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Examples of collective behavior

e Biology — swarming of insects, bird flocking, fish schools; cell migration;

e Social science — opinion dynamics, social networks, economics

e Technology — traffic dynamics, feedback control in MAS, formations of UAVs,
swarming of robots, material production, cosmology

Status

Study ended in 2007

Objective

Darwin was a phase-A study performed by ESA. It
studied a constellation of spacecraft to find Earth-
like planets - the most likely places where life as
we know it could develop. Darwin propose

survey 1000 of the closest stars looking for small,
rocky planets.
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REYNOLD 3ZONE MODEL

1. Collision Avoidance:
avoid collisions with nearby flockmates

2. Velocity Matching: attempt
to match velocity with nearby flockmates

3. Flock Centering:

-t -

attempt to stay close to nearby flockmates

repulsion

alignment

Published in Computer Graphics, 21(4), July 1987, pp. 25-34.
(ACM SIGGRAPH '87 Conference Proceedings, Anaheim, Califonia, July 1987.)

attraction

Flocks, Herds, and Schools:
A Distributed Behavioral Model

Craig W. Reynolds

Symbolics Graphics Division
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Agent-based models of collective behavior describe dynamics of a number of

objects:
x €Q=R"orT", i=1,...,N
)'(,' = V;
\-I,' = F,‘(X7 V)
adjusting their directions relative to neighbors via communication ¢(x;, X;).

Emergence is formation of global patterns resulting from local interactions.
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Classical Cucker-Smale Model

(2007):

Vi = Z m;d(xi — x)(vj — vi)

Key features:
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Classical Cucker-Smale Model

(2007):

Xi = Vi
N

vi= Y mi(xi —x)(vj — vi)
j=1
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@ ¢ is a smooth radially symmetric decreasing communication kernel
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Classical Cucker-Smale Model

(2007):

Xi = Vi
N

vi= Y mi(xi —x)(vj — vi)
j=1

Key features:

@ ¢ is a smooth radially symmetric decreasing communication kernel
@ momentrum conservation: v = >_. m;jv; = %

@ energy dissipation:

d 1
a7 D milvil® = =5 > mimylvi — vi*6(x; — x) <0
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Theorem ( Cucker, Smale (2007) )
1 <1

Let
@(r) = At e

or more generally [ ¢(r)dr = oo (
there exists D, C,d > 0 such that
sup max|x; — x;| < D,

0<t<oo '
—ot
max |v; — vj| < Ce™™,
5J
Xi — Xj —>>_<,'j7
,‘ N S
A / -
[ ~ %4 N
/ 7\ —_— AN
R bl L
X /\// -
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(2008), (2009)), then

(flocking)

(alignment)

(strong flocking)
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Statistical description

Cucker-Smale

Xi = Vi

Vi = Yo mid(xi — x)(v; — vi)

mean-field limit: iy Miby; ® O = f
(2008); (2009)

\EES APl
Of +v - Vuf =V, Q(f, f)
QU F) = o pr x = X)(v = V) ff dv' dx’

monokinetic limit: = el =)
(2019); (2020)

Pressureless Euler Alignment System
¥ () =0

u; +u-Vu = (up)s — upy
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Statistical description with noise

Xi

Vi

Stochastic Cucker-Smale

Vi

CS + /20 S, mi(x — x) Wi

mean-field limit:

|

Fokker-Planck-Alignment
fr+ v Vif =V,Q(f,f)+ opsAf

Maxwellian limit:

Isothermal Euler Alignment System
pe+ V- (up) =0
u; +u-Vu+oVp = (up)y —ups
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ZII'V::l midy; ® 0x; — f

(2011)
(2023)
plx,t) - lv=uenl®
(277)"/2
(2014-16)



Theorem (Carrillo, Fornasier, Rosado, Toscani (2010))

Let fo r)dr = oo then for any solution to Vlasov-Alignment equation there
exists C, 5 > 0 such that

/ |v — ]’ f dvdx < Ce’*
QxR"

Theorem (Tan Tadmor (2014))

Let fo r)dr = oo then for any solution to the pressureless EAS there exists
D,C,6 > 0 such that

sup diam{suppp} < D
0<t< oo

max |u(t,x) —u(t,y)| < Ce™**
X,y ESupp p
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Applications

® L. Perea, P. Elosegui, and G. Gomez. Extension of the Cucker-Smale
control law to space flight formations. Journal of Guidance, Control, and
Dynamics, 32:526 — 536, 2009. (Darwin ESA mission, 8 = 0.4)

e M.Bongini, M.Fornasier and D.Kalise, (Un)conditional consensus
emergence under perturbed and decentralized feedback controls, Discr.
Contin. Dyn. Syst. Ser. A 35 (2015) 4071-4094.

@ Y.-P. Choi, D. Kalise, J. Peszek and A. A. Peters, A collisionless singular
Cucker-Smale model with decentralized formation control, SIAM J. Appl.
Dyn. Syst. 18 (2019), no. 4, 1954-1981.

@ Zhiping Mao, Zhen Li, George Em Karniadakis, Nonlocal flocking
dynamics: Learning the fractional order of PDEs from particle simulations.
Commun. Appl. Math. Comput. 1 (2019), no. 4, 597-6109.

@ R. Shu, E. Tadmor, Flocking hydrodynamics with external potentials.
Arch. Ration. Mech. Anal., 238(1):347-381, 2020.
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Motsch-Tadmor model (2011)

Large mass flocks can overtake the dynamics of far away, small mass flocks.

D> D; S :

D,

Dy

Motsch-Tadmor model renormalizes the averages

)%,':V,'

2 1 N . . .
Vi—mzj:1 mj(xi — x;)(vj — vi)

Key features:
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Motsch-Tadmor model (2011)

Large mass flocks can overtake the dynamics of far away, small mass flocks.

D> D; S :

D,

Dy

Motsch-Tadmor model renormalizes the averages

)%,':V,'
1 N

V= sk Yot mo( — x)(y — v)

Key features:

@ the effective kernel ¢(x — y)/pg(x) is not symmetric
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Motsch-Tadmor model (2011)

Large mass flocks can overtake the dynamics of far away, small mass flocks.

D> D; S :

D,

Dy

Motsch-Tadmor model renormalizes the averages
)&,‘ =V

. 1 N
T S midi—g) >im mig(xi — x)(v; — vi)

Key features:

@ the effective kernel ¢(x — y)/pg(x) is not symmetric

@ no conservation of momentrum conservation, no energy dissipation
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Motsch-Tadmor model (2011)

Large mass flocks can overtake the dynamics of far away, small mass flocks.

D> D; S :

D,

Dy

Motsch-Tadmor model renormalizes the averages

)%,':V,'

. 1 N
T S midi—g) >im mig(xi — x)(v; — vi)

Key features:

@ the effective kernel ¢(x — y)/pg(x) is not symmetric
@ no conservation of momentrum conservation, no energy dissipation

o BUT, the Cucker-Smale theorem holds!
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CS vs MT on the same time scale (T. Teolis, RS, 20

-

Figure 1: Cucker-Smale dynamics — the light green flock is hijacked by the larger
flock in red.

Figure 2: Motsch-Tadmor dynamics — the light green flock is mostly independent and

conforms to the prediction of the model.
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Cucker-Smale (Mcs)

(up)

u: +u-Vu = o

‘ Motsch-Tadmor (M)
—u




(up) g

u: +u-Vu = o

Cucker-Smale (Mcs) | ‘ Motsch-Tadmor (M)
—u

u; +u-Vu = py (( Plo u




(up) g

u: +u-Vu = o

—u

Cucker-Smale (Mcs) Motsch-Tadmor (Muit)
u; +u-Vu = py (( Plo u

Segregation (Mseg)

L Jo ugipdy
u:+u-Vu = Zi:l i Jq gipdy =u

| M g-model

_ ((up)g _
uH—u-Vu-(% )¢ u |




Cucker-Smale (Mcs) Motsch-Tadmor (M)

us +u-Vu = py <(u”)‘5—u u: +u-Vu = u:) —u
M g-model
u:+u-Vu= ’3<";‘9—u>
M y-model Segregation (Moeg)
— (o) _ L Jo ugipd
u; +u-Vu = ( 7 )d> u ut+u~Vu=Z,:1gian;:dyy—U

multi-flocks, multi-species,
topological models, etc etc
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Environmental Averaging

— RS, Environmental Averaging, EMS Surveys in Mathematical Sciences,
(2024) 134 pp.

@ [u], := an averaging operator

@ s, := the strength of interactions

The weighted averages

soluly = [ G )uly)dnty). prae. (1)

are represented by a non-negative communication kernel ¢, € L'(dp ® dp),
p € P, satisfying

Qcbp(x,y) do(y) =sp(x), p-ae (2)

MODEL‘ Mecs ‘ Mur ‘ My ‘ Meeg
| =) | [ =2y —2) | - &¥)ay)
& o =) p * H(x) /Q p* o(2) d —~ [, rgidz
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LOCAL communication — the problem of Emergence

Let us assume only local communication:

P(x —y) Z coljyicn

The problem is "locked states”:
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LOCAL communication — the problem of Emergence

Let us assume only local communication:

P(x —y) Z coljyicn

The problem is "locked states”:

Possible ways around it:
@ assume rp-connectivity for all time or connectivity initially but strong
communication (2019);

° . For almost every initial data
(x0,Vv0) € T™ x R™ solutions to the agent based system align.
(2023): YES if N =2 or n =1 or for sticky particle model.
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LOCAL communication — the problem of Emergence

Let us assume only local communication:

¢(x —y) = coljx—yi<n

The problem is "locked states”:

Possible ways around it:
@ assume rp-connectivity for all time or connectivity initially but strong
communication (2019);

° . For almost every initial data
(x0,Vv0) € T™ x R™ solutions to the agent based system align.
(2023): YES if N =2 or n =1 or for sticky particle model.

@ disrupt locked states by small noise — relaxation problem.
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Fokker-Planck-Alignment model

Locked states are disrupted by stochastic noise
vi = si([v], — vi) + V2058 W,
where W;'s are independent Brownian motions in R".
7+ v Vif? = 08, A0f7 +8,V((v — [u7],)7) (FPA)

So, the expected behavior as t — oo would be the same as for the linear
Fokker-Planck equation which is a relaxation to the global Maxwellian

1 _lv—a?

20

f7 = oi = 75 € )
Ho, (2wo)n/2

where T is the mean velocity. If such a convergence holds true, then the
alignment of the original system can be recovered in the limit of vanishing noise
o —0:

lim lim f7(t) = 6y=s ® 1dx.

o—0t—o0

R. Shvydkoy uic



- . relaxation in the Cucker-Smale case
fo+ v Vxf = oppAvf + Vi((pv — (up)e)f),
for perturbation data,
f = po,a + &\/loa, llgollm(rnxrm) < €,

for some small € > 0.

- . relaxation for purely local model
fr+ v -Vif =cA,f+ V,((v— u)f),

in the perturbative settings also.

These results are inspired by techniques from collisional models (Landau,
Boltzmann).
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= : global relaxation for the M g-model:

=1 [u(x) = ((p“)

Po

fot v Vif = oA f + V(v — [u],)f).

Relaxation holds provided
sup [[u(t)]|ee < 0.
t
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Kinetic Cucker-Smale.

Consider FPA based on Cucker-Smale protocol

fe+ v - Vif = ops Avf + Vi((psv — (up)e)f),

Theorem (RS, 2023)

Suppose f is a classical solution with sufficiently fast algebraic decay in v.
Suppose ¢ = 1) ). Then for any to > 0,

infp > c(t) >0

uniformly for all t > ty, and f relaxes to the corresponding Maxwellian at an
exponential rate

12 —eoll?
1£(t) — toall rrnxrny < 10 V2emar Tt

for some ¢ depending on the initial data, and c; > 0 depending only on the
parameters of the system.
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For the Myt and other non-symmetric models we have perturbative result in

terms of Fisher information: if
Z(fo) < codo, (4)

then there exists a global classical solution f and there exists u., € R"” such

that
1 (t) = po,uee |1 (rn xrny < coe” I0°, (5)
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Main ingredients:

. . o —blv? L
— uniform gain of positivity, f > ae ?IVI", where a, b are time-independent for
t > to.

— estimate on the spectral gap of [] : & ~ (inf p)®. This is where we use
6=1xp.
— hypocoercivity and Bakry-Emery-type method.
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Hypocoercivity via Villani's (A*A + B)-formulation

Assuming & = 0 by Galilean invariance and o = 1, consider h = f/u:
Oth = —psA*Ah — Bh + A*((up)sh),

where
A=V,, A*=v-V,, B=v: V..
We have the entropy
= hlog hdu,

T xR"

which obeys two forms of entropy law:
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e non-dissipative

d

a?‘[ = _Ivv(h) + (U, [u]p)ﬂﬁ’a‘ﬂ
where

n vvh2 n
o= [ T @l = [ @ooupdx
Jpoygrn  h Jan
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e non-dissipative

d

a?‘[ = _Ivv(h) + (U, [u]p)ﬂﬁ’a‘ﬂ
where

a vvh2 a
o= [ T @l = [ @ooupdx
Jpoygrn  h Jan

e dissipative
d

EH < —(u, 1) pp, + (u, [U]p),ﬂpo"

R. Shvydkoy uIC



e non-dissipative

d

SH = T (B) + (8,14, o
where

a vvh2 a
o= [ T @l = [ @ooupdx
Jpoygrn  h Jan

e dissipative
d

EH < —(u, 1) pp, + (u, [U]p),ﬂpo"

Lemma (Spectral gap estimate for Mcs)
We have

(u, “)r)mp - (“v [“]p)p% 2 (inf 0)3(“7 “)pp¢'

So, if we control inf p uniformly from below for t > ty, then

d
&H ,S _I\/v(h) - (U, U)PP<;>'
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Bakry-Emery method a la Villani

Next: use the full Fischer information

IT=7wn+¢eZw+ZLx = H (log-Sobolev inequality),

V. h-V,h / |V«h|?
——dpu.
JTn xR

Tu(h) = Y G, Te(h) =
()/w Vel g, Tu(h) :

Then one computes

EI <aZly — ol + C3(U7 u)pr'
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Bakry-Emery method a la Villani

Next: use the full Fischer information
IT=7wn+¢eZw+ZLx = H (log-Sobolev inequality),

xh-V,h «h|?
va(h)=/ Vih- Vb, IXX(,,):/ LI
Tn xRN h Jroxgn B

Then one computes

EI <aZly — ol + C3(U7 u)pr'

So,
d
& [C4H +I] < —Cs [C4H+I]

In particular, by the Csiszar-Kullback inequality

If — ,u,Hf <H <L ce
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Gain of positivity

: Boltzmann, Landau,
Fokker-Planck;

Theorem

There exist time-independent constants a, b > 0 which depend only on the
initial entropy Ho such that

f(t,x,v) = be M’ WxeT", veR", t>1. (6)

Consequently,
inf p > c(a, b).

Hence, the spectral gap is uniform in time and the hypocoercivity estimates
apply.

— initial plateau and domain of ellipticity; Harnack chains based on recent
weak Harnack inequality for supersolutions.
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Why do we need a good regularity theory?

Both the hypocoercivity analysis and the Gain of Positivity result rely on
regularity of solutions.

o Fisher information is controlled by higher order weighted Sobolev norms

HI" xR =3 F: S / ()2 K= Al £2 dy dx < oo
Tn xR"

2k|+[1]<2m
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o Fisher information is controlled by higher order weighted Sobolev norms
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@ Entropy law needs to be differential (not guaranteed for weak solutions).
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Why do we need a good regularity theory?

Both the hypocoercivity analysis and the Gain of Positivity result rely on

regularity of solutions.

o Fisher information is controlled by higher order weighted Sobolev norms

HI" xR =3 F: S / (V)72 | 550 £2 dv dx < oo
2[k|+ 1] <2m Y TTXR"
@ Entropy law needs to be differential (not guaranteed for weak solutions).

@ The gain of positivity argument relies on comparison principle on parabolic
domains, known only for classical solutions or weak solutions in regularity

classes with well-defined traces.
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classical solutions near Maxwellian.
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classical solutions near Maxwellian.

. weak solutions to FPA with constant
thermolization 0 A, f, and subexponential initial data

/ e dfy(x, v) < oo.
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classical solutions near Maxwellian.

. weak solutions to FPA with constant
thermolization 0 A, f, and subexponential initial data

/ e dfy(x, v) < oo.

: weak solutions to FPA with constant
thermolization + local alignment + forces in finite energy space

fel®nl'(1+|xP+]|v[),

and satisfying entropy inequality.

R. Shvydkoy uic



LWP for thick data

We say that the environmental averaging model M = {(s,, ¢)}pep is regular
if sp, ¢, are smooth for "thick” flocks

0(x) = / p(y)dy > 0.
Bro ()

Theorem (2024)

Suppose that the model M is regular. Let fo € Hy'(T" x R"), m,q > n+ 3, be
an initial condition such that
6o > 0.

Then there exists a unique local solution to
Oef + v - Vif =s,A0f + V- (sp(v — [u] )f). (7)

on a time interval [0, T'), where T > O depends only on the initial energy &
and thickness 0y, in the regularity class

fe Cu([0, T); HY), V.feL([0, T]; HY). (8)
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GWP for thick data

Theorem (2024)
Suppose that the model M is regular. If, in addition,

S04, L2(p) = L™ (o),

then the FPA is globally well-posed for thick data in Hy'(T" x R").

Consequently, Mcs, and all Mg-models with [ > % are globally well-posed.

R. Shvydkoy uic



Existence of weak solutions

Theorem (2025)

Let M be a regular model.

o Existence: For any initial condition fy € L™ N L*(1 + |v|?) there exists a
global weak solution to FPA in the same class and

i
f

£

e L'([0, T) x T" x R"). (9)

o Uniqueness: holds for thick data with higher momentum f € L*(1 + |v|9).

e Entropy Equality: Any weak solution in the above class satisfies

d_, IV f + vf?
U B e L S BT

@ Renormalization: every weak solution satisfies
0:G(f) + v - ViG(f) =5,V - (V,G(f) + vfG'(f))
— s, Vuf - (Vof + vF)G"(f) — s, [u], - VVG(f)

in the weak sense for any G such that sup |xG"(x)| < cc.
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I aE E L' plays the same role in establishing Entropy

o Fisher regularity
Law as Onsager—1/3 regularity in establishing Energy Conservation for
solutions of the Euler equation. But we have access only to the degenerate

information sp‘vV B et
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o Fisher regularity i G L' plays the same role in establishing Entropy
Law as Onsager—1/3 regularity in establishing Energy Conservation for
solutions of the Euler equation. But we have access only to the degenerate
information SPWV B et

@ To circumvent degeneracy we consider the equation for thickness-based
renormalization

8t{(ef)sl} (Ov-Vif)ey  (05,A.F)e; | V- (05pvF)e,

0+ e 0+ e N 0+ e 0+ e
Ve (Osplul, e (FO0)e,  (0F)-,0:0
0+ e 0+ e [0+ e2]?”

(0f)e . .
and test the equation with ¢ G’ ( 9+51 > The analysis relies on

commutator estimates for the resulting flux terms in the limit e; — 0 then

62—>0.
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Global Hypoellipticity

Theorem (2025)
Let M be a regular model with

5o ul, : L2(p) — L™(p).

Then any weak solution f to FPA gains instant regularization on (0, T) with

Ce,T,m
[ Fllp < TZ ¥m € N. (10)
If, in addition, fy € Lf,, q > 2, then

CEA,T,m
g "

Il < VmeN. (11)
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Full description of dynamics for the Cucker-Smale based FPA

Consider FPA based on Cucker-Smale protocol

fe+ v - Vif = opsAvf + Vi((psv — (up)e)f).

Theorem (2025)

Suppose ¢ is a Bochner-positive kernel ¢ = 1) x 1. For any data

fo € L N L1+ |v|%), g > n+ 3, there exists a global weak solution in the

.. - . . 2 . .
same class and with finite Fisher information p¢M € L%,X,V, satisfying the

entropy equality. Every such solution gains uniform Gaussian tails
2
F(t,x,v) = be?"" VxeT" veR" t>1. (12)

and regularizes into Hy' for any m € N instantly. Subsequently, it relaxes to the
Maxwellian exponentially fast,

_ —opol/?
1£() = to.aolli2onxmmy < cro™2e™27 7%,

R. Shvydkoy uIC



Thanks!
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