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Introduction: Pattern forming systems



Zhao et al., Commun. Comp. Phys. (2017)

Hele-Shaw problem

Oil

Air

Interface

Interface

side view



Mathematical model

Darcy Flow (exterior problem, incompressible fluid):

Interface dynamics:

Hydraulic mobility

Normal velocity:

Tangential velocity:

Injection flux

Incompressibility

Surface tension



What drives the instability?

Growth morphologies are determined by the interaction of macroscopic 
driving forces and microscopic interfacial properties

• Macroscopic driving force: destabilizing effects, favors 
complex structures

➢ Flow rate (injection flux     ). Time scale:

• Microscopic interfacial properties: stabilizing effects, favors 
compact structures structures

➢ Surface tension Time scale:

➢ Surface tension acts on longer time scales 
than flux as size grows. Saffman-Taylor 
Instability (J constant)

• Unbalanced time scale:



How to modify, or control, the instability?

• Modify the geometry

➢Time-dependent gap width (Zheng et al. 2015; Vaquero-Stainer et al. 2019,…)
➢Tapered walls (Al-Housseiny & Stone, 2013; Bongrand & Tsai, 2018; …)
➢Hele-Shaw cells with elastic walls (Pihler et al, 2018)

• Time-varying fluxes

Cardoso & Woods (1995), Li et al. (2009), Fontana et al. (2014), Beeson-
Jones & Woods (2017),….  

➢ Balanced time scale:

➢ Surface tension acts on same time scale as 
flux, which decreases as system grows.



Time varying flux: Linear stability analysis



Time varying flux: Nonlinear results

• Evolution to a 6-fold 
limiting shape, 
independent of IC. Spectrally accurate, rescaled boundary integral methods. Li & L. et al. (2007, 2009, 2017)



Time varying flux: Morphology diagram

• Sharp transitions between solution families
• Perturbations grow as C increases. Singular limiting shape for C large? 

(thinning necks)



Time varying flux: Experimental validation I

• Li et al. (2009)

Liquid Crystal Institute, KSU



Time varying flux: Experimental validation II

• C=74 theory predicts a 5-fold shape

Experimental demonstration that the symmetry of 
an expanding bubble in castor oil 



Time varying flux: Experimental validation III

• C=191 theory predicts a 8-fold shape
• Have to get to larger sizes as C increases 

to see limiting shapes. Evolution is faster.



External fields can also modify the instability

Electric double layer (EDL) at glass surface. Glass is negatively charged due 
to dissociation of ionic surface groups. Excess counter ions accumulate 
near glass. External electric field drives electro-osmotic flow in addition to 
pressure driven flow. Can enhance or suppress instability.

• Electro-osmotic flows can resist pressure driven flows, 
leading to an apparent increase in viscosity 
(stabilization)



Mathematical model of viscous fingering with electro-
osmotic flows

Darcy flow Electro-osmotic  flow (electric potential , keo electro-osmotic mobility)

Streaming current E-O=-O current

No charge in liquidincompressibility

Injection flux

Applied current

Interface dynamics:

Interface conditions

Debye length



Linear stability analysis I



Linear stability analysis II



Nonlinear numerical solutions: Boundary integral method



Interface dynamics



Rescaling the interface dynamics

Li et al. (2007)
Zhao et al. (2017)

Here, we take

➢      

Exponential growth 



Boundary integral equations



Numerical method

• Pseudo-spectral method on interface
• Spectrally accurate spatial discretization (alternating 

point trapezoidal rule)
• 2nd order Adams-Bashforth in time
• Small scale decomposition to remove numerical 

stiffness (Hou, L., Shelley, 1994)

Parameters from Gao et al. (2019)



Convergence study

2nd order accurate in time Spectrally accurate in space



Agreement with linear theory at small perturbations

Shape factor

Deviation between linear 
and nonlinear results is 2nd 
order in perturbation size



Effect of electro-osmotic flow

No electric current

Stabilizing electric 
current

Destabilizing electric 
current



Effect of electro-osmotic flow II

Stabilizing electric 
current

Destabilizing electric 
current

No electric current



Effect of surface tension



Electro-osmotic flow (no injection flux)

• Destabilizing electro-osmotic field 
drives pinchoff and finite time 
singularities.



Electro-osmotic flow (no injection flux)



Effects of electric current and surface tension

Power law behavior

Destabilizing current Stabilizing surface tension



Can we actually specify the shapes?

Self-similar limiting dynamics



Self-similar limiting dynamics 

No electric field

Controls 

➢ Magnitude of perturbation ( decreases, 
shape is more perturbed)

➢ Time at which evolution becomes self-self 
similar (non-monotone function of ) 



Behavior at smaller  Pinch-off

• I(t) becomes sufficiently positive



Other modes I

Does not reach equilibrium.



Other modes II

Behavior is 
qualitatively similar



Conclusions and Future work

• Investigated interfacial instabilities in a Hele-Shaw cell under an electric field

• Developed efficient, accurate numerical method

• Electro-osmotic flow can enhance or decrease morphological instabilities

• Possible to control shape (self-similar evolution). Mode selection. Additional 
parameter compared to case without electric field. Can control size and time of onset.

• Randomness. Multimodal initial condition gives fastest evolution to limiting shape.

• Future. Consider other fluxes. Multi-field driven interfaces. (e.g., magnetic fields, etc.)
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