Viscous fingering in electro-osmotic
flows
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Outline of talk

* Introduction to interface problems and viscous fingering
* Viscous fingering with electro-osmotic flows

* Linear stability analysis

* Nonlinear simulations

e Summary and future work



Introduction: Pattern forming systems

Bacterial colonies . . Flame propagation
Solidification
PRYSICS TODRY

@ Long time pattern formed by multiple ramification events and finger
competition.

@ The most important system information is contained at the interface.
@ The complexity of this system is remarkable given its physical simplicity.

@ Viscous fingering is possibly the simplest system among a family of
pattern forming systems that exhibit interfacial instabilities.



Hele-Shaw problem
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less viscous
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@ Hele-Shaw problem is a classical example for studying the interface
dynamics.

@ One fluid displaces an existing fluid between two parallel plate with a
small gap.
Application: oil recovery in petroleum engineering, natural gas storage

@ Saffman-Taylor instability (fingering pattern) only occurs when less
viscous fluid is injected into existing more viscous fluid.
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Zhao et al.,, Commun. Comp. Phys. (2017)



Mathematical model

Darcy Flow (exterior problem, incompressible fluid):
Hydraulic mobility o J/

u = —MVP, xek b?
M= —_

12
O, X & E2 Incompressibility '

Pl: = 7k, xeI(t)

vV -u

Surface tension

Fluid 1
Interior Y

OP L
—ds = J( l‘) Injection flux Exorior
5, ON

ax Normalvelocity: /' = 1+ n

Interface dynamics: —— = Vn+ Ts.

at Tangential velocity: [’



What drives the instability?

Growth morphologies are determined by the interaction of macroscopic
driving forces and microscopic interfacial properties

 Macroscopic driving force: destabilizing effects, favors
complex structures

> Flow rate (injection flux J ). Time scale: tj ~ R(Z,/J

* Microscopic interfacial properties: stabilizing effects, favors
compact structures structures

b2
» Surfacetension T Timescale: - ~ RS/(’TM), M = Tom
n
e Unbalanced time scale: t_J ~ TM > Surface tension acts on longer time scales

t- RoJ than flux as size grows. Saffman-Taylor
Instability (J constant)



How to modify, or control, the instability?

 Modify the geometry

» Time-dependent gap width (Zheng et al. 2015; Vaquero-Stainer et al. 2019,...)
» Tapered walls (Al-Housseiny & Stone, 2013; Bongrand & Tsai, 2018; ...)
» Hele-Shaw cells with elastic walls (Pihler et al, 2018)

 Time-varying fluxes

Cardoso & Woods (1995), Li et al. (2009), Fontana et al. (2014), Beeson-
Jones & Woods (2017),....

> Balanced time scale: J = j/Ro

—_— N —— > Surface tension acts on same time scale as
Lr RUJ J flux, which decreases as system grows.



Time varying flux: Linear stability analysis

Perturbation:

Growth:

Pressure:

(Control pressure)

Shape evolution:

Critical flux:
J>J .

J=J,
J<Jk

r.(8,1) = R(t) + 5(t) cos(kB)

J=RR+0O(5/R)

J(t) = Log_(];(:; i Z) ;( o* 06/ Ry’ %Zﬁf E%f; r
_ . (k-2
(6/R) " (6/R) _ = )(J—Jk)
G, k(k2 - 1) 3k -1

= ,C:
“ R " k-2

unstable evolution (Saffman-Taylor)

Mode k fastest growing: J, * =
R(1)

self-similar evolution (6 / R) = const.

perturbation decays stable evolution




Time varying flux: Nonlinear results
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mdependent of IC. Spectrally accurate, rescaled boundary integral methods. Li & L. et al. (2007, 2009, 2017)



Time varying flux: Morphology diagram
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e Sharp transitions between solution families
* Perturbations grow as Cincreases. Singular limiting shape for C large?
(thinning necks)



Time varying flux: Experimental validation |

Liquid Crystal Institute, KSU

 Lietal. (2009)



Time varying flux: Experimental validation |l

6 T T T T T T 1 500
R(t)=100(0.01+3Dt)""
D=74(2 x o b3)/(12 n)
4l {1000
£ I )
Il £
o o
= 3
= »
« . o
o P(t)=c/R(t)[1+74 Log(R /R(t)] i
2+ 1500
O [l 1 1 Il Il 1 0
0 50 100 150 200 250 300 350

Time (s)

Experimental demonstration that the symmetry of
an expanding bubble in castor oil

 (C=74 theory predicts a 5-fold shape

1=291s t=390s



Time varying flux: Experimental validation |

t=20s t=140s

Have to get to larger sizes as C increases
to see limiting shapes. Evolution is faster.

e (C=191 theory predicts a 8-fold shape



External fields can also modity the instability

week ending c o . =V
PRL 119, 174501 (2017) PHYSICAL REVIEW LETTERS 27 OCTOBER 2017 Electrokinetic thickening

Electrokinetic Control of Viscous Fingering

Mohammad Mirzadeh' and Martin Z. Bazant'* -
'Department of Chemical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA i o - (U_+ Ugoy = {L_’h + U_) - B
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* Electro-osmotic flows can resist pressure driven flows,
leading to an apparent increase in viscosity
(stabilization)

Electric double layer (EDL) at glass surface. Glass is negatively charged due
to dissociation of ionic surface groups. Excess counter ions accumulate
near glass. External electric field drives electro-osmotic flow in addition to

. . epe Unstable Stable Unstable Stable
pressure driven flow. Can enhance or suppress instability.
ARTICLE
oPEN &
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Active control of viscous fingering using electric ‘ ‘
fields
60s 30s
Tao Gao 1'4, Mohammad Mirzadeh 1'4, Peng Bai 1'3, Kameron M. Conforti' & Martin Z. Bazant® 2
NATURE COMMUNICATIONS | (2019)10:4002 | https://doi.org/10.1038,/s41467-019-11939-7 | www.nature.com/naturecomn ‘ * ‘
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Mathematical model of viscous fingering with electro-

osmotic flows

Darcy flow Electro-osmotic flow (electric potential ¢, k., electro-osmotic mobility)
Up = —thP, Ueo = —keOV¢, X € )
Electrodes J

Streaming current U=Uus+ ueE‘_’é:_O Currgﬁte (2 <=

isc = —keoVP,ile = —keV, X €Q
i — i i X & Q \ i d",zl .
incompressibility SC _I_Ng’charge in liquid \\ W g /
v-u207v'I207 XEQ WA.

Interface conditions |P], = Tk, [¢] = 0, x € I'(f)

Injection flux / U-nds=2nJ
Y
To Interface dynamics:

at
Debye length Ap ~ 10 nm < b K; =—¢;i¢i/n;

Applied current / i-nds = 2/, % — Vn+Ts
T, '



Linear stability analysis |

@ Perturbation: r(a,t) = R(t) + ed(t) cos(na).
@ Shape evolution:

(é)—1 g(_) _ (Keop Kny — Keo; Kn, ) 2nl
R dat" R (k6‘01 T k902)2 - (ke1 + kez)(kh1 + khz) R?
—|— (n k§01 - kgoz - (ke1 —|_ keg)(kh-l - kh2) . 2) J

(k901 T keoz)z - (k91 T kez)(kh1 + khz) ﬁ
Tn(n2 —1) (kgozkm + (kgm — (Ke, + Ke, ) Kny ) Kn, )
R3 (Keoy + Keoy)? — (Key + Key) (Kn, + Kny)

@ The fastest growing mode

b | B (((@1CKeopKny — Kooy Kny) + Ik — Kioy — (Key + kep) (kg — Knp))) 1
- 3 T[K2o, ki, + (K2, — (Key + Key)Kny )Kny ] R)



Linear stability analysis Il

@ Shape preserving current:

o= (= Iy = e = (b + i), — )1

C
T K, -+ (K, — (ke -+ Koy o] ) 2/ (Ko, — Ky ),
where C is a constant. When C = 3n2,,, — 1. The fastest growth mode
unchanged.

@ The fastest growing rate:
8y D 2riayr KoK + (o — (Koy Koo Do o] 20
R at" R R® (k901 - k902)2 - (k91 5B kez)(kh1 + khz) R?
@ Jis a positive constant, the growth rate eventually is negatvie.

@ Jis zero, R(t) remains unchanged.
@ Ciritical flux

n?nax'r [kgOg kh1 i (k§01 - (k€1 W kez)kh1 )khz]
R (keo, + keo,)* — (Ke, + Ko )(Kny + khz).

Jcrit e



Nonlinear numerical solutions: Boundary integral method

" ] Take QOV — th + keoqs and (,DC - keoP + kegb.
@ Use potential theory

1 Oln |x —y|
, = = I =Y gs(y) + J1n |x],
s or o " (y) an(y) (y) | |
1 Oln|x —y]
c = = —= __2lds(y) + /ln |x|,
¥ or - 72(Y) E)n(y) (Y) | |

@ Use boundary conditions

(km k:ﬁ— ko, N Kn, k:ez Ko Mt (kh1 k:— K2, Kn, ke:(ez_ k2o, ) /r(r) i (y)%(y_)y'ds(y)
~ K, k:ei k&, N Kn, k::e ks, Jre= 71r( K k:ei K2, kh2 k::eo_z K2, ) /1“ " V2 (y)%(y)yld (y)
=2 (o k:el = khzk:ez_ ) x|? o k:ei — k::eo_g ) P,

B K k:ei Kéo, +kh2 ke: Ko, n= 1 (kh1 ke’:"‘_ ko, khz kc:eoz ko, ) /I‘(t) i (y)%(y_)ﬂds(y)
+( Kn, kef""_ K2, s kefh Kz, Yot (kh1 k:h‘_ . kei‘hz_ PN ) /P . fyz(y)%(y)y'd (y)

- (kh1 k:eol k&, a K, k::e"_Z k&, )JIn [x|* K k:hl K2, - Kn, ke:(hz_ K2, )1n [x|?.

@ Normal Velocity

B (X=X)-n() ., x-n
V“)‘Efmﬂ”’ x_xe B +Ire




Interface dynamics

@ use arclength and tangent angle to represent the interface, (L(f),6(«, t))
@ use a special tangential velocity to preserve equal arclength

2
Y

Ta,t)=T(0,1) + / shk' Vda' — — s,k Vdo!'.

0 27?0

@ use 2nd order Adams-Bashforth to compute arclegth and tangent angle
by introducing an integrating factor

Sat = (Ts + kV)S,
9{ = _VS—I_ FGT

Ref: Hou, Lowengrub, Shelley, JCP 114, 1994.



Rescaling the interface dynamics

Rescaling idea

Isolate morphological change from overall growth by mapping onto a new
time and space: (x,t) — (X, 1), i.e. scale out the growth: R(t(t)) = R(t).

t
s o = 1
x(a,t) = R(HX(a,t), t:/ at’
(a,1) = R()x(a, 1) o
0 y
@ p(t) = p(t(t)) >0 Li et al. (2007)
@ Speed up or slow down Zhao et al. (2017)
e Adaptive
@ The normal velocity in the rescaled frame V,
_ _  p., .. X-ndR
V() = ZV(t1) — — —=
(= ZV(D) - 5
Here, we take Exponential growth

s _ _ E — _ J _
® Require 9% =0, [r 4 Vds§=0— & = b p(t) = R* »R()= eXp(%t)




Boundary integral equations

@ Integral equation system

% ":61— K o kef i 1 = kf— K2, Kn, ke:ez— 2, /fu) " (y)%()wd )
_(k”‘ k:ei Keo, +k”2k::e% Koo, s (km k:901 K2, Kn, k::ecf kgog) £ () b (y)%&)y'ds(v)
=eri-(g k:el K2, kn, kefez_ e AR Atin XP)+ (- k:""’_‘ . k::e"j IR R X,
% kk Koy k::eog i) - ™ K ke:eol Koo, ki k:ez— k2, fm) v (V)%(y)wd )
H K k:hl R Fny k:h k2, Pt (km k:h k2,  kn, k:hi kg%) . (¥) %ﬁ,—)y'dsm
Keo koo oo o "

)JJR(21n R+1n |X[*)—( 2 )IR(21n R+1n |x|?).

- (km Ke, — K2, KnyKe, — K2, KniKe, — K2, KipKe, — K2,

@ Normal velocity

VE) = 31s X =X AR)

— o ds’ +J
27R NG |X’ — X‘z

@ Interface dynamics ~
dx(t,0) =

— -n = V(t,0).

dt (£.6)




Numerical method

 Pseudo-spectral method on interface
* Spectrally accurate spatial discretization (alternating

point trapezoidal rule)
« 2" order Adams-Bashforth in time
 Small scale decomposition to remove numerical

stiffness (Hou, L., Shelley, 1994)

Parameters from Gao et al. (2019)

kn, =14.93, kj,, =1, koo, =0, koo, =1.93x 1074, and k,, =k,, =2.66. T = 0.0216



Convergence study

@ 7=216x 1072, r(4,0) =1+ 0.1cos(4a), J =1, and | = —636.
@ Temporal study: N = 4096, At=2 x 1073,1 x 1073, and 5 x 10~*.
@ Spatial study: At =1 x 107%, N = 1024, 2048, and 4096.
@ Error: Error = |A; — Ao|.
2" order accurate in time Spectrally accurate in space
10 R=120 =3l 12 R=385  R=713  R=120
1 ——AT=1x103 11 1 1 1
9} 0 ED | AT=5x10"* 0 0 0
105 P 41
8 P ] I S [ POY
— T — 94 41 0 A 1.0 1 10 1
S | 1 oot s j
5 7 i RN i
NI O T
— 7 1".\1_. ni,,‘\ ________________ /fj‘i\\ | \_/ .,]
; ,—" !!\"‘-.., "";,'!"!\ /," UN— TN 6 ‘ —~N=4096 |
5 W 1“'\ - ;A \ |l
W SN 5 \ -—N=2048
\\\_, lf ‘‘‘‘‘‘‘ - N II """" N=1024
4 L/ 4/ |
0 20 40 60 80 100 120 0 20 40 60 8 100 120



Agreement with linear theory at small perturbations

@ =216 x 102, At=1x 102, N = 4096, r(a,0) =1+ 0.05cos(4a),
J=1,and [ = —636.
@ Linear solution:

2 2
(keop kn, —keoy Kny ) Kooy —kbop — (key +key) (K, —kn,)

2n _
(E)Lin _ (E)OR (keoq +keop )2 — (ke +key ) (kp, +kn,) g (keoy +keoo )2 — (ke +key ) (kn, +kny) 2)
R R
exp (k302kh1 + (k301 — (Key + Koy ) Kny )Kny) n(n? — 1)T(R—1 —1)]
(Keo;, + ke02)2 — (Key + keg)(km + khz) J '
06 | . | g x10°
e Shape factor | |
0.5
II 6,
5l

Deviation between linear
and nonlinear results is 2nd
order in perturbation size

0 0.01 0.02 0.03 0.04

(a) # (b)




Effect of electro-osmotic flow

@ 1=216x 1072, At=1x10"2, N = 4096, r(&,0) = 1 + 0.1 cos(4a),
and J = 1.
@ /=28y (black), | =0 (red), I = —281, (blue), Ih = —159,.

i R=7.3 _ Re585 R=238 | R=432
‘ 500
5 50 | 2000 ‘
g 0 O ‘ g Stabilizing electric
S -50 -2001 curre nt
-10 ‘ -500
-10 0 10 50 0 50 200 0 200 -500 0 500
4 R=2.7 10 R=7.3 R=53.5 ‘ , R=_238
) 5 | 30 200
. . ol . No electric current
2 8 50! ‘ 200
, o | R
-4 9 0 2 4 -10 0 10 -50 0 50 -200 0 200
R=2.7 R=3.6 R=5.4 R=7.3
4 5 ‘ 10
5.
2 5 o e . .
y Destabilizing electric
0 0 0 1 0
current
2 5
-5t {
4 S - | 10




Effect of electro-osmotic flow Il

10° —————— . 038
| — =281
:+I=0 Kl . .
| T=281, Stabilizing electric 06 |
2| current ] '
107 ,
i <
. =
3 204y 1
o] (]
& 10! | 1 L
= No electric current T 02f :
=
=
10°s . ]
Destabilizing electric - Of 1
current ]
10" ‘ ' 02 ‘ ‘
10° 10" 10° 10° 10° 10 10° 10°



Effect of surface tension

@ 7=5x10"% At=1x10"° N = 4096, r(4,0) = 1 + 0.1 cos(4a).
@ J=1,and | = —28ly, Iy = —159.

R=1.2 R=1.64
1.5 8 2 6
1
1
0.5
0.8 ‘ |
0 0 ——7=2.16x102
05 0.6 —r=5x10"% -
! 0.4
1 P
B — - 2 502
-1 0 1 2 0 2 .é‘o
S
; R=2.11 A R=2.76 E
£ .02
2 5
2 =
1 -0.4
0 0 0.6
-1 5 0.8 ‘
5 1 2 3 4 5 6 7 8
- R
3



Electro-osmotic flow (no injection flux)

@ 7 =216x 1072, Ai=1x 1073, N = 4096, r(&,0) = 1 + 0.1 cos(na).
@ J=0and /= —150, lo = —159.

1 * Destabilizing electro-osmotic field
drives pinchoff and finite time
singularities.




Electro-osmotic flow (no injection flux)

@ Inner radius fits an algebraic law (t, — t)°, where t, is the estimated time
when the interface reaches the origin.

@ n=2,t =0.520 and b = 0.570.
@ n=7,t =0.478 and b = 0.615.

109

inner radius
[e—y
S

102+




Effects of electric current and surface tension

Destabilizing current Stabilizing surface tension

4.5¢ 0.52
4t
35¢) 05"
3
25¢F
0.48 -
2 L
<15 046 ¢

t,~1.137%40.4

1 Power law behavio 0.44

0.42 -

0.5 1 1.5 2 0 0.005  0.01 0.015 0.02  0.025

11 10t (a) 7 (b)



Can we actually specity the shapes?

Self-similar limiting dynamics

@ r(a,0) =14 0.01(sin(2&) + cos(3a) +
sin(5a) + cos(7a)).

Q@ J= OéJcrit(nmax), Nmax = 7,

Jerit =
n3 T [k§O2 kh1 + (k§O1 - (ke1 + keg)kh1 )khz]

max

R (keo1 + ke02)2 - (ke1 + keg)(kh1 + khz) ,

IC:

(= 1, = Koy = Chiy )y = b )1

7C
b T by (K, — (e + Kep o )

R
/2(k902 kh,l - keo1 kh2 ) .




Selt-similar limiting dynamics

J = a'Jcr*it(nma,m)
0.8 (Y Controls
049 — 041 — 0.3

0.47 — 039 — 0.23 » Magnitude of perturbation (o decreases,
045 — 035 — 0.21 shape is more perturbed)

a =

0.6 e U5 e (L2 v (1 > Time at which evolution becomes self-self
—e similar (non-monotone function of o)
Q Iﬁ\s/"—~h -e
& / h
' . -
E 0.45 No electric field
| —
<4

() (b) (c) (d)

=049 a=045 a=03 ao=0.23
R/Ry=10% R/Ry=10° R/Ro=10° R/Ro=10°




Behavior at smaller au: Pinch-off

049 — 041 — 03
60t 047 — 0.39 — 0.23
=045 — 035 — 021
— 043 — 033 — 0.1

a = 0.21 a=0.1

R(?)/Ry * I(t) becomes sufficiently positive



Other modes |

049 — 043 — 037 Or
0.8t = e DA s DT s 0736
e 0.45 =—— 0.39 — 0.35
0.61 . a=045 .. _a=0.37
< R/Ry = 10" R/Ry = 101
= 0.4+
<
049 — 043 — 0.37
02l ’ O s 035 s Does not reach equilibrium.
—4
10° 1020 1 3 5 7 a=0.35
R(?)/Ry

R/Ry = 10°



Other modes ||

a = 0.37
=
21/ Behavior is

qualitatively similar




Conclusions and Future work

* Investigated interfacial instabilities in a Hele-Shaw cell under an electric field
 Developed efficient, accurate numerical method
* Electro-osmotic flow can enhance or decrease morphological instabilities

* Possible to control shape (self-similar evolution). Mode selection. Additional
parameter compared to case without electric field. Can control size and time of onset.

 Randomness. Multimodal initial condition gives fastest evolution to limiting shape.

* Future. Consider other fluxes. Multi-field driven interfaces. (e.g., magnetic fields, etc.)



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7: What drives the instability?
	Slide 8: How to modify, or control, the instability?
	Slide 9: Time varying flux: Linear stability analysis
	Slide 10: Time varying flux: Nonlinear results
	Slide 11: Time varying flux: Morphology diagram
	Slide 12: Time varying flux: Experimental validation I
	Slide 13: Time varying flux: Experimental validation II
	Slide 14: Time varying flux: Experimental validation III
	Slide 15: External fields can also modify the instability
	Slide 16: Mathematical model of viscous fingering with electro-osmotic flows
	Slide 17: Linear stability analysis I
	Slide 18: Linear stability analysis II
	Slide 19: Nonlinear numerical solutions: Boundary integral method
	Slide 20: Interface dynamics
	Slide 21: Rescaling the interface dynamics
	Slide 22: Boundary integral equations
	Slide 23: Numerical method
	Slide 24: Convergence study
	Slide 25: Agreement with linear theory at small perturbations
	Slide 26: Effect of electro-osmotic flow
	Slide 27: Effect of electro-osmotic flow II
	Slide 28: Effect of surface tension
	Slide 29: Electro-osmotic flow (no injection flux)
	Slide 30: Electro-osmotic flow (no injection flux)
	Slide 31: Effects of electric current and surface tension
	Slide 32: Can we actually specify the shapes?
	Slide 33: Self-similar limiting dynamics 
	Slide 34: Behavior at smaller a: Pinch-off
	Slide 35: Other modes I
	Slide 36: Other modes II
	Slide 37: Conclusions and Future work

