules, which certainly does not
occur. In consequence one has to requisition the concept of complete dissociation, even at
moderate concentrations of (0.1≠ 1)mol L≠1. Note that this e�ect occurs also when the the
solvation number is smaller, but at little higher concentrations.
Requisitioning the concept of complete dissociation requires to state the actual bulk reactions
occurring during the dissociation process. It is quite common to write the dissociation reaction
of AC as

AC
---
R ⌦ A≠ + C+ (11)

where R refers to the solid phase and A≠,C+ are parts of the electrolytic mixture. However,
from an elementary perspective, the process actually occurs in two steps, initially the dissolution
reaction2

AC
---
R ⌦ AC (12)

and subsequent the dissociation reaction

AC + (ŸA + ŸC)S ⌦ A≠ + C+ . (13)

Note that we account also for the solvation e�ect in the dissociation reaction. The reaction
(13) implies that the constituent AC is actually a species of the liquid mixture and thus has
a chemical potential in solution. Whether to term the constituent AC an ion pair, associated
ion, Bjerrium pair or undissociated salt molecule in solution, is thermodynamically insignificant.
What is significant, how ever, is the equilibrium condition the reaction (13) implies, namely

µAC + (ŸA + ŸC)µS = µA + µC . (14)

With the representation (5) of the chemical potentials µ–, this condition actually rewrites as
yA · yC

yAC · (yS)ŸA+ŸC
= e

�gD

kBT with �gD = gAC + (ŸA + ŸC) · gS ≠ gA ≠ gC . (15)

1
In the Stern layer only ions of one kind are present but mechanical equilibrium between the electrostatic

force and the material pressure
2
Note that this process could also require solvent molecules.

DOI 10.20347/WIAS.PREPRINT.+++Preprint-Nummer+++Berlin +++Preprint-Jahr+++

M. Landstorfer 6

 

 

D
is
so

ci
at

io
n

de
gr

ee
”

Salt concentration c / mol L≠1

�gD = ≠0.3eV
�gD = ≠0.2eV
�gD = ≠0.1eV
�gD = 0eV
�gD = 0.1eV
�gD = 0.2eV

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) Dissociation degree accounting for solvation

e�ects according according to eq. (19).

 

 

D
is
so

ci
at

io
n

de
gr

ee
”

Salt concentration c / mol L≠1

�gD = ≠0.3eV
�gD = ≠0.2eV
�gD = ≠0.1eV
�gD = 0eV
�gD = 0.1eV
�gD = 0.2eV

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b) Dissociation degree according to Ostwald’s

dilution law (20).

Figure 5: Comparison of the dissociation degree with solvation e�ect and according to Ost-
wald’s dilution law.

when pE = pR. Introducing the dissociation degree ” via

nA = nC = ” · c and nAC = (1≠ ”)c , (16)

where c is the molar concentration of the salt, leads to

yA = yC = ” · c
nR

S +2(1≠Ÿ)” · c+(1≠”) · c , yAC = (1≠ ”) · c
nR

S +2(1≠Ÿ)” · c+(1≠”) · c , (17)

and yS = nR
S ≠ 2Ÿ ” · c

nR
S +2(1≠Ÿ)” · c+(1≠”) · c . (18)

The equilibrium condition (15) is thus an algebraic constraint

”2

(1≠ ”) · c

nR
S +2(1≠Ÿ)” · c+(1≠”) · c ·

A
nR

S +2(1≠Ÿ)” · c+(1≠”) · c
nR

S ≠ 2Ÿ ” · c

B2Ÿ

≠ e
�gD

kBT = 0 (19)

between the dissociation degree ” and the salt concentration c. The only parameters of this
relation are the dissociation energy �gD and the solvation number Ÿ.
Since we know the solvation number Ÿ from the capacity maximum, we can numerically
solve (19) for various values of �gD in order to determine the dissociation degree ” = ”(c).
Figure 5b shows computations of the dissociation degree from very dilute solutions up to
high concentrations. Note that Ostwald’s dilution law, which is frequently used to compute
or approximate the dissociation degree of acids, completely ignores the solvation e�ect and
the concept of free solvent molecules. The corresponding constraint of Ostwald’s dilution law
reads

”2

1≠ ”
· c

nR
S

≠ e
�gD

kBT = 0 (20)

and significantly underestimates the dissociation degree, especially for higher concentrations
(see comparison in Fig. 5). For a large dissociation energy �gD > 0.1 eV Ostwald’s dilution
law would predict complete dissociation, while the solvation e�ect and its consistent incorpora-
tion in the thermodynamic theory requires incomplete dissociation beyond 0.7 molL≠1 almost
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the concept of free solvent molecules. The corresponding constraint of Ostwald’s dilution law
reads
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�gD

kBT = 0 (20)

and significantly underestimates the dissociation degree, especially for higher concentrations
(see comparison in Fig. 5). For a large dissociation energy �gD > 0.1 eV Ostwald’s dilution
law would predict complete dissociation, while the solvation e�ect and its consistent incorpora-
tion in the thermodynamic theory requires incomplete dissociation beyond 0.7 molL≠1 almost
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Solvation mixture: (κ = 30)

M. Landstorfer, Electrochem. Comm., 2018, 59, 56 – 59.

Beyond a certain concentration c > cmax the capacity becomes independent of c

cmax can be estimated from capacity measurements and implicitly be used to 
determine solvation numbers
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Since we know the solvation number Ÿ from the capacity maximum, we can numerically
solve (19) for various values of �gD in order to determine the dissociation degree ” = ”(c).
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- Capacity of single crystal Ag(111)|NaClO4(H2O) 
- Variation of the salt concentration 
- Capacity depends non-linear on the  
   applied voltage 
- Unsymmetric capactiy hump

Ag(110)|NaClO4 – adsorbing solvated ions

Fig. 5 of G. Valette, J. of Electroanal. Chem., 1981, 122, 285 – 297.
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Ag(110)|NaClO4 – adsorbing solvated ions

Mathematical model

M. Landstorfer, C. Guhlke and W. Dreyer, Electrochim. 
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⌅ Surface reaction equilibrium of the general reactions2

A
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– ”=i,–=0

‹–,iAs – i = N+ + N≠ + 1, . . . , NS (9)

⌅ Electrical equilibrium in �±

≠Á0div (ÒÏ) = q and Á0[[E]] · n = q
s

(10)

⌅ Mechanical equilibrium in �±

Òp = ≠qÒÏ and [[p]] · n = q
s

·
1
2(E+

S ≠ E≠S ) (11)

Throughout this work we consider only equilibrium situations. Note that a combination
of di�usional and adsorption equilibrium leads to

µ
±
– + e0z–(Ï± ≠ Ï

---
±

S
) = µ

s
– – = 1, . . . , N. (12)

We abbreviate the electrochemical potential as Âµ– := µ– + e0z–µ–.

1.2 Thomas–Fermi model of the metal-vacuum interface

Consider a metal �M
µ R3 in contact with vacuum �V. For simplicity we assume that the

metal surface S = �M
fi �V is flat and parallel to the (y, z)-plane, positioned at x = 0.

We can thus approximate the field equations in a 1D setting. The point xM corresponds
to a bulk point in the metal while xV is a bulk point in vacuum. Evaluation of some field
variable u(x) at x = x

M,V is denoted by u
M,V.

The simplest model approach for a metal is to consider only the metal ions M and the
conduction band electrons e in terms of their volume densities nM(x) and ne(x) with
respective chemical potentials (see appendix A.1 for the derivation based on the actual
free energy density flÂM)

µe = a · n
2
3
e with a = h
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2me

3 3
8fi

4 2
3

x œ (xM, 0) fi (0, xV) (13)

µM = g
R
M + v

R
M(pM ≠ p

R
M) with n

R
M = 1

v
R
M

= const. x œ (xM, 0) (14)

where v
R
M denotes the partial molar volume of the metal ions, pM the metal ion partial

pressure, gRM the reference Gibbs energy and p
R
M the bulk pressure. The surface S is not

explicitly modeled in terms of surface densities.

2Note that quite a large amount of reactions could be rewritten

5

with

evaluation of the field u in the bulk.

In each phase we consider a mixture of constituents A–,– = 0, 1, . . . , N± with molar
mass m– and charge e0z–. For each constituent we have a (volume) density n–(x, t) with
units molm≠3. On the singular surface S we permit all constituents from �+ and �≠ to
be present, and some addition species which arise from surface reactions. Each adsorbed
constituent A

s –
is described in terms of surface species densities n
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/mol m≠2

, – =
0, 1, . . . , NS. The electric field is denoted by E.

The free energy densities of the volume phases are flÂ± = flÂ̂
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the surface Â
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s 1, . . . , nsNS). The respective chemical potentials are then
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The total mass densities in the volume and on the surface are defined as
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Similar, multiplication of the mole densities by the electric charges z–e0 and summation
gives the total free charge densities in the bulk and on the surface,

q =
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z–e0n– and q
s

=
NSÿ

–=0

z–e0ns–
. (4)

The electric field E is related to the electrostatic potential Ï via E = ≠ÒÏ since we
neglect magnetic e�ects throughout this work. Note, however, that the electrostatic
potential Ï is not necessarily continuous at the surface S, i.e.

[[Ï]] = Ï|
≠
S ≠ Ï|

+

S . (5)

In the thermodynamic equilibrium, the following conditions hold[7]
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which can be integrated as
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⌅ Adsorption equilibrium at S
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(b) Charge

Figure 9: Computed double layer capacity and charge of 0.01M AC , 0.005M AC2 ,
0.0033M AC3 aqueous solutions based on the thermodynamic model of section 2 and
the solvation shell models (59) with Ê0 = 45.

where Ê0 is a solvent specific quantity, and discuss their impact on the boundary layer
capacity. Fig. 9a displays a computation of the capacity for the respective examples. It
shows the complex interplay between charge number z– of the anion and the partial
molar volume of the respective models (59). Fig. 9b shows the corresponding double
layer charge.
For M1(Ê– = Ê0) we find that the capacity maxima increase extremely (compared to
the AC example) and that much more charge can be stored in the double layer (c.f.
Fig. 9b). Since the partial molar volume of A≠ , A2≠ , and A3≠ remains equal for
this example, this is expectably as much more charge can be stored at a given amount
of volume.
The model M2(Ê– = |z–| · Ê0) shows a more intuitive behavior. The capacity maxima
increases due to the increased charge number of the AC2 and AC3 anion. However,
the capacity saturation C≠ŒE at E æ +Œ remains in the order of the AC value
since the actual amount of charge stored in the double layer remains similar. This can
be seen more clearly when one computes the charge density qE(x), where x is the 1-D
space variable normal to the metal surface, based on the equilibrium equation system
(31),(32) and(36). Note that the canonical unit of qE(x) is actually µC cm≠2nm≠1 and
remember that for a non-adsorbing salt Q = ≠

´ xE
0 qE dx.

Figure 10 displays the numerical solutions of qE(x), i.e. the space charge layer in the
electrolyte, for the examples given above. The example AC can again be considered as
reference since it was validated in [4] against experimental data of mono-valent salts.

For the model M2 we find that the charge density in the Stern layer, i.e. the locally
saturated anionic solution [1], remains almost equal for AC , AC2 and AC3 . This
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M1 : Ÿ– = Ÿ M2 : Ÿ– = |z–| · Ÿ M3 : Ÿ– = |z–|2 · Ÿ

Consider solutions 0.1M AC, 0.5M A2C, 0.33M A3C

Discussion - multivalent ions

what is the relationship between partial molar volume and charge number ?
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G. Valette, J. Electroanal. Chem., 269 (1989), 191 – 203.

M1 : Ÿ– = Ÿ M2 : Ÿ– = |z–| · Ÿ M3 : Ÿ– = |z–|2 · ŸSolvation numbers and partial molar volumes of 
solvated ions scale linear with charge number



Adsorption of solvent molecules

xEx
s

xM

(ne, nM )
M

M
s

E
(n0, nA, nC)

(n
s

e, n
s

M )

(n
s

0, n
s

A, n
s

C)

Yet: Adsorption of surface species do not 
contribute to the overall potential drop

a CV is shown in Fig. 2 for a Pt(111) electrode in
0.1 M H2SO4. Four different processes can be seen
to occur, which relate to a mere charging of the
electrochemical interface, to sulfate or hydrogen
adsorption, and to hydrogen evolution. How can
one possibly be sure of such a detailed assignment?
How do we know that certain electrons stem from
sulfate adsorption, but others from hydrogen ad-
sorption? Most electrochemical reactions can be

studied under equilibrium conditions (like in Fig. 2
by choosing a low scan rate), which implies that
the adsorbed species is in equilibrium with the
corresponding solution species (e.g., sulfate ions or
H3Oþ). Hence, by varying the concentration of a
solution species, while keeping those of all others
constant, the respective feature in the CV under-
goes a potential shift associated with the concen-
tration of the electroactive species in solution.

724 D.M. Kolb / Surface Science 500 (2002) 722–740
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Main consequence: Capacity maxima width  
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Consequences:


- Capacity maxima width dependent on the 
solvent coefficient


- Capacity scales with 
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Requirement: Adsorption of (solvent) species 
contributes to the overall potential drop

Linear potential drop across the 
solvent adsorption layer
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U � Upzc = US + UM,E ⇡ (1 + ⌘S) · UM,E

Experimental: Capacity width       dependent on 
the solvent adsorption
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Charge stored in the interface:

Polycrystalline Electrode - Electrolyte Interface
J. Fuhrmann, M. Landstorfer, R. Müller 2
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Figure 1: Sketch of the grain structure of a polycrystalline surface (left) and FEM computation of thefig:poly-surf
electric potential in an electrolyte in contact to a surface with simplified structure given by a periodic
alternating pattern of differently oriented crystal surfaces.

In this work, we apply a recent modified Nernst-Planck like continuum model [DGM13, LGD16] toJF: Da hier noch alles
im Gleichgewicht ist, ist
es doch eher modified
Poisson Boltzmann ?
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compute numerically the differential capacitance of patterned electrode|electrolyte interfaces. We aim to
analyze the relation of the differential capacitanceof polycrystalline surface to the more simple and well

JF: capacitance or ca-
pacity ?
JF: capacitance or ca-
pacity ? understood case of single crystal surfaces. In accord with [DGM13, LGD16], the model incorporates

the pressure variable and momentum balance to strictly guarantee thermodynamic consistency, and
allows to account for volume exclusion effects due to finite ion sizes solvation effects. For a review of the
development of generalized Nernst-Planck models we refer to [KBA07] It is a remarkable non-obviousJF: Brauchen wir das

Zitat hier ?
JF: Brauchen wir das
Zitat hier ?

feature of the applied model that as in the case of the Gouy-Chapman model, for planar single crystal
surfaces it allows to determine the double layer charge and thus also the differential capacity directly
from the solution a of algebraic equations, without the need to resort to the underlying (one-dimensional)
differential equation.

The inhomogeneity of the surface capacitance is commonly believed to cause so called ’frequency
dispersion’ in electrochemical impedance spectroscopy, cf. [Paj94], and the effects of surface inhomo-
geneity can be expected to have even more serious impact in the presence of Faradayic reactions. We
plan to investigate these non-equilibrium aspects in follow-up research.

General approach. We approximate the complex unstructured polycrystalline electrode surface by a
regular surface pattern with N > 1 different types of surface patches. Each type of patches is identified
with the surface of a grain of certain crystallographic orientation. To each patch Si, 1 Æ i Æ N , we
assign the covered surface fraction si with

PN
i=1 si = 1,and a value of the electron work functionJF: Sind die nicht per

patch ? Die ss kenne
ich als surface cov-
erages of adsorbed
species, und eine
davon ist sind die freien
PlÃd’tze.
Andererseits kÃűn-
nten das die lokalen
FlÃd’chenanteile
per FlÃd’cheneinheit
sein, also schon hom-
genisiert. MÃijsste man
m.E. etwas genauer
beschreiben. Wegen
der Verwechslungsge-
fahr sind die ss als
Variablennamen nicht
gut.
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Variablennamen nicht
gut.

related to a single crystal surface of the according orientation. In the most simple case of only two
different kinds of surface patches covering each half of the surface we have N = 2 and s1 = s2 = 1/2.
For the total surface pattern we choose a characteristic value dgrain describing the typical diameter of
the individual patches. By our material model, the constancy of the electrochemical potential of the
electrons on the surface implies that the electric potential Ï is constant on each patch and the jump
between two adjacent patches is given by the difference of the according work functions. Figure 1 (right)
shows iso-surfaces of the electric potential in the electrolyte in contact with a periodically continued
checkerboard patterned electrode surface on the bottom.

For a non-adsorbing electrolyte our results can be stated as follows: if the grain diameter is large
compared to the Debye length LDebye of the electrolyte, then the capacity CBL

poly,Œ of the polycrystalline
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Upon solution of the boundary value problem, the boundary layer charge density is computed from

QBL
poly(E) = ≠ 1

|�|

Z

�E
q(x) dx , (2.30)

Finally, the total surface charge is Qpoly(E) = QBL
poly(E) + Q

s
poly(E) and the differential capacity of

the patterned surface is computed by taking the derivative with respect to the applied potential E.

Ensemble of planar single crystal surfaces. The total boundary layer charge density can be
decomposed into the contributions adjacent to the different facets �i, viz.

QBL =
NX

i=1
si Q

BL
�i

with QBL
�i

= ≠ 1
|�i|

Z

�Efl(�i◊R)
q(z) dz . (2.31)

Since boundary effects propagate into the interior with a length scale according to the Debye length
(2.18), boundary effects due to the finite size of �i can be neglected once the characteristic facet
diameter is sufficiently large, i.e. LDebye π dfacet. Then, the charge density in front of �i is well
approximated by the boundary layer charge (2.20) at a planar single crystal with the same material
parameters as �i, i.e.

QBL
�i

≠ Q̂BL

✓
E ≠ Eref + 1

e0
µ
s

e

◆
æ 0 for

LDebye

dfacet æ 0 . (2.32)

Thus, in the limit of large facets, the boundary layer charge density QBL
poly of the polycrystal is given by

the according density of an ensemble of non-interacting (infinitely large) planar single crystal surfaces,
all in contact with the same electrolyte, viz.

QBL
poly(E) =

NX

i=1
si Q̂

BL

✓
E ≠ Eref + 1

e0
µ
s

e

◆
, (2.33)

The boundary layer capacity related to (2.33) is given by(1.1). As (2.28) can be applied independent of
the size of dfacet, we conclude

Cpoly(E) =
NX

i=1
si Ĉ

✓
E ≠ Eref + 1

e0
µ
s

e

◆
. (2.34)

3 Surfaces of finite size pattern and approached limit relations

In order to keep the focus of this Section sharp, we assume here that the electrolyte is non-adsorbing.
If in addition also adsorption has to be take in to account, surface charge and surface capacity can be
computed in purely algebraic manner by a post-processing step applying (2.29) and its derivative with
respect to the applied potential, respectively.

3.1 Pattern of two equally sized facets

We consider first the most simple configuration of a symmetric bi-crystalline surface, where N = 2,
s1 = s2 = 1/2. We choose an average potential µ̄

s
e such that µ

s
e|�1 ≠µ̄

s
e = ≠(µ

s
e|�2 ≠µ̄

s
e) = ≠0.1eV
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Upon solution of the boundary value problem, the boundary layer charge density is computed from

QBL
poly(E) = ≠ 1

|�|

Z

�E
q(x) dx , (2.30)

Finally, the total surface charge is Qpoly(E) = QBL
poly(E) + Q

s
poly(E) and the differential capacity of

the patterned surface is computed by taking the derivative with respect to the applied potential E.

Ensemble of planar single crystal surfaces. The total boundary layer charge density can be
decomposed into the contributions adjacent to the different facets �i, viz.

QBL =
NX

i=1
si Q

BL
�i

with QBL
�i

= ≠ 1
|�i|

Z

�Efl(�i◊R)
q(z) dz . (2.31)

Since boundary effects propagate into the interior with a length scale according to the Debye length
(2.18), boundary effects due to the finite size of �i can be neglected once the characteristic facet
diameter is sufficiently large, i.e. LDebye π dfacet. Then, the charge density in front of �i is well
approximated by the boundary layer charge (2.20) at a planar single crystal with the same material
parameters as �i, i.e.

QBL
�i

≠ Q̂BL

✓
E ≠ Eref + 1

e0
µ
s

e

◆
æ 0 for

LDebye

dfacet æ 0 . (2.32)

Thus, in the limit of large facets, the boundary layer charge density QBL
poly of the polycrystal is given by

the according density of an ensemble of non-interacting (infinitely large) planar single crystal surfaces,
all in contact with the same electrolyte, viz.

QBL
poly(E) =

NX

i=1
si Q̂

BL

✓
E ≠ Eref + 1

e0
µ
s

e

◆
, (2.33)

The boundary layer capacity related to (2.33) is given by(1.1). As (2.28) can be applied independent of
the size of dfacet, we conclude

Cpoly(E) =
NX

i=1
si Ĉ

✓
E ≠ Eref + 1

e0
µ
s

e

◆
. (2.34)

3 Surfaces of finite size pattern and approached limit relations

In order to keep the focus of this Section sharp, we assume here that the electrolyte is non-adsorbing.
If in addition also adsorption has to be take in to account, surface charge and surface capacity can be
computed in purely algebraic manner by a post-processing step applying (2.29) and its derivative with
respect to the applied potential, respectively.

3.1 Pattern of two equally sized facets

We consider first the most simple configuration of a symmetric bi-crystalline surface, where N = 2,
s1 = s2 = 1/2. We choose an average potential µ̄

s
e such that µ

s
e|�1 ≠µ̄

s
e = ≠(µ

s
e|�2 ≠µ̄

s
e) = ≠0.1eV
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Upon solution of the boundary value problem, the boundary layer charge density is computed from

QBL
poly(E) = ≠ 1

|�|

Z

�E
q(x) dx , (2.30)

Finally, the total surface charge is Qpoly(E) = QBL
poly(E) + Q

s
poly(E) and the differential capacity of

the patterned surface is computed by taking the derivative with respect to the applied potential E.

Ensemble of planar single crystal surfaces. The total boundary layer charge density can be
decomposed into the contributions adjacent to the different facets �i, viz.

QBL =
NX

i=1
si Q

BL
�i

with QBL
�i

= ≠ 1
|�i|

Z

�Efl(�i◊R)
q(z) dz . (2.31)

Since boundary effects propagate into the interior with a length scale according to the Debye length
(2.18), boundary effects due to the finite size of �i can be neglected once the characteristic facet
diameter is sufficiently large, i.e. LDebye π dfacet. Then, the charge density in front of �i is well
approximated by the boundary layer charge (2.20) at a planar single crystal with the same material
parameters as �i, i.e.

QBL
�i

≠ Q̂BL

✓
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e0
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LDebye

dfacet æ 0 . (2.32)

Thus, in the limit of large facets, the boundary layer charge density QBL
poly of the polycrystal is given by

the according density of an ensemble of non-interacting (infinitely large) planar single crystal surfaces,
all in contact with the same electrolyte, viz.

QBL
poly(E) =

NX

i=1
si Q̂

BL

✓
E ≠ Eref + 1

e0
µ
s

e

◆
, (2.33)

The boundary layer capacity related to (2.33) is given by(1.1). As (2.28) can be applied independent of
the size of dfacet, we conclude

Cpoly(E) =
NX

i=1
si Ĉ

✓
E ≠ Eref + 1

e0
µ
s

e

◆
. (2.34)

3 Surfaces of finite size pattern and approached limit relations

In order to keep the focus of this Section sharp, we assume here that the electrolyte is non-adsorbing.
If in addition also adsorption has to be take in to account, surface charge and surface capacity can be
computed in purely algebraic manner by a post-processing step applying (2.29) and its derivative with
respect to the applied potential, respectively.

3.1 Pattern of two equally sized facets

We consider first the most simple configuration of a symmetric bi-crystalline surface, where N = 2,
s1 = s2 = 1/2. We choose an average potential µ̄

s
e such that µ

s
e|�1 ≠µ̄

s
e = ≠(µ

s
e|�2 ≠µ̄

s
e) = ≠0.1eV
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Upon solution of the boundary value problem, the boundary layer charge density is computed from

QBL
poly(E) = ≠ 1

|�|

Z

�E
q(x) dx , (2.30)

Finally, the total surface charge is Qpoly(E) = QBL
poly(E) + Q

s
poly(E) and the differential capacity of

the patterned surface is computed by taking the derivative with respect to the applied potential E.

Ensemble of planar single crystal surfaces. The total boundary layer charge density can be
decomposed into the contributions adjacent to the different facets �i, viz.

QBL =
NX

i=1
si Q

BL
�i

with QBL
�i

= ≠ 1
|�i|

Z

�Efl(�i◊R)
q(z) dz . (2.31)

Since boundary effects propagate into the interior with a length scale according to the Debye length
(2.18), boundary effects due to the finite size of �i can be neglected once the characteristic facet
diameter is sufficiently large, i.e. LDebye π dfacet. Then, the charge density in front of �i is well
approximated by the boundary layer charge (2.20) at a planar single crystal with the same material
parameters as �i, i.e.

QBL
�i

≠ Q̂BL

✓
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e0
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◆
æ 0 for

LDebye

dfacet æ 0 . (2.32)

Thus, in the limit of large facets, the boundary layer charge density QBL
poly of the polycrystal is given by

the according density of an ensemble of non-interacting (infinitely large) planar single crystal surfaces,
all in contact with the same electrolyte, viz.

QBL
poly(E) =

NX

i=1
si Q̂

BL

✓
E ≠ Eref + 1

e0
µ
s

e

◆
, (2.33)

The boundary layer capacity related to (2.33) is given by(1.1). As (2.28) can be applied independent of
the size of dfacet, we conclude

Cpoly(E) =
NX

i=1
si Ĉ

✓
E ≠ Eref + 1

e0
µ
s

e

◆
. (2.34)

3 Surfaces of finite size pattern and approached limit relations

In order to keep the focus of this Section sharp, we assume here that the electrolyte is non-adsorbing.
If in addition also adsorption has to be take in to account, surface charge and surface capacity can be
computed in purely algebraic manner by a post-processing step applying (2.29) and its derivative with
respect to the applied potential, respectively.

3.1 Pattern of two equally sized facets

We consider first the most simple configuration of a symmetric bi-crystalline surface, where N = 2,
s1 = s2 = 1/2. We choose an average potential µ̄

s
e such that µ

s
e|�1 ≠µ̄

s
e = ≠(µ

s
e|�2 ≠µ̄

s
e) = ≠0.1eV
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Upon solution of the boundary value problem, the boundary layer charge density is computed from

QBL
poly(E) = ≠ 1

|�|

Z

�E
q(x) dx , (2.30)

Finally, the total surface charge is Qpoly(E) = QBL
poly(E) + Q

s
poly(E) and the differential capacity of

the patterned surface is computed by taking the derivative with respect to the applied potential E.

Ensemble of planar single crystal surfaces. The total boundary layer charge density can be
decomposed into the contributions adjacent to the different facets �i, viz.

QBL =
NX

i=1
si Q

BL
�i

with QBL
�i

= ≠ 1
|�i|

Z

�Efl(�i◊R)
q(z) dz . (2.31)

Since boundary effects propagate into the interior with a length scale according to the Debye length
(2.18), boundary effects due to the finite size of �i can be neglected once the characteristic facet
diameter is sufficiently large, i.e. LDebye π dfacet. Then, the charge density in front of �i is well
approximated by the boundary layer charge (2.20) at a planar single crystal with the same material
parameters as �i, i.e.

QBL
�i

≠ Q̂BL

✓
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Thus, in the limit of large facets, the boundary layer charge density QBL
poly of the polycrystal is given by

the according density of an ensemble of non-interacting (infinitely large) planar single crystal surfaces,
all in contact with the same electrolyte, viz.

QBL
poly(E) =

NX

i=1
si Q̂

BL

✓
E ≠ Eref + 1

e0
µ
s

e

◆
, (2.33)

The boundary layer capacity related to (2.33) is given by(1.1). As (2.28) can be applied independent of
the size of dfacet, we conclude

Cpoly(E) =
NX

i=1
si Ĉ

✓
E ≠ Eref + 1

e0
µ
s

e

◆
. (2.34)

3 Surfaces of finite size pattern and approached limit relations

In order to keep the focus of this Section sharp, we assume here that the electrolyte is non-adsorbing.
If in addition also adsorption has to be take in to account, surface charge and surface capacity can be
computed in purely algebraic manner by a post-processing step applying (2.29) and its derivative with
respect to the applied potential, respectively.

3.1 Pattern of two equally sized facets

We consider first the most simple configuration of a symmetric bi-crystalline surface, where N = 2,
s1 = s2 = 1/2. We choose an average potential µ̄

s
e such that µ

s
e|�1 ≠µ̄

s
e = ≠(µ

s
e|�2 ≠µ̄

s
e) = ≠0.1eV
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Figure 2: Sketch of the facet structure of a polycrystalline surface (left) and FEM computation of the
electric potential in the electrolyte in contact with a checkerboard polycrystalline surface (right) with
corresponding double layer charge Qpoly and capacity Cpoly as function of the applied voltage E.

Figure 3: Double layer charge and differential capacitance of a polycrystalline electrode determined
from (1.2) with s1 = s2 = 1
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(1.2)

where Q̂BL and ĈBL are nonlinear functions specified in section 2. The construction of the capacity
CBL

poly,Œ of a polycristalline electrode in the case of facets with two equal surface fractions is illustrated
in Fig. 3 (right). Remarkably, the potential of zero charge EPZC

poly,Œ of this polycrystalline surface in this
case is located at the capacity maximum and not at a local minimum of the curve!

For realistic polycrystalline electrodes, the consecutive labeling of all facets might be impractical. We
propose thus a stochastic description of the surface in terms of a probability density f , modeling
the surface fraction as function of the surface chemical potential of electrons. We derive in the limit
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Figure 2: Sketch of the facet structure of a polycrystalline surface (left) and FEM computation of the
electric potential in the electrolyte in contact with a checkerboard polycrystalline surface (right) with
corresponding double layer charge Qpoly and capacity Cpoly as function of the applied voltage E.

Figure 3: Double layer charge and differential capacitance of a polycrystalline electrode determined
from (1.2) with s1 = s2 = 1
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where Q̂BL and ĈBL are nonlinear functions specified in section 2. The construction of the capacity
CBL

poly,Œ of a polycristalline electrode in the case of facets with two equal surface fractions is illustrated
in Fig. 3 (right). Remarkably, the potential of zero charge EPZC

poly,Œ of this polycrystalline surface in this
case is located at the capacity maximum and not at a local minimum of the curve!

For realistic polycrystalline electrodes, the consecutive labeling of all facets might be impractical. We
propose thus a stochastic description of the surface in terms of a probability density f , modeling
the surface fraction as function of the surface chemical potential of electrons. We derive in the limit
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Figure 2: Sketch of the facet structure of a polycrystalline surface (left) and FEM computation of the
electric potential in the electrolyte in contact with a checkerboard polycrystalline surface (right) with
corresponding double layer charge Qpoly and capacity Cpoly as function of the applied voltage E.

Figure 3: Double layer charge and differential capacitance of a polycrystalline electrode determined
from (1.2) with s1 = s2 = 1
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where Q̂BL and ĈBL are nonlinear functions specified in section 2. The construction of the capacity
CBL

poly,Œ of a polycristalline electrode in the case of facets with two equal surface fractions is illustrated
in Fig. 3 (right). Remarkably, the potential of zero charge EPZC

poly,Œ of this polycrystalline surface in this
case is located at the capacity maximum and not at a local minimum of the curve!

For realistic polycrystalline electrodes, the consecutive labeling of all facets might be impractical. We
propose thus a stochastic description of the surface in terms of a probability density f , modeling
the surface fraction as function of the surface chemical potential of electrons. We derive in the limit
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Figure 2: Sketch of the facet structure of a polycrystalline surface (left) and FEM computation of the
electric potential in the electrolyte in contact with a checkerboard polycrystalline surface (right) with
corresponding double layer charge Qpoly and capacity Cpoly as function of the applied voltage E.

Figure 3: Double layer charge and differential capacitance of a polycrystalline electrode determined
from (1.2) with s1 = s2 = 1
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where Q̂BL and ĈBL are nonlinear functions specified in section 2. The construction of the capacity
CBL

poly,Œ of a polycristalline electrode in the case of facets with two equal surface fractions is illustrated
in Fig. 3 (right). Remarkably, the potential of zero charge EPZC

poly,Œ of this polycrystalline surface in this
case is located at the capacity maximum and not at a local minimum of the curve!

For realistic polycrystalline electrodes, the consecutive labeling of all facets might be impractical. We
propose thus a stochastic description of the surface in terms of a probability density f , modeling
the surface fraction as function of the surface chemical potential of electrons. We derive in the limit
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4.3 Multiple different facets

The above results can easily be extended to more complex polycrystalline surfaces with many facets
of different type. We consider the case of N = 4 different types of facets �1,�2,�3,�4 with the
respective surface fractions s1 = 4/9, s2 = s3 = 2/9, s4 = 1/9. Also, we want to have junction
points where more than two different facets meet. One possible simple realization on a 2D surface
is the periodic symmetric continuation of the pattern sketched in Fig. 12. The boundary data is given
as Ï

s
= �i on �i, for i = 1, 2, 3, 4. We choose �1 = ≠�2 = ≠0.1 V. First, we let �4 = �1 and

�3 = �2 and get slightly non-symmetric capacity curves8, see Fig. 12. Next, we change �3 such that
�3 = ≠.061 V while still �4 = �1. Finally, set �4 = .085 V and keep the remaining boundary values
as before, see Fig. 12 bottom line.

As in Section 3.1, we checked convergence of the capacity calculated from 3D-FEM simulation for
finite facet size dfacet to the limit equation (1.1) for dfacet æ Œ and grid convergence of the numerical
solutions.

8This situation is equivalent to the slightly non-symmetric case N = 2 and s1 = 5/9, s2 = 4/9.
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Figure 6: Left: numerical grid on refinement level 3. Right: computed capacity curves for different levels
of grid refinement.

(2.27) is solved. From this solution, the free charge density q and QBL(E) are computed. Fig. 5 (right)
shows the resulting capacity for different electrolyte concentrations in dependence of the facet size
dfacet. We observe for increasing facet size dfacet a convergence of the computed capacity curves to
the algebraic solution (1.1). As expected, the convergence is slower for more dilute electrolytes where
the Debye length is comparably larger. We conclude that the relevant quantity for the convergence
is the facet size relative to the Debye length LDebye. Thus, for the algebraic result (1.1) to be a good
approximation, a polycrystalline surface has to be more coarse faceted when used in connection with a
dilute solution, than in the case of a more concentrated solution. Another observation is, that in the
potential range outside of the lowest and the largest position of the maxima, the algebraic expression is
always a good characterization of the polycrystalline surface, independent of the facet size.

In addition, 3D-FEM simulations with a checkerboard pattern of the surface were performed where the
boundary values are given by periodic continuation of

Ï
s
(x, y) =

(
�1 for max(|x|, |y|) < dfacet , sgn(x y) > 0 ,
�2 for max(|x|, |y|) < dfacet , sgn(x y) < 0 .

(3.2)

The observations from the 3D computations are analogous as for the 2D case. Since for given dfacet,
the length of the contact lines in the checkerboard pattern is double compared to the striped pattern
represented by the 2D case, convergence for increasing facet size is a bit slower here. Together, the 2D
and the 3D results indicate that the shape of the facets is not relevant as long as the facet diameter dfacet

is sufficiently large compared to the Debye length LDebye. We conclude that already the covered surface
fraction of the facets and the corresponding single crystal capacities fully determine the capacity of a
polycrystalline surface of sufficiently large facet size.

As FEM simulations in 3D are computationally expensive, we used anisotropic grids with a mesh
grading with respect to the a-priori known structure of the potential, see Fig. 6. To check that the
grid is sufficiently fine, we compared the resulting capacity curves from numerical solutions of the
boundary value problem (2.27) on different refinement levels of the initial meshe. Refined mesheson
the refinement levels 3, 4 and 5 consisted of 2 601, 18 513 and 139 425 nodes, respectively. Fig. 6
shows the convergence of the computed capacity curves when refining the mesh.
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Figure 1: Sketch of the grain structure of a polycrystalline surface (left) and FEM computation of the

fig:poly-surf
electric potential in an electrolyte in contact to a surface with simplified structure given by a periodic

alternating pattern of differently oriented crystal surfaces.In this work, we apply a recent modified Nernst-Planck like continuum model [DGM13, LGD16] to

JF: Da hier noch allesim Gleichgewicht ist, istes doch eher modifiedPoisson Boltzmann ?

JF: Da hier noch allesim Gleichgewicht ist, istes doch eher modifiedPoisson Boltzmann ? compute numerically the differential capacitance of patterned electrode|electrolyte interfaces. We aim to

analyze the relation of the differential capacitanceof polycrystalline surface to the more simple and well

JF: capacitance or ca-pacity ?

JF: capacitance or ca-pacity ? understood case of single crystal surfaces. In accord with [DGM13, LGD16], the model incorporates

the pressure variable and momentum balance to strictly guarantee thermodynamic consistency, and

allows to account for volume exclusion effects due to finite ion sizes solvation effects. For a review of the

development of generalized Nernst-Planck models we refer to [KBA07] It is a remarkable non-obvious

JF: Brauchen wir dasZitat hier ?

JF: Brauchen wir dasZitat hier ?

feature of the applied model that as in the case of the Gouy-Chapman model, for planar single crystal

surfaces it allows to determine the double layer charge and thus also the differential capacity directly

from the solution a of algebraic equations, without the need to resort to the underlying (one-dimensional)

differential equation.
The inhomogeneity of the surface capacitance is commonly believed to cause so called ’frequency

dispersion’ in electrochemical impedance spectroscopy, cf. [Paj94], and the effects of surface inhomo-

geneity can be expected to have even more serious impact in the presence of Faradayic reactions. We

plan to investigate these non-equilibrium aspects in follow-up research.
General approach. We approximate the complex unstructured polycrystalline electrode surface by a

regular surface pattern with N > 1 different types of surface patches. Each type of patches is identified

with the surface of a grain of certain crystallographic orientation. To each patch Si, 1 Æ i Æ N , we

assign the covered surface fraction si with
P

N
i=1 si = 1,and a value of the electron work function

JF: Sind die nicht perpatch ? Die ss kenneich als surface cov-erages of adsorbedspecies, und einedavon ist sind die freienPlÃd’tze.
Andererseits kÃűn-nten das die lokalenFlÃd’chenanteileper FlÃd’cheneinheitsein, also schon hom-genisiert. MÃijsste manm.E. etwas genauerbeschreiben. Wegender Verwechslungsge-fahr sind die ss alsVariablennamen nichtgut.

JF: Sind die nicht perpatch ? Die ss kenneich als surface cov-erages of adsorbedspecies, und einedavon ist sind die freienPlÃd’tze.
Andererseits kÃűn-nten das die lokalenFlÃd’chenanteileper FlÃd’cheneinheitsein, also schon hom-genisiert. MÃijsste manm.E. etwas genauerbeschreiben. Wegender Verwechslungsge-fahr sind die ss alsVariablennamen nichtgut.

related to a single crystal surface of the according orientation. In the most simple case of only two

different kinds of surface patches covering each half of the surface we have N = 2 and s1 = s2 = 1/2.

For the total surface pattern we choose a characteristic value dgrain describing the typical diameter of

the individual patches. By our material model, the constancy of the electrochemical potential of the

electrons on the surface implies that the electric potential Ï is constant on each patch and the jump

between two adjacent patches is given by the difference of the according work functions. Figure 1 (right)

shows iso-surfaces of the electric potential in the electrolyte in contact with a periodically continued

checkerboard patterned electrode surface on the bottom.
For a non-adsorbing electrolyte our results can be stated as follows: if the grain diameter is large

compared to the Debye length LDebye of the electrolyte, then the capacity C BL
poly,Œ of the polycrystalline
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Table 1: Physical constants and parameters used in the numerical simulations
dielectric constant Á0 = 8.85418781762 ◊ 10≠12C/(V m)
Boltzmann constant kB = 1.3806488 ◊ 10≠23J/K
elementary charge e0 = 1.602176565 ◊ 10≠19C
Avogadro number NA = 6.02214129 ◊ 1023mol≠1

temperature T = 298.15K
reference pressure pref = 1 ◊ 105Pa
dielectric susceptibility ‰ = 15
solvation number Ÿ– = 10
reference number density nref = 1

‚ref
0

= 55.5mol/L

specific volumes ‚ref
– = (1 + Ÿ–) ‚ref

0

Figure 5: Left: profile of the electric potential for different diameters of the surface stripes. Right:
capacity curves for different electrolyte concentrations, where solid lines (—) refer to the algebraic
solution according to (1.1), FEM solution for facet size dfacet = 3.07 nm is indicated by markers (+),
and for dfacet = 12.28 nm by dashed lines (- - ).

On the surface, we thus have the boundary values Ï
s
|�i = �i for i = 1, 2 with �1 = ≠�2 = ≠0.1V.

The simplest realization of this configuration consists of a pattern of parallel stripes with alternating
prescribed potential. Here, we let dfacet denote the width of the stripes. With an appropriate choice of
the coordinate system, the boundary values can be described by a 1D-function such that

Ï
s
(x) =

(
�1 for 2 |x| < dfacet ,

�2 for 2 |x ≠ dfacet| < dfacet ,
(3.1)

and periodic continuation. Accordingly, the potential and the charge density in the electrolyte domain
z > 0 can be determined from a 2D-FEM computation by integration of the free charge q in space
according to (2.30). The choice of the boundary values implies that in the far field the potential
approaches Ï æ ÏE = ≠(E ≠Eref ) ≠ 1

e0
µ̄
s

e. Plots of the electric potential for E = Eref ≠ 1
e0
µ̄
s

e and

an electrolyte with a bulk concentration of 0.1mol/L and the remaining parameters according to Tab. 1
are given in Fig. 5 (left). In the upper plot, where the facet size was chosen as dfacet = 10LDebye ¥
12.28 nm, one can observe that the piece-wise constant boundary data to a large extend propagates
into the electrolyte and decays with increasing distance to the boundary. To the contrary, in the lower
plot, where dfacet = 5

2L
Debye ¥ 3.07 nm, the profile of the potential is dominated by facet boundary

effects such that the regions of parallel iso-lines almost disappear.

Next, the applied potential is varied in positive and in negative direction and the boundary value problem
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Figure 2: Sketch of the facet structure of a polycrystalline surface (left) and FEM computation of the
electric potential in the electrolyte in contact with a checkerboard polycrystalline surface (right) with
corresponding double layer charge Qpoly and capacity Cpoly as function of the applied voltage E.

Figure 3: Double layer charge and differential capacitance of a polycrystalline electrode determined
from (1.2) with s1 = s2 = 1

2 .

algebraic representation, i.e.

(M1)
dfacet
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8
>>>>>>>><

>>>>>>>>:

Qpoly =
NX

i=1
si · Q̂BL

✓
E + 1
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s

i
e ≠ Eref

◆
=: QBL

poly,Œ(E)

EPZC
poly,Œ = E s.t. QBL

poly,Œ(E) != 0

Cpoly =
NX

i=1
si · ĈBL

✓
E + 1

e0
µ
s

i
e ≠ Eref

◆
=: CBL

poly,Œ(E) ,

(1.2)

where Q̂BL and ĈBL are nonlinear functions specified in section 2. The construction of the capacity
CBL

poly,Œ of a polycristalline electrode in the case of facets with two equal surface fractions is illustrated
in Fig. 3 (right). Remarkably, the potential of zero charge EPZC

poly,Œ of this polycrystalline surface in this
case is located at the capacity maximum and not at a local minimum of the curve!

For realistic polycrystalline electrodes, the consecutive labeling of all facets might be impractical. We
propose thus a stochastic description of the surface in terms of a probability density f , modeling
the surface fraction as function of the surface chemical potential of electrons. We derive in the limit
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4.4 Stochastic distribution of surface patterns

A precise measurement of all surface facets and their corresponding work functions is extremely
expensive, if possible, and even measurements on very similar facets may contain some scatter. Hence,
the input values for the mathematical model of the foregoing section can only be determined to a
certain precision, which has to be taken into account when realistic polycrystalline surfaces are to be
described. We sketch therefore a stochastic description of the polycrystalline surface based on the
derived deterministic model and provide some numerical examples of the double layer capacity.

Consider the set IS
µ of all possible values of the surface electron chemical potential µ

s
e on the surface

S, e.g. IS
µ = {µ

s

1
e, . . . , µ

s

J
e }. We denote with �µ all facets which have the value µ for µ

s
e, i.e.

�µ = fiiœIµ�i with Iµ := {i œ {1, . . . , N}|µ
s

i
e = µ} , (4.4)

to switch the facet labeling from a consecutive numbering of all facets to values of µ
s

e. We may thus

write

NX

i=1
si =

X

µœIS
µ

sµ

Z Œ

≠Œ
”(Ê ≠ µ) dÊ with sµ =

X

iœIµ

si , (4.5)

where ” is the Dirac-distribution and consider thus

f(Ê) :=
X

µœIS
µ

sµ”(Ê ≠ µ) (4.6)

as probability density since

NX

i=1
si =

Z Œ

≠Œ
f(Ê)dÊ = 1 . (4.7)

For realistic polycrystalline electrodes, the Dirac-distribution might smear to Normal-distributions,
whereby f becomes a continuous function.

The charge QBL
poly stored in the polycrystalline boundary layer thus rewrites as

QBL
poly =

NX

i=1
siQ̂

BL

✓
E ≠ Eref + 1

e0
µ
s

i
e

◆
(4.8)

=
X

µœIS
µ

sµ

Z Œ

≠Œ
”(Ê ≠ µ)Q̂BL

⇣
E ≠ Eref + 1

e0
Ê
⌘
dÊ (4.9)

=
Z Œ

≠Œ
f(Ê)Q̂BL

⇣
E ≠ Eref + 1

e0
Ê
⌘
dÊ (4.10)

= (f ú Q̂BL)(E ≠ Eref ) . (4.11)

With the convolution operator ú we obtain thus a very compact typeface for QBL
poly in terms of the

distribution function f(Ê), which describes the facet density parametrized in terms of µ
s

e. The potential
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Figure 4: Left: densities of the surface chemical potential µ
s

e given by normal distributions with different

standard deviation. Right: Capacity curves for the respective densities (solid —) and for the planar
single crystal case (dotted line · · · ). For large ‡, the the capacity has a single maximum unlike the
camel shape for perturbations of the single crystal surface by small ‡.
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poly,Œ,f (E)

(1.3)

Fig. 4 (left) shows two different distribution functions of the surface fraction and Fig. 4 (right) the
corresponding differential capacitance. Due to the smearing of the normal-distribution, the capacity
minima actually disappear, while the overall shape broadens. We discuss this aspect more in detail
within this work.

In the opposite limiting case, for a vanishing facet diameter dfacet æ 0, the potential of zero charge is
given as the surface fraction weighted average of the corresponding single crystal quantities, while the
charge Qpoly and the capacity Cpoly remain non-linear expressions identical to the ones of a typical
single crystal surface, i.e.

(M3)
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LDebye æ 0

8
>>>>>>>>>><

>>>>>>>>>>:
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e0
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i=1
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i
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poly,0
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poly(E) = ĈBL

�
E ≠ EPZC

poly,0
�

=: CBL
poly,0(E) .

(1.4)

Outline. In the next Section 2, we first introduce the general equilibrium conditions of the applied
continuum model and appropriate material models. Then, the differential capacity of a single crystal
surface is introduced and characterized based on the model and a model for polycrystalline surfaces
is developed. Section 3 is devoted to an assessment of the results obtained by numerical solution of
the boundary value problem in 2D and in 3D for periodically patterned surfaces of finite size facets.
In particular, the limiting behaviour for extreme facet size parameters and the influence of surface
roughness on the length scale of the facets are analyzed. Section 4 contains a discussion of the
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�
E ≠ EPZC

poly,0
�

=: CBL
poly,0(E) .

(1.4)

Outline. In the next Section 2, we first introduce the general equilibrium conditions of the applied
continuum model and appropriate material models. Then, the differential capacity of a single crystal
surface is introduced and characterized based on the model and a model for polycrystalline surfaces
is developed. Section 3 is devoted to an assessment of the results obtained by numerical solution of
the boundary value problem in 2D and in 3D for periodically patterned surfaces of finite size facets.
In particular, the limiting behaviour for extreme facet size parameters and the influence of surface
roughness on the length scale of the facets are analyzed. Section 4 contains a discussion of the

DOI 10.20347/WIAS.PREPRINT.2640 Berlin 2019

Modeling polycrystalline electrodes 5

Figure 4: Left: densities of the surface chemical potential µ
s

e given by normal distributions with different

standard deviation. Right: Capacity curves for the respective densities (solid —) and for the planar
single crystal case (dotted line · · · ). For large ‡, the the capacity has a single maximum unlike the
camel shape for perturbations of the single crystal surface by small ‡.

dfacet

LDebye æ Œ the model

(M2)
dfacet

LDebye æ Œ

8
>><

>>:

Qpoly = (f ú QBL)(E) =: QBL
poly,Œ,f (E)

EPZC
poly,Œ,f = E s.t. QBL

poly,Œ,f (E) != 0
Cpoly = (f ú CBL)(E) =: CBL

poly,Œ,f (E)

(1.3)

Fig. 4 (left) shows two different distribution functions of the surface fraction and Fig. 4 (right) the
corresponding differential capacitance. Due to the smearing of the normal-distribution, the capacity
minima actually disappear, while the overall shape broadens. We discuss this aspect more in detail
within this work.

In the opposite limiting case, for a vanishing facet diameter dfacet æ 0, the potential of zero charge is
given as the surface fraction weighted average of the corresponding single crystal quantities, while the
charge Qpoly and the capacity Cpoly remain non-linear expressions identical to the ones of a typical
single crystal surface, i.e.

(M3)
dfacet

LDebye æ 0

8
>>>>>>>>>><

>>>>>>>>>>:

Qpoly = Q̂BL(E + 1
e0

NX

i=1
siµ

s

i
e ≠ Eref ) =: QBL

poly,0(E)

EPZC
poly = Eref ≠ 1

e0

NX

i=1
siµ

s
e|�i =: EPZC

poly,0

CBL
poly(E) = ĈBL
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surface is introduced and characterized based on the model and a model for polycrystalline surfaces
is developed. Section 3 is devoted to an assessment of the results obtained by numerical solution of
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In particular, the limiting behaviour for extreme facet size parameters and the influence of surface
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The whole equation system has to be re-derived in order to ensure overall thermodynamic  
consistently → contributions also to the chemical potential!
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(Case 2): Concentration dependent susceptibility

‰ =
X

–œI

vE
–‰–n– = ‰̂(2)((n–)–œI), (3.34)

with ‰– = const. Hence

X =
X

–œI

vE
–n–‰– · |E|2 , (3.35)

which is especially homogeneous of degree one, whereby ppol = 0 and p = pmat as well as

µpol
– = ≠ Á0

2 vE
–‰–|E|2 . (3.36a) eq:chi-n-homog

The momentum balance hence reads

Òp = q E + Á0‰
(2)((n–)–œI)(ÒE) · E . (3.36b) eq:moment-chi_c

and the Poisson equation

Á0 div((1 + ‰̂(2)((n–)–œI))E) = q . (3.36c) eq:poisson_homog

Note, however, that µpol
– ”= 0 implies an electric field dependency of µ– and thus the free charge

density, which we will discuss in the following.

(Case 3): Field and concentration dependent susceptibility

‰ =
X

–œI

vE
–n– · ‰–(|E|2) = ‰̂(3)((n–)–, |E2|) . (3.37)

This case entails X =
P

–œI vE
–n–X– with

X– :=
Z |E|2

0
‰–(’)d’ = X–(|E|2) and

ˆX–

ˆ|E|2 = ‰– ,
ˆX

ˆn–
= X– . (3.38)

Note that (again)

X(n–, |E|2)) ≠
X

–œI

n–
ˆX

ˆn–
= 0 (3.39)

whereby ppol = 0 and

µpol
– = ≠ Á0

2 vE
–X–(|E|2), Òppol = 0 (3.40a) eq:mu-p_cE

and thus the momentum balance

Òp = q E + ‰̂(3)((n–)–, |E2|)(ÒE)E (3.40b) eq:moment-chi_cE

and the Poisson equation

Á0 div((1 + ‰̂(3)((n–)–œI , |E2|))E) = q . (3.40c) eq:poisson_cE

We provide explicit free functions for each case in section XX.
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Extended diffusion equilibrium. The constant electrochemical potentials according to (3.18) yield
at any point x in space the representations

y–(x) = ybulk
– · exp

⇣
≠ e0z–

kBT (Ï(x) ≠ Ïbulk) ≠ vE
–

kBT (pmat(x) ≠ pbulk) + 1
kBT µpol

– (|E(x)|)
⌘

(3.41) eq:general_yalpha

= ŷ–(Ï, pmat, |E|) .

where ybulk
– , pbulk, Ïbulk denote the corresponding bulk quantities. Therefore, we conclude the existence

of representations

y– =
(

ŷ(k)
– (Ï, pmat) if k = 0, 1 ,

ŷ(k)
– (Ï, pmat, |E|) if k = 2, 3 ,

(3.42)

from (3.32a), (3.33a), (3.36a), (3.40a), respectively. The incompressibility constraint (3.26) yields the
relations

n– = y–P
—œI vE

—y—
, q = e0

P
–œI z–y–P
–œI vE

–y–
, and ‰̂(k) =

P
–œI vE

–y–‰–P
–œI vE

–y–
, k = 2, 3 . (3.43) eq:rep_n_alpha_1

Thus, we obtain further representations in terms of the variables (Ï, pmat, |E|) for (Case k), viz.

n– =
(

n̂(k)
– (Ï, pmat) if k = 0, 1 ,

n̂(k)
– (Ï, pmat, |E|) if k = 2, 3 ,

q =
(

q̂(k)(Ï, pmat) if k = 0, 1 ,

q̂(k)(Ï, pmat, |E|) if k = 2, 3 ,
(3.44) eq:rep_q

and ‰ =

8
><

>:

‰̂(0) if k = 0 ,

‰̂(1)(|E|) if k = 1 ,

‰̂(k)(Ï, pmat, |E|) if k = 2, 3 .

(3.45)

In summary, the state of the electrolyte is determined in the extended diffusion equilibrium by the
Poisson equation (3.32c), (3.33c), (3.36c), or (3.40c), respectively, and the constraint for the mole
fractions, i.e. by the systemExtDiffEquil

div
�
(1 + ‰̂(k))Á0ÒÏ

�
= q̂(k) , (3.46a) ExtDiffEquil_a

X

–œI

ŷ(k)
– = 1 . (3.46b) ExtDiffEquil_a

3.4 Interface of a planar metal electrode and the electrolyte
sub:interface

Our main discussion of section XX is based on an experimental three electrode setup cite which allows
us to investigate the interface between a planar (single crystal) electrode and the adjacent electrolyte
for an applied voltage between these two phases. Therewith we can compute (i) the space charge layer
structure (ii) the charge stored in the whole space charge layer and (iii) the corresponding differential
capacity in terms of the applied voltage.

We consider in the following a 1D-approximation of a planar metal electrode, where the electrode
surface is located at x = 0 and the electrolyte is located in the domain x > 0. Throughout this work
we consider exclusively non-adsorbing salts, but emphasize that specific adsorption can be rigorously
taken into account and we refer to [LGD16, DGM18] for details.

We consider a surprisingly simple material function µ
s

e = const (with respect to the number density of

surface electrons n
s

e) for the surface chemical potential of electrons. This material model ensures, in

accordance with Kohn-Sham-theory, that excess electrons are exclusively stored on the metal surface
and that the boundary layer potential drop in the metal remains constant (w.r.t. applied voltage).
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ŷ(k)
– (Ï, pmat, |E|) if k = 2, 3 ,

(3.42)

from (3.32a), (3.33a), (3.36a), (3.40a), respectively. The incompressibility constraint (3.26) yields the
relations

n– = y–P
—œI vE

—y—
, q = e0

P
–œI z–y–P
–œI vE

–y–
, and ‰̂(k) =

P
–œI vE

–y–‰–P
–œI vE

–y–
, k = 2, 3 . (3.43) eq:rep_n_alpha_1

Thus, we obtain further representations in terms of the variables (Ï, pmat, |E|) for (Case k), viz.

n– =
(

n̂(k)
– (Ï, pmat) if k = 0, 1 ,

n̂(k)
– (Ï, pmat, |E|) if k = 2, 3 ,

q =
(

q̂(k)(Ï, pmat) if k = 0, 1 ,

q̂(k)(Ï, pmat, |E|) if k = 2, 3 ,
(3.44) eq:rep_q

and ‰ =

8
><

>:

‰̂(0) if k = 0 ,

‰̂(1)(|E|) if k = 1 ,

‰̂(k)(Ï, pmat, |E|) if k = 2, 3 .

(3.45)

In summary, the state of the electrolyte is determined in the extended diffusion equilibrium by the
Poisson equation (3.32c), (3.33c), (3.36c), or (3.40c), respectively, and the constraint for the mole
fractions, i.e. by the systemExtDiffEquil

div
�
(1 + ‰̂(k))Á0ÒÏ

�
= q̂(k) , (3.46a) ExtDiffEquil_a

X

–œI
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structure (ii) the charge stored in the whole space charge layer and (iii) the corresponding differential
capacity in terms of the applied voltage.
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surface is located at x = 0 and the electrolyte is located in the domain x > 0. Throughout this work
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and that the boundary layer potential drop in the metal remains constant (w.r.t. applied voltage).
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Moreover, we introduce the total stress tensor �, viz.

� = ‡ + (Á0E + P ) ¢ E ≠ 1
2(Á0E · E)1 , (3.12) PCM105

whereby we can rewrite the momentum balance as

ˆt(flv) = ≠ Div(flv ¢ v ≠ �) . (3.13) PCM105ff

Equilibrium. In the following we consider thermodynamic equilibrium of the various dissipative
processes. In particular, the electric field is E = ≠ÒÏ, where Ï is the electrostatic potential, and RM: E = ≠ÒÏ

folgt aus (3.4a)

RM: (3.14a) allge-
meiner

⌅ Chemical reaction equilibrium: vanishing affinity ⁄m implies

µ“m + (Ÿ–m + Ÿ—m)µ0 = µ–m + µ—m , m = 1, . . . , M . (3.14a) eq:chem_reac_equil

⌅ Diffusional equilibrium 0 = J–, such that a positive definite mobility matrix implies

0 = Ò
�
µ– ≠ m–

m0
µ0
�

+ z–e0E for – œ I \ 0 . (3.14b) eq:flux_equil

⌅ Polarization vector equilibrium:

E = EEq , (3.14c) eq:pol-equil

⌅ Mechanical equilibrium 0 = ‡visc, (3.4c) implies

Òp = qE + (ÒE)P . (3.14d) eq:force_balance_4

In terms of the total stress tensor (3.12) � mechanical equilibrium reads as

div � = 0 . (3.15)

Extended diffusional equilibrium. From the equilibrium conditions (3.14b), we get

X

–œI

n–Òµ– = qE + fl

m0
Òµ0 . (3.16) eq:sum-n

Inserting (3.14c) into (3.11) yields

Òp =
X

–œI

n–Òµ– + (ÒE)P . (3.17) eq:force_balance_5

Thus, combining (3.17) and (3.16) with (3.14d) we can first conclude that Òµ0 = 0. In a next step, we
obtain for the electrochemical potential µ– + e0z–Ï of all species the well known equilibrium conditions

Ò(µ– + e0z–Ï) = 0 for all – œ I . (3.18) eq:diff_eq_ext

We emphasize, that this is a consequence from the consistent coupling of the diffusional equilibrium
with the momentum balance and the mechanical and polarization equilibrium. Therefore, we call the
conditions (3.18) extended diffusional equilibrium in the following.
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3.4 Interface of a planar metal electrode and the electrolyte
sub:interface

Our main discussion of section XX is based on an experimental three electrode setup cite which allows
us to investigate the interface between a planar (single crystal) electrode and the adjacent electrolyte
for an applied voltage between these two phases. Therewith we can compute (i) the space charge layer
structure (ii) the charge stored in the whole space charge layer and (iii) the corresponding differential
capacity in terms of the applied voltage.

We consider in the following a 1D-approximation of a planar metal electrode, where the electrode
surface is located at x = 0 and the electrolyte is located in the domain x > 0. Throughout this work
we consider exclusively non-adsorbing salts, but emphasize that specific adsorption can be rigorously
taken into account and we refer to [LGD16, DGM18] for details.

We consider a surprisingly simple material function µ
s

e = const (with respect to the number density of

surface electrons n
s

e) for the surface chemical potential of electrons. This material model ensures, in

accordance with Kohn-Sham-theory, that excess electrons are exclusively stored on the metal surface
and that the boundary layer potential drop in the metal remains constant (w.r.t. applied voltage).
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(Case 2): Concentration dependent susceptibility

‰ =
X

–œI

vE
–‰–n– = ‰̂(2)((n–)–œI), (3.34)

with ‰– = const. Hence

X =
X

–œI

vE
–n–‰– · |E|2 , (3.35)

which is especially homogeneous of degree one, whereby ppol = 0 and p = pmat as well as

µpol
– = ≠ Á0

2 vE
–‰–|E|2 . (3.36a) eq:chi-n-homog

The momentum balance hence reads

Òp = q E + Á0‰
(2)((n–)–œI)(ÒE) · E . (3.36b) eq:moment-chi_c

and the Poisson equation

Á0 div((1 + ‰̂(2)((n–)–œI))E) = q . (3.36c) eq:poisson_homog

Note, however, that µpol
– ”= 0 implies an electric field dependency of µ– and thus the free charge

density, which we will discuss in the following.

(Case 3): Field and concentration dependent susceptibility

‰ =
X

–œI

vE
–n– · ‰–(|E|2) = ‰̂(3)((n–)–, |E2|) . (3.37)

This case entails X =
P

–œI vE
–n–X– with

X– :=
Z |E|2

0
‰–(’)d’ = X–(|E|2) and

ˆX–

ˆ|E|2 = ‰– ,
ˆX

ˆn–
= X– . (3.38)

Note that (again)

X(n–, |E|2)) ≠
X

–œI

n–
ˆX

ˆn–
= 0 (3.39)

whereby ppol = 0 and

µpol
– = ≠ Á0

2 vE
–X–(|E|2), Òppol = 0 (3.40a) eq:mu-p_cE

and thus the momentum balance

Òp = q E + ‰̂(3)((n–)–, |E2|)(ÒE)E (3.40b) eq:moment-chi_cE

and the Poisson equation

Á0 div((1 + ‰̂(3)((n–)–œI , |E2|))E) = q . (3.40c) eq:poisson_cE

We provide explicit free functions for each case in section XX.
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2.1.2 Thermodynamic factor
Goal of this section is to compute an explicit expression for nC

kBT
ÒÂµC based on the

material function (32). We compute firs the explicit expression of ÒÂµC , i.e.

ÒÂµC = Ò(µC ≠
mC

m0
µ0) = kBT

1
yC
ÒyC ≠ kBT

vE
C

vE
0

1
y0
Òy0 (47)

= kBT
1
yC

Q

a1 + vE
C

vE
0

(1 + ‹A
‹C

)yC
1≠ (1 + ‹A

‹C
)yC

R

bÒyC . (48)

Next we need to rewrite nÒyC in terms of ÒnC . First of all, we determine Òn0 from
the incompressibility constraint

Nÿ

–=0
v–n– = 1 (49)

i.e. with vE
A = vE

C we have

vE
AÒnA + vE

CÒnC + vE
0Òn0 = 0 (50)

… Òn0 = ≠vE
A

vE
0
ÒnA ≠

vE
C

vE
0
ÒnC = ≠vE

C

vE
0
(1 + ‹A

‹C
)ÒnC . (51)

and thus

Òn = (1 + ‹A
‹C

)(1≠ vE
C

vE
0
)ÒnC . (52)

We obtain for

nÒyC =
A

1 + (v
E
C

vE
0
≠ 1)(1 + ‹A

‹C
)yC

B

ÒnC (53)

and thus

nC
kBT

ÒÂµC =
Q

a1 + vE
C

vE
0

·
(1 + ‹A

‹C
)yC

1≠ (1 + ‹A
‹C

)yC

R

b
A

1 +
1vE

C

vE
0
≠ 1

2
(1 + ‹A

‹C
)yC

B

ÒnC . (54)

The term

�tf(yC) :=
Q

a1 + vE
C

vE
0

·
(1 + ‹A

‹C
)yC

1≠ (1 + ‹A
‹C

)yC

R

b
A

1 +
1vE

C

vE
0
≠ 1

2
(1 + ‹A

‹C
)yC

B

(55)

is frequently called thermodynamic factor. Note that we have to rewrite yC in terms
of nC in order to obtain the final representation of the thermodynamic factor �tf.

From the incompressibility constraint vE
AnA + vE

CnC + vE
0n0 = 1 we obtain n0, i.e.

n0 = 1
vE

0
≠ vE

C

vE
0

1
1 + ‹A

‹C

2
nC , (56)
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TABLE 1 

Potent ia l  values (SCE) in mV of the capacity min imum for a (110)  silver e lectrode in NaF, 
NaC104 and KPF 0 solut ions 

Anion Co ncen t ra t ion /M 

0.1 0.04 0.02 0.01 0.005 

F -  - -1007  - -988 - -982 - -978 - -975 
C107~ - -993  - -983  - -980 - -977 - -975 
PF~ - -980  - -975  - -975 - -975 - -975 

Figure 3 shows the concentrat ion effect on C(E) curves in KPF6 (a) and 
KBF4 (b) solutions. With KPF6, for which the concentrat ion range is suffi- 
ciently extended,  the capaci ty  minimum potential  Em is independent  of 
concentration,  with an accuracy of +3 mV (Table 1); then, no specific adsorp- 
tion or a quite negligible one is inferred. In this case alone, Em is identifiable 
with the pzc, so the (110) silver electrode pzc is --0.975 + 0.005 V (SCE). As a 
consequence of this absence of specific adsorption, the capacity is lower at the 
positive maximum with respect to NaF or NaC104; the behaviour of PFg and 
BF7~ should be identical. From Table 1 it can be seen that  for the 0.005 M solu- 
tion E m is independent  of the nature of the anion. With low concentrations, 
o i for F- and CIOY, are small (O i < <  1 #C cm -2) and Em is not  experimentally 
sensitive to this phenomenon within the limits of accuracy. With each electro- 
lyte the E~ dependence on concentrat ion seems to become significant above 
O.O4 M. 

From Parsons and Zobel graphs [9], straight lines are obtained for all elec- 
trolytes~ their inverse slopes are equal to 1.22 (NaF), 1.17 (NaC104) and 1.10 
(KPF6). Since the weaker the specific adsorption the lower is the inverse slope, 
only for KPF6 is the roughness coefficient R value actually approached, so 1 < 
R < 1.10 + 0.05. 
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Fig. 3. C(E) curves for a (110) silver electrode.  Concent ra t ion  dependence  in (a) KPF6, and 
(b) KBF6 solutions.  
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modelmeasurement

Figure 1: Comparison between measured and computed double layer capacity for a non-
adsorbing and completely dissociated salt KPF6 (left: Fig. 2.a from [18], reprinted with
permission of Elsevier)

Our investigation presented here is based on a thermodynamic model [17] which is capable to
predict qualitatively and quantitatively the double layer capacity of various electrolytes (see.
Fig. 1). Within a brief review of the modeling procedure, we emphasize the impact of the
solvation e�ect on the various thermodynamic parameters. It turns out that the double layer
capacity maxima are determined by the partial molar volume of the anion and the cation,
respectively, whereby capacity measurements can be consulted to determine explicit values for
di�erent ions. For mono-valent ions in water we find that the partial molar volume of the ionic
species is about 45 times larger than the solvent [17]. This suggests that the ionic species are
strongly solvated, and based on a simple relation for the molar volume we can determine the
solvation number from a single capacity measurement. A subsequent investigation of the double
layer structure in the potential region beyond the capacity maximum shows the formation of an
ionic saturation layer, which has some fundamental and remarkable similarities to a saturated
bulk solution. This is then the starting point for our reflections on the dissociation degree, and
it is shown that even for simple salts at concentrations of (0.5≠ 1) mol L≠1 the assumption of
complete dissociation is questionable.
Consider exemplarily a mono-valent salt AC of concentration c which completely dissociates
in solvated anions A≠ and cations C+. Each ion A≠ and C+ is assumed to bind ŸA and ŸC

solvent molecules S in its solvation shell, whereby the number density of free solvent molecules
S in solution is

nS = nR
S ≠ ŸA · nA ≠ ŸC · nC . (1)

The parameter nR
S corresponds to the mole density of the liquid solvent, i.e. for water nR

S =
55.4 mol L≠1 . The number of mixing particles is then n = nS + nA + nC , and not the total
number of atoms or molecules in solution, which is nT = nR

S + nA + nC . For the entropy of
mixing this is extremely important. In a solvation mixture the mixing entities are now the free

solvent molecules, the solvated anions and the solvated cations (see Fig. 2), leading to an
entropy of mixing

s = ≠kB

3
nS ln

3
nS

n

4
+ nAln

3
nA

n

4
+ nC ln

3
nC

n

44
. (2)
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Transport equations for a binary electrolyte considering cross coe�cients and incomplete
dissociation 3

2.2 Non-equilibrium thermodynamics

The entropy balance for a general mixture is in general derived cite as
ˆfls

ˆt
= ≠div(fls + Js) + rreac

S + rflux
S + rvisc

S (12)

with

rflux
S =

Rÿ

i=0
Ri · ⁄i , ⁄i =

Nÿ

–=0
(‹ ÕÕ

–,i ≠ ‹
Õ

–,i)µ– , (13)

rflux
S =

Nÿ

–=1
Ò

3
µ– ≠

m–

mS
µS + e0z–Ï

4
· J– , (14)

rvisc
S = fi:Òv . (15)

Each entropy source term rjS has to be non-negative cite, which is sometimes called Curie
principle.
We are now free to choose the fluxes such that

J– ·Ò
3
µ– ≠

m–

m0
µ0 + e0z–ÒÏ

4
Ø 0 for i = 1, . . . , N . (16)

The di�usional driving force is abbreviated as

µ– ≠
m–

m0
µ0 =: µ̂– – = 1, . . . , N . (17)

We choose

J– =
Nÿ

—=1
M–,— · (Òµ̂— + e0z—ÒÏ) (18)

with M–,— = M—,– (Onsager reciprocity condition). Note that there are additional constraints
on the o�-diagonal elements to ensure that (M–,—) is positive definite, e.g. via principal minors
(Sylvester’s criterion). In total we have N · (N+1)

2 independent Onsager coe�cients.

The charge flux hence writes as

Jq =
Nÿ

—=1
d— ·Òµ̂— + Ÿ ·ÒÏ (19)

with electrolyte conductvity

Ÿ =
Nÿ

–=1

Nÿ

—=1
(e0z–)(e0z—)M–,— (20)

and

d– =
Nÿ

—=1
e0z—M–,— . (21)

We can finally rewrite the species fluxes as

J– =
Nÿ

—=1

A

M–,— ≠
d–d—

Ÿ

B

·Òµ̂— + d–

Ÿ
· Jq . (22)

The functional dependency of M–,— on the species densities is discussed later in section XX.
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Ion flux with

= D– · �tfÒn– + D–
e0

kBT
e0ÒÏ

q = 0

M. Landstorfer, WIAS Preprint, in prep.

�tf = n–

kBT
· dµ̂–

dn–

J. Landesfeind, A. Ehrl, M. Graf, W. A. Wall, H. A. 
Gasteiger. J. Electrochem. Soc., 163(7):A1254–
A1264, 2016. Incompressible 

solvation mixture

µ– = gE
– + kBT ln

A
n–q
— n—

B
+ vE

–(p ≠ pE)
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Note that this yields the Nernst–Planck fluxes

JA = DE
AÒnA + zAe0

kBT
nADE

AÒÏ (87)

JC = DE
CÒnC + e0zC

kBT
nCDE

CÒÏ (88)

when the contribution of the solvent and the variation of the total number density is ignored,
i.e. µ̂– ¥ kBT ln

3
n–
n0

S

4
. In the electroneutral case this corresponds to the assumption �tf = 1,

which certainly is certainly an oversimplification. This oversimplification is also the origin why
classical Poisson–Nernst–Planck (or Poisson–Boltzmann) equations cannot predict the double
layer capacity and we refer to XX for detailed investigations on this topic.
Reconsider that in the electroneutral case we seek expressions for the electrolyte flux J =
JC + JAC = JC (complete dissocaition) and the charge density flux Jq = e0zAJA + e0zCJC .
We obtain hence

JC = �tf(c) D ·Òc + tC
e0zC

· Jq (89)

Jq = �tf(c) S ·Òc + c�ÒÏ (90)

with

� = e2
0

kBT
(DE

A + DE
C) , tC = DE

C

(DE
A + DE

C) , (91)

D = 2DE
C DE

A

DE
A + DE

C

, S : = e0zC(DE
C ≠DE

A) , (92)

and

D = �tf(c) D , S = �tf(c) S . (93)

The balance equation for the electrolyte concentration is then
ˆc

ˆt
= ≠div

1
DÒc≠ tC

e0zC
Jq + cv

2
(94)

and for the charge density

0 = ≠divJq . (95)

We can use eq. (95) in eq. (94) to obtain
ˆc

ˆt
= ≠div

1
D ·Òc + cv

2
(96)

and

0 = ≠div
3

S0 · �tf(cE)ÒcE + zC�0 cE · e0
kBT

ÒÏ
4

(97)

since tC = const.

Note that this model only has two independent transport properties, namely DA and DC .
We can thus either choose any pair of the non-equilibrium parameters (DE

A,DE
C ,�, tC ,D,S)

and compute all others accordingly. However, it is widely suggested that a binary electrolyte
actually has three independent Onsager coe�cients, which requires the introduction of cross
coe�cients.
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JA = nA

kBT
DE

AÒµ̂A + zAe0
kBT

nADE
AÒÏ

JC = nC

kBT
DE

CÒµ̂C + zCe0
kBT

nCDE
CÒÏ
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0 = ≠div
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⌅ molar conductivity

� = �0 ≠�1 · f(yC) (109)

with

�0 = e2
0

kBT

1
DE
A + DE

C

2
and �1 = 2 e2

0
kBT

FA,C . (110)

Note that

� = e2
0

kBT

1
DE
A + DE

C ≠ 2FA,Cf(c)
2
>

e2
0

kBT

3Ò
DE
A ≠

Ò
DE
C

42
> 0 . (111)

⌅ transference number

tC = t0
C · g(yC) (112)

with

t0
C = DE

C

DE
A + DE

C

(113)

and

g(yC) = DE
C ≠ FA,C · f(yC)

DE
C ≠ 2 DE

C

DE
C+DE

A
FA,C · f(yC)

=
1≠ FA,C

DE
C

· f(yC)
1≠ 2 t0

C
FA,C

DE
C

· f(yC)
(114)

⌅ chemical conductivity S:

S = S0 with S0 := e0zC
1
DE
C ≠DE

A

2
, (115)

⌅ mean di�usion coe�cient

D = D0
C + FA,C f(yC) + S0 t0

C

e0zC
(1≠ g(yC)) (116)

with

D0 = 2DE
CDE

A

DE
A + DE

C

. (117)

In order to discuss the concentration dependence f(c) of the cross-coe�cient MA,C we look
at the conductivity Ÿ. In high frequency AC-measurements we have c(x, t) = const. whereby
Ÿ can be directly measuredcite. We already introduced the molar conductivity

� = Ÿ

c
= �0 ≠�1 · f(c) , (118)

which is the central quantity found in literature cite.
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simple Nernst-Planck-flux leads to a constant molar conductivity  (and transference number)
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Experimentally it was found by Kohlrausch around 1900 that

� ¥ �0 ≠K ·
Ô
c , (119)

where �0 is called limiting molar conductivity at infinite dilution and K is some empirical
constant. Fig. 5a shows experimental values for �/�0 as function of

Ô
c . The relation holds

for very low concentrations, i.e. up to about 0.1 [mol L≠1]. For higher concentrations, i.e.
c > 0.5 [mol L≠1], deviations of (119) are found (c.f Fig. 5b).
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Figure 5: Measured equivalent conductivity �/�0 for various aqueous solutions of elec-
trolyte concentration

Ô
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The findings of Kohlrausch led to the development of the Debye–Hückel–Onsager theory, which
tries to predict (119) based on a microscopic theory etwas mehr text.
From the perspective of general non-equilibrium thermodynamics, the concentration depen-
dence of � arises due to the cross coe�cients MA,C . This is a very crucial aspect since for a
simple Nernst–Planck flux without cross-coe�cients, i.e.

J– = M–,–(Òµ̂– + e0z–ÒÏ) , – = A,C , (120)

one would obtain � = const. w.r.t c, which is contradictory to experimental findings of
Kohlrausch. Hence, the cross coe�cients in the general flux relation

J– = M–,–(Òµ̂– + e0z–ÒÏ) + M–,—(Òµ̂— + e0z—ÒÏ) –, — = A,C (121)

are the origin of the concentration depdence of �. The goal of this work is actually not to
predict MA,C based on some microscopic theory. We rather want to interpret an experimental
finding in a thermodynamically consistent manner and derive, based on this, a functional
relationship for MA,C which holds for arbitrary concentrations and electrolytes.
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3.5.2 Completely dissociated salt with cross di�usion

We consider again a mixture of the three species (A,C, S), but now with cross di�usion,
whereby we have 3 independent Onsager coe�cients (MA,A,MC,C ,MA,C). Note that there is
an additional constraint on the cross coe�cients to ensure the that that (M–,—)–,— is positive
definite, i.e. for a 2◊ 2 matrix we have

MA,A > 0 (98)
det ((M–,—)–,—) = MA,A · MC,C ≠M2

A,C > 0 . (99)

The cross coe�cients are thus subject to the constraint

|MA,C | <
Ò

MA,A · MC,C . (100)

We have then the general flux relations

JA = MA,AÒµ̂A + e0zAMA,AÒÏ+ MA,CÒµ̂C + e0zCMA,CÒÏ (101)
JC = MC,CÒµ̂C + e0zCMC,CÒÏ+ MA,CÒµ̂A + e0zAMA,CÒÏ . (102)

Next we have to introduce explicit relations for the mobility tensors. For the diagonal compo-
nents we choose again the Einstein–Smoluchowski-relation

MA,A = nA
kBT

DE
A and MC,C = nC

kBT
DE

C (103)

with DE
A = const., DE

C = const. The index E indicates that this di�usion coe�cient is obtained
from the Einstein–Smoluchowski-relation.
For the cross-coe�cient MA,C there is no simple analogy to the Einstein–Smoluchowski-
relation. Most simply one would assume that MA,C is dependent on the the concentrations of
A≠ and C+ , for example

MA,C = yA · yCFA,C
n

kBT
. (104)

However, since we actually do not know the explicit concentration dependence of MA,C , we
proceed with the rather general formulation

MA,C = f(c) · FA,C
nC
kBT

(105)

and call FA,C = const. friction between anions and cations. The specific decomposition in eq.
(105) is convenient for the further discussion, where we show how to determine f(c). Note
that f(c) · FA,C is subject to the constraint

|f(c)FA,C | <
Ò

DE
A · DE

C . (106)

In the electroneutral case we obtain again the representations

JC = �tf(c) D ·Òc + tC
e0zC

· Jq (107)

Jq = �tf(c) S ·Òc + c�ÒÏ . (108)

of the electrolyte- and charge-flux. Note, however, that the actual representations of the non-
equilibrium parameters (�, tC ,D,S) are far more sophisticated due to the cross coe�cients.
We obtain:
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⌅ molar conductivity

� = �0 ≠�1 · f(yC) (109)

with

�0 = e2
0

kBT

1
DE
A + DE

C

2
and �1 = 2 e2

0
kBT

FA,C . (110)

Note that

� = e2
0

kBT

1
DE
A + DE

C ≠ 2FA,Cf(c)
2
>

e2
0

kBT

3Ò
DE
A ≠

Ò
DE
C

42
> 0 . (111)

⌅ transference number

tC = t0
C · g(yC) (112)

with

t0
C = DE

C

DE
A + DE

C

(113)

and

g(yC) = DE
C ≠ FA,C · f(yC)

DE
C ≠ 2 DE

C

DE
C+DE

A
FA,C · f(yC)

=
1≠ FA,C

DE
C

· f(yC)
1≠ 2 t0

C
FA,C

DE
C

· f(yC)
(114)

⌅ chemical conductivity S:

S = S0 with S0 := e0zC
1
DE
C ≠DE

A

2
, (115)

⌅ mean di�usion coe�cient

D = D0
C + FA,C f(yC) + S0 t0

C

e0zC
(1≠ g(yC)) (116)

with

D0 = 2DE
CDE

A

DE
A + DE

C

. (117)

In order to discuss the concentration dependence f(c) of the cross-coe�cient MA,C we look
at the conductivity Ÿ. In high frequency AC-measurements we have c(x, t) = const. whereby
Ÿ can be directly measuredcite. We already introduced the molar conductivity

� = Ÿ

c
= �0 ≠�1 · f(c) , (118)

which is the central quantity found in literature cite.
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3.5.2 Completely dissociated salt with cross di�usion

We consider again a mixture of the three species (A,C, S), but now with cross di�usion,
whereby we have 3 independent Onsager coe�cients (MA,A,MC,C ,MA,C). Note that there is
an additional constraint on the cross coe�cients to ensure the that that (M–,—)–,— is positive
definite, i.e. for a 2◊ 2 matrix we have

MA,A > 0 (98)
det ((M–,—)–,—) = MA,A · MC,C ≠M2

A,C > 0 . (99)

The cross coe�cients are thus subject to the constraint

|MA,C | <
Ò

MA,A · MC,C . (100)

We have then the general flux relations

JA = MA,AÒµ̂A + e0zAMA,AÒÏ+ MA,CÒµ̂C + e0zCMA,CÒÏ (101)
JC = MC,CÒµ̂C + e0zCMC,CÒÏ+ MA,CÒµ̂A + e0zAMA,CÒÏ . (102)

Next we have to introduce explicit relations for the mobility tensors. For the diagonal compo-
nents we choose again the Einstein–Smoluchowski-relation

MA,A = nA
kBT

DE
A and MC,C = nC

kBT
DE

C (103)

with DE
A = const., DE

C = const. The index E indicates that this di�usion coe�cient is obtained
from the Einstein–Smoluchowski-relation.
For the cross-coe�cient MA,C there is no simple analogy to the Einstein–Smoluchowski-
relation. Most simply one would assume that MA,C is dependent on the the concentrations of
A≠ and C+ , for example

MA,C = yA · yCFA,C
n

kBT
. (104)

However, since we actually do not know the explicit concentration dependence of MA,C , we
proceed with the rather general formulation

MA,C = f(c) · FA,C
nC
kBT

(105)

and call FA,C = const. friction between anions and cations. The specific decomposition in eq.
(105) is convenient for the further discussion, where we show how to determine f(c). Note
that f(c) · FA,C is subject to the constraint

|f(c)FA,C | <
Ò

DE
A · DE

C . (106)

In the electroneutral case we obtain again the representations

JC = �tf(c) D ·Òc + tC
e0zC

· Jq (107)

Jq = �tf(c) S ·Òc + c�ÒÏ . (108)

of the electrolyte- and charge-flux. Note, however, that the actual representations of the non-
equilibrium parameters (�, tC ,D,S) are far more sophisticated due to the cross coe�cients.
We obtain:
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Experimentally it was found by Kohlrausch around 1900 that

� ¥ �0 ≠K ·
Ô
c , (119)

where �0 is called limiting molar conductivity at infinite dilution and K is some empirical
constant. Fig. 5a shows experimental values for �/�0 as function of

Ô
c . The relation holds

for very low concentrations, i.e. up to about 0.1 [mol L≠1]. For higher concentrations, i.e.
c > 0.5 [mol L≠1], deviations of (119) are found (c.f Fig. 5b).
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Figure 5: Measured equivalent conductivity �/�0 for various aqueous solutions of elec-
trolyte concentration

Ô
c .

The findings of Kohlrausch led to the development of the Debye–Hückel–Onsager theory, which
tries to predict (119) based on a microscopic theory etwas mehr text.
From the perspective of general non-equilibrium thermodynamics, the concentration depen-
dence of � arises due to the cross coe�cients MA,C . This is a very crucial aspect since for a
simple Nernst–Planck flux without cross-coe�cients, i.e.

J– = M–,–(Òµ̂– + e0z–ÒÏ) , – = A,C , (120)

one would obtain � = const. w.r.t c, which is contradictory to experimental findings of
Kohlrausch. Hence, the cross coe�cients in the general flux relation

J– = M–,–(Òµ̂– + e0z–ÒÏ) + M–,—(Òµ̂— + e0z—ÒÏ) –, — = A,C (121)

are the origin of the concentration depdence of �. The goal of this work is actually not to
predict MA,C based on some microscopic theory. We rather want to interpret an experimental
finding in a thermodynamically consistent manner and derive, based on this, a functional
relationship for MA,C which holds for arbitrary concentrations and electrolytes.
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⌅ molar conductivity

� = �0 ≠�1 · f(yC) (109)

with

�0 = e2
0

kBT

1
DE
A + DE

C

2
and �1 = 2 e2

0
kBT

FA,C . (110)

Note that

� = e2
0

kBT

1
DE
A + DE

C ≠ 2FA,Cf(c)
2
>

e2
0

kBT

3Ò
DE
A ≠

Ò
DE
C

42
> 0 . (111)

⌅ transference number

tC = t0
C · g(yC) (112)

with

t0
C = DE

C

DE
A + DE

C

(113)

and

g(yC) = DE
C ≠ FA,C · f(yC)

DE
C ≠ 2 DE

C

DE
C+DE

A
FA,C · f(yC)

=
1≠ FA,C

DE
C

· f(yC)
1≠ 2 t0

C
FA,C

DE
C

· f(yC)
(114)

⌅ chemical conductivity S:

S = S0 with S0 := e0zC
1
DE
C ≠DE

A

2
, (115)

⌅ mean di�usion coe�cient

D = D0
C + FA,C f(yC) + S0 t0

C

e0zC
(1≠ g(yC)) (116)

with

D0 = 2DE
CDE

A

DE
A + DE

C

. (117)

In order to discuss the concentration dependence f(c) of the cross-coe�cient MA,C we look
at the conductivity Ÿ. In high frequency AC-measurements we have c(x, t) = const. whereby
Ÿ can be directly measuredcite. We already introduced the molar conductivity

� = Ÿ

c
= �0 ≠�1 · f(c) , (118)

which is the central quantity found in literature cite.
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2.4 Reaction rate based on surface thermodynamics

We want to investigate the non-equilibrium thermodynamic modeling of the intercalation
reaction

Li
+
---
E

+ e
≠
---
A

⌦ Li

---
A

+ ŸE · S

---
E

. (37)

Surface thermodynamics dictates that the reaction rate R
s

of this process can in general be
written as [4, 5, 13, 36, 37]

R
s

= L
s

·
3

e–· 1
kBT ⁄

s ≠ e≠(1≠–)· 1
kBT ⁄

s

4
with ⁄

s
= µ

s
AC + ŸE · µ

s
ES ≠ µ

s
EC ≠ µ

s
Ae , (38)

with – œ [0, 1]. Note that a non-negative function L
s

in (38) ensures a non-negative entropy
production r

s‡,R due to reactions on the surface, i.e. r
s‡,R = ⁄

s
· R

s
> 0.

The quantity ⁄
s

can be considered as surface a�nity of the reaction (37). The surface reaction
rate R

s
vanishes when the a�nity vanishes, which is the actually the thermodynamic equilib-

rium condition of (37), i.e. ⁄
s

= 0 … r‡,R = 0.

Since the electrochemical double layer is in equilibrium, we can pull back the surface chemical
potentials µ

s
– through the double layer to the respective points (in an asymptotic sense) outside

of the double layer, whereby we obtain for the surface a�nity

⁄
s

= µAC

---
≠

AE
+ ŸE · µES

---
+

AE
≠ µEC

---
+

AE
+ e0U

DL
A,E ≠ µAe

---
≠

AE
. (39)

With the material models (4) and (11) we can rewrite the surface a�nity as

⁄
s

= e0(U
DL
A,E ≠ E

T
A,E) + kBT

1
fA(yAC |AE)≠ fE(yEC |AE)

2
(40)

with

E
T
A,E :=

1

e0
(g

R
EC

+ g
R
Ae
≠ g

R
AC
≠ ŸEg

R
ES

) (41)

and

fE(yEC ) := ln
Q

a yEC1
ŷES (yEC )

2ŸE

R

b , (42)

fA(yAC ) := ln
A 1

ÊA
yAC

1+
1≠ÊA

ÊA
yAC

B

≠ ÊA · ln
A

1≠ yAC

1 +
1≠ÊA

ÊA
yAC

B

+ “A · gA(yAC ) (43)

with gA according to (12). Note again that yAC |AE denotes the evaluation of yAC at the interface
�A,E and that the surface a�nity (40) is dependent on the chemical potential (or the mole
fraction) evaluated at the interface.
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kBT ⁄

s

4
with ⁄

s
= µ

s
AC + ŸE · µ

s
ES ≠ µ

s
EC ≠ µ

s
Ae , (38)

with – œ [0, 1]. Note that a non-negative function L
s

in (38) ensures a non-negative entropy
production r

s‡,R due to reactions on the surface, i.e. r
s‡,R = ⁄

s
· R

s
> 0.

The quantity ⁄
s

can be considered as surface a�nity of the reaction (37). The surface reaction
rate R

s
vanishes when the a�nity vanishes, which is the actually the thermodynamic equilib-

rium condition of (37), i.e. ⁄
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With the material models (4) and (11) we can rewrite the surface a�nity as

⁄
s
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DL
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T
A,E) + kBT

1
fA(yAC |AE)≠ fE(yEC |AE)

2
(40)

with

E
T
A,E :=
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e0
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R
EC
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R
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R
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≠ ŸEg

R
ES
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with gA according to (12). Note again that yAC |AE denotes the evaluation of yAC at the interface
�A,E and that the surface a�nity (40) is dependent on the chemical potential (or the mole
fraction) evaluated at the interface.
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<latexit sha1_base64="Vs2XCVxTm4VU4lz1dqmFOZ6vTuc=">AAABtXicZY9LS8NAFIUn9VXrK+rShYNFqJuSSLFdVorQRcUK9gFtDJPJTR06yQyTiVBCcOWvcas/xn9jqtnUntXHOfdezvUkZ7G2rG+jtLG5tb1T3q3s7R8cHpnHJ8NYJIrCgAou1NgjMXAWwUAzzWEsFZDQ4zDy5p1lPnoFFTMRPemFBCcks4gFjBKdW655fvecPnT6GcZTqYTUAucUJm7aY7Xbqwy7ZtWqW7/C62AXUEWF+q 75NvUFTUKINOUkjie2JbWTEqUZ5ZBVpkkMktA5mUF633O7QHxQK/Yk0UHLSVkkEw0RzfBlngUJx3m55QvYZwqo5oscCFUsP4zpC1GE6vzRSt7Y/t9vHYbXdfum3nhsVNutonsZnaELVEM2aqI26qI+GiCK3tEH+kRfRtNwDN8I/kZLRrFzilZkiB8vcXYE</latexit>

EOCP / µLi(A)

<latexit sha1_base64="G4qmlWmFy6LaO+s8/nyPiLeDnE0=">AAABuHicZY9LS8NAFIVv6qvWV9Slm6FFcFUSKbW4KrjpQqGifUBT4mR6U4dOkmEyI5ZQ3Ppr3Opf8d+Yaja1Z3W4597LdwIpeKod59sqbWxube+Udyt7+weHR/bxST9NjGLYY4lI1DCgKQoeY09zLXAoFdIoEDgIZjfLfPCCKuVJ/KjnEscRncY85IzqfOTbVS8U5tXPHhbEkyqROiFeTANBCSFeZJaBb9ecuvMrsm7cwtSgUNe337xJwkyEsWaCpunIdaQeZ1RpzgQuKp5JUVI2o1PM7m79DtIJqpXxyOiwNc54LI3GmC3IeZ6FRpAcb9mCTLhCpsU8N5Qpnj8m7JkqynTetZITu//51k3/su426437Rq3dKtjLcAZVuAAXrqANHehCDxi8wwd8wpd1bT1ZU4v/rZas4uYUVmSpH+RoeLA=</latexit>

JS / rµS

<latexit sha1_base64="gqWxC7Px9W08jbGEW+6Gb7c7/c4="></latexit>
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=µLi(A)

��
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+ EµS

��
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⌃
� µe�

��
⌃
+ e0('

A � 'E)

<latexit sha1_base64="uxiSDgFyZdhpGSwyUNJhA+uoZ84=">AAABu3icZU/LTsJAFL31ifVVdelmIiFxI2kNUTYmGDcsNMFEHgmFZjpcYGRoJ9MZI2mIH+DXuNUv8W8s2g1yVueec+/NOaEUPNGu+22trW9sbm0Xduzdvf2DQ+fouJXERjFssljEqhPSBAWPsKm5FtiRCuk0FNgOJ3cLv/2CKuFx9KRnEntTOor4kDOqMylwSv5QmNcgxf7FnPhSxVLHxI9oKCjJ5jHv+7e2HThFt+z+gqwSLydFyNEInDd/EDMzxUgzQZOk67lS91KqNGcC57ZvEpSUTegI04f7oI50gGpJ7ho9rPZSHkmjMWJzUsq8oREky7coQgZcIdNilhHKFM8eEzamijKd1V0k9v7nWyWty7J3Va48Voq1ap69AKdwBufgwTXUoA4NaAKDd/iAT/iybixmPVvib3XNym9OYAmW+QHGJnkP</latexit>

Je� / r'A

<latexit sha1_base64="zrLA66GkSUnplqevTP+6L64acCE=">AAAB0XicZZBLS8NAFIUnPmt8RV26GSxCRSmJFC24KYjQRYWK9gFNGybT23boJBkmM2IJRXHrr/DXuNWl/8ZUs6k9q8M5cy/fHV9wFivb/jaWlldW19ZzG+bm1vbOrrW334wjLSk0aMQj2fZJDJyF0FBMcWgLCSTwObT88fWsbz2CjFkUPqiJgG5AhiEbMEpUGnnWlTvg+slLaqx3OsWukJFQES64IfE5wdgNdNad4SxzxYj13JsT0/SsvF20f4UXjZOZPMpU96xntx9RHUCoKCdx3HFsoboJkYpRDlPT1TEIQsdkCMltzasC6YOciztaDcrdhIVCKwjpFB+n3UBznELPzsN9JoEqPkkNoZKlizEdEUmoSj9hRuz851s0zfOic1Es3ZXylXLGnkOH6AgVkIMuUQVVUR01EEXv6AN9oi/j3pgYL8br39MlI5s5QHMy3n4ABMOBJw==</latexit>

JLi+ / (rµLi+ ,r'E)

This coupling ensures overall thermodynamic consistency (and thus predictablility)

M. Landstorfer, M. Ohlberger, S. Rave, M. Tacke, European Journal of Applied Mathematics, 2022, 1-38.
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