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Water forms Networks

Highly polar solvent with tetrahedral
shape
Strong dipole moment

Forms random networks of hydrogen
bonds. Data is from molecular dynam-
ics using distance/angle metrics to infer
hydrogen bonding.
Goa, Fang, Ni, Scientific Reports 2021
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Water is Exceptional

Goa, Fang, Ni, Scientific Reports
2021

Anomalous properties:
+ Density maximum at 4◦C,
+ Steep increase in isothermal com-
pressibility and heat capacity upon
cooling
+ Non-Arrhenius behavior of viscosity
and diffusivity at low pressure
Wide distribution of hydrogen bond
statistics, relatively insensitive to tem-
perature or shear.
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Water Clusters

Classic 6-body water clusters, from Bates & Tschumper J. Phys. Chem. A (2009).
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Frustration and Water Wires

Greg Voth et al, J. Phys. Chem. B 2015

Water molecules induced to form a
“water wire” within a narrow hy-
drophobic cylinder. The wetted
cylinder is able to conduct a pro-
ton, modeling a proton channel.

Key issue, the anomalously “long-
tailed” distribution of hydrogen
bond count. Roughly 15% of wa-
ter molecules have two or fewer
hydrogen bonds. These mis-
fits/defects will enter into the hy-
drophobic tube.
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Many-body Interactions

“It has been demonstrated that three-body effects play an integral role in systems
dominated by quantum many-body effects, in particular in water clusters.” Pruitt
et al J. Chem. Theor. Comp. (2016)
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Stochastic Fluctuations in Water Potential
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Continuum Models from Polar Solvent: Stockmeyer Model

Fix a domain Ω ⊂ R2. Consider N interchangeable
agents with locations xi ∈ Ω and introduce the dipole
charge locations

x±
i = xi ±

ℓ

2
d(θ)

where the dipole angle vector

d(θ) =

(
cos θ
sin θ

)
,

controls orientation. The partial charge at x±
i is ±q.

The empirical charge density is

qN = q

N∑
i=1

(
δx+i

− δx−i

)
.
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The electric potential solves Poisson’s equation

ϵ0∆ψ = qN .

If G is the periodic Greens function for the Laplacian on Ω. We make the approxi-
mation

G(x− x+
i ) − G(x− x−

i ) ≈ ℓ∇G(x− xi) · d(θi),
under which the electric potential becomes

ψ =
qℓ

ϵ0

N∑
i=1

∇xG(x− xi) · d(θi),

and the electric potential energy

EE(X,Θ) =
q2ℓ2

ϵ0

N∑
i

N∑
j ̸=i

d(θj)∇2
xG(rij)d(θi),

Here ∇2 denotes the Hessian operator and

rij := xi − xj

is interparticle distance vector.
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Caveat: Short Range Forces
Collisions are guided by electronic interactions via a short-range potential Φ =

Φ(r, θ) where r is a distance and θ is a relative angle. A simple model, borrowing
from collision operators

Φ(r, θ) =

(
1

rα
− b(θ)

)
e−r

2
,

which is of Lennard-Jones type in r. The angular dependence should favor mis-
alignment, θ = π, pushing the location of the minima further out and reduces the
depth of the minima, for example

b(θ) = (1 − cos(θ))2/4.

The short range collision potential takes the form

EΦ :=
N∑
i

N∑
j ̸=i

Φ (|rij|, θi − θj) .
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Dipolar Molecules the Hamiltonian
We introduce a Hamiltonian of kinetic and potential energies written in terms of

position and momentum

H(X,Θ, P,Q) = UE(X,Θ) + UΦ(X,Θ) +
∑
i

(|pi|2
2m

+
q2i
2I

)
,

where pi = vim is the linear momentum qi = Iωi is its angular momentum,
crucially

I = mℓ2/4 ≪ m

The model is partially motivated by the approach of

G. Monet, F. Bresme, A. Kornyshev, H. Berthoumieux, Nonlocal
dielectric response of water in nanoconfinement, Physical Review
Letters 126 216001 (2021).

Subject to the substitution d(θ) ↔ m (polarization field).
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TheN -particle Hamiltonian ODE

ẋi = pi/m = vi,

θ̇i = qi/I = ωi,

mv̇i = −
q2ℓ2

ϵ0

N∑
j ̸=i

d(θj)∇3G(rij)d(θi)−
N∑
j ̸=i

∂rΦ (|rij|, θi − θj) rij,

Iω̇i = −
q2ℓ2

ϵ0

N∑
j ̸=i

d(θj)∇2G(rij)d
⊥(θi)−

N∑
j ̸=i

∂θΦ (|rij|, θi − θj),

Here ⊥ denotes rotation by π/2 in particular ∂θd(θ) = d⊥(θ).

We record the force fields

Fx(zi, zj) := −
q2ℓ2

mϵ0
d(θi)∇3

xG(xi − xj)d(θj),

Fθ(zi, zj) := −
q2

mϵ0
d(θi)∇2

xG(xi − xj)d(θj).
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BBGKY Heirachy
The dipole model is a two-body interaction. If fN(Z1, . . . , ZN) is the N -

particle probability distribution, taking marginals The one-marginal evolution cou-
ples to the two-marginal

∂tfN,1+v1 · ∇x1fN,1 + ω∂θfN,1+

(N − 1)
(
∇v1 · (Fx◦∗12fN,2) + ∇ωi(Fθ◦∗12fN,2)

)
= 0.

Here we introduced the two-point convolution.
If F : R2d 7→ R and fK : R2dK 7→ R

(F◦∗ijfK) (zi) :=

∫
R2(d−1)K

F(zi − zj)fK(z1, . . . , zK)

dzi/∈︷ ︸︸ ︷
dz1 . . . dzK .

In the mean-field limit fN,k → f⊗k and the BBGKY reduces to a Vlasov system

ft + v∇xf + ω∂θf + ∇v · ((F̄x ∗ f)f) + ∂ω((F̄θ ∗ f)f) = 0.
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Mean field and Continuum Quantities
Identify the microscopic variables z̃ = (v, θ, ω) and define the local density

ρ(t, x) :=

∫
R4
f(t, x, z̃) dz̃,

the density-weighted macroscopic velocity

ρ(t, x)U(t, x) :=

∫
R4
vf(t, x, z̃) dz̃,

the density-weighted displacement fieldD

ρ(t, x)D(t, x) :=

∫
R4
d(θ)f(t, x, z̃) dz̃,

and the density-weight macroscopic dipole angular velocity

ρ(t, x)Ω(t, x) :=

∫
R4
ωf(t, x, z̃) dz̃.
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Hydrodynamic Limit from Vlasov
The Vlasov hydrodynamic limit is given by the projection of the Vlasov system
against the functions {1, v, d(θ), ω} over the microscopic z̃ variables.

∂tρ+ ∇x · (ρU) = 0,

∂t(ρU) + ∇x · (ρU ⊗ U + Pvv) =
ℓ2

ϵ0
ρD

(
∇3
xG ∗ ρD

)
,

∂t(ρD) + ∇x ·
(
ρD ⊗ U + Pdv

)
+
(
ρΩD + Pdω

)⊥
= 0,

∂t(ρΩ) + ∇x · (ρΩU + Pωv) = −
1

ϵ0
ρD

(
∇2
xG ∗ ρD

)
.

with four pressure terms

Pvv(t, x) :=

∫
Z̃

(v − U) ⊗ (v − U)f(t, x, Z̃) dZ̃,

Pdv(t, x) :=

∫
Z̃

(d(θ) −D) ⊗ (v − U)f(t, x, Z̃) dZ̃,

Pdω(t, x) :=

∫
Z̃

(ω − Ω)(d−D)fdZ̃,

Pωv =

∫
Z̃

(ω − Ω)(v − U)f(t, x, Z̃) dZ̃.
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Return to BBGKY Hierarchy
To recover correlation in the continuum, return to the first-marginal in BBGKY.
Introduce the second marginal residual

h2(Z1, Z2) = f2(Z1, Z2) −
f⊗2
1︷ ︸︸ ︷

f1(Z1)f1(Z2) .

Rewrite the first marginal evoluation as a Vlasov system “perturbed” by correlation

∂tf1 + V1 · ∇X1f1 + ∇V1 · ((F ∗ f1)f1) = C(h2).

Here F = (Fx, Fθ), and the correlation term

C(h2) = −
ℓ2

ϵ0
d(θ1)

∫
∇3
xG(x1 − x2)d(θ2)∇v1h2 dZ2−

1

ϵ0
d(θ1)

∫
∇2
xG(x1 − x2)d(θ2)∇ω1h2 dZ2.
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Hydrodynamic First Marginal
Take the moment projections against {1, v1, θ1, ω1} yields the same system

given by the Vlasov but subject to additional, “stochastic” terms arising from the
second marginal residual.

∂tρ+ ∇x · (ρU) = 0,

∂t(ρU) + ∇x · (ρU ⊗ U + Pvv) = −
ℓ2

ϵ0

(
ρD

(
∇3
xG ∗ ρD

)
+ ∇3

xG◦∗12 : D2

)
,

∂t(ρD) + ∇x ·
(
ρD ⊗ U + Pdv

)
+
(
ρΩD + Pdω

)⊥
= 0,

∂t(ρΩ) + ∇x · (ρΩU + Pωv) = −
1

ϵ0

(
ρD

(
∇2
xG ∗ ρD

)
+ ∇2

xG◦∗12 : D2

)
.

Here the two-marginal residual matrix displacmentD2 : R4 7→ R2×2,

D2(x1, x2, t) :=

∫
R8
d(θ1) ⊗ d(θ2) h2(x1, x2, z̃1, z̃2) dz̃1dz̃2.
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Three-body Interaction Models
A water-ring memetic energy on X = (x1, . . . , xN) particles with interparticle

distances ℓij = |xi − xj| uses the potential energy

U(X) =
N∑

i̸=j ̸=k

(ℓij − ℓik)
2 + (ℓij − ℓjk)

2 + (ℓik − ℓjk)
2

e(ℓ
2
ij+ℓ

2
jk+ℓ

2
ik)/ℓ

2
.

This simple three-body
energy penalizes variation
in the separation distance
of near-neighbors.

Getty Villa Peristyle
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Packing by Spherical Micelles

with the BCC Wigner–Seitz cells to five discrete cells (30 in total
per unit cell; ref. 23), which on average better approximate
spherical symmetry.
Building on this result in soft systems we proceed to draw

a number of analogies between the drive toward spherical sym-
metry in many-body diblock copolymers in real space and
long-standing arguments for metals, alloys, and intermetallics
regarding the role of sphericity in accommodating the shape of
the Fermi surface subject to the constraints imposed by the
crystal lattice. In essence we argue that the tendency of alloys
and intermetallic compounds to transform to apparently low-
symmetry structures, in an attempt to better reconcile the sym-
metry of the crystal with the spherical reciprocal space symmetry
of their (nearly) free electrons, is analogous to the preference for
real-space sphericity in the polymeric system studied here. We
further highlight analogies between the mechanisms of symmetry
breaking in these polymer- and metal-based systems, the former by
exchange of mass, the latter by exchange of charge. It is suggested
that these analogies provide potentially useful connections between
complex crystalline structures in hard and soft matter.

Results and Analysis
The experimental work described in this article focuses on the
structure and viscoelastic properties of a poly(isoprene-b-lactide)
diblock copolymer denoted IL-15; synthesis and characterization
of this compound have been described elsewhere (24). In brief,
the overall number-average molecular weight Mn = 3,890 g/mol
(dispersity Mw/Mn = 1.12) is divided between PI (2,810 g/mol)
and PLA (1,080 g/mol) blocks, which translates into a composi-
tion of 22 ± 1% by volume poly(lactide) based on published
densities. This asymmetric block copolymer self-assembles into
point particles (previously referred to as sphere-forming domains;
refs. 23, 24) containing PLA-rich cores surrounded by a corona of
PI blocks. Upon cooling, the PLA-rich cores vitrify between 20
and −25 °C; Tg,core ≅ 5 °C using the conventional designation of
the glass transition temperature, i.e., half the discontinuity in the
heat capacity as determined by differential scanning calorimetry
(DSC; Fig. S1). A second glass transition at −66 °C (8 °C wide) is
associated with the continuous PI-rich matrix formed by the co-
rona blocks surrounding each core.

Order and Disorder. Sample IL-15 exhibits three equilibrium phases:
a Frank–Kasper σ-phase (P42=mnm space group symmetry) at T ≤
28 °C, a BCC phase (Im3m symmetry) for 28 ≤ T ≤ 48 °C, and a
disordered state when T > 48 °C. These ordered state symmetries
were identified by synchrotron small-angle X-ray scattering
(SAXS; Advanced Photon Source, Argonne National Laboratory),
following previously reported procedures (23). Order–order and
order–disorder transition temperatures, Tσ-BCC ≅ 28 °C and TODT =
48 ± 1 °C, respectively, were established using SAXS and linear
dynamic mechanical spectroscopy measurements (23). Fig. 2 shows

representative SAXS patterns associated with the BCC (40 °C) and
σ (25 °C) phases (Fig. 2 B and C) following the evolution of order
after rapid cooling (dT/dt > 20 °C/min) from the disordered state
(60 °C; Fig. 2A). As described in our earlier report (23), BCC
ordering occurs within about 30 min at 40 °C, based on the evo-
lution of the linear dynamic elastic modulus G′. Nearly a day is
required at 25 °C to develop the elasticity associated with the
σ-phase, and the SAXS pattern continues to evolve higher-order
reflections for nearly a month (Fig. 2C), indicative of increasingly
greater correlation length.
When rapidly cooled from 60 to 0 °C however, ordering is

completely suppressed as indicated by the lack of Bragg reflec-
tions after aging the material even for 48 d (Fig. 2 A, D, and G).
Cooling the fully formed σ-phase from 25 to 0 °C produces im-
perceptible changes in the scattering pattern (Fig. 2F). However,
the BCC phase becomes virtually disordered when quenched
from 40 to 0 °C; only vanishingly small vestiges of cubic order
persist after 48 d (Fig. 2E).

Ordering Dynamics.Owing to the facile molecular dynamics of IL-
15 (both blocks are well below the entanglement molecular
weight) (23), complemented by tractable phase transition ki-
netics, we were able to quantitatively characterize nucleation and
growth of order after quenching from the disordered state. Fig.
3A illustrates the development of the dynamic elastic modulus G′,
measured at a frequency of ω = 0.1 rad/s using a parallel plate
geometry (25), after rapidly (in ∼30 s) cooling from 60 °C to each
target temperature below TODT. Between 47 and 20 °C, a char-
acteristic sigmoidal-shaped growth in G′ evidences the develop-
ment of order. Except for the results obtained at 20 °C, each data
set shows an induction period of roughly 15–20 min, followed by
the growth of G′ up to an asymptotic level at longer times. These
patterns can be modeled based on classical nucleation and
growth theory, using X(t) = 1 − exp(−kt−n), where X(t) = (G′ (t) –
G′o)/(G′∞ − G′o) represents the fractional change in the elastic
modulus, which we equate with the percentage of ordered mate-
rial. Avrami plots (26) of these results produce n = 3.2 ± 0.2 (Fig.
S2A), consistent with the nucleation and growth of order in three
dimensions; SAXS experiments confirm BCC symmetry (Fig. 2;
refs. 23 and 24). Similar experiments conducted over a period of
24 h after quenching IL-15 to 25 °C lead to n = 2.5 ± 0.2 com-
patible with ordering with intermediate dimensionality (between 2
and 3), consistent with the formation of the tetragonal Frank–
Kasper σ-phase (Fig. S2C). Below about 20 °C, however, the
material stiffens almost immediately, obscuring any un-
derlying phase-transition dynamics. Here we note that in all
cases the solid state (whether ordered or disordered) represents
a relatively soft material (G′ < 104 Pa) owing to the flexible nature
of the continuous matrix made up of PI corona blocks.
Also shown in Fig. 3B is a time-temperature-transformation

diagram identifying the points of 50% growth [i.e., where X(t) =
1/2], and the temporal width of the disorder-to-BCC phase
transformation (20–80% completion) as a function of quench
depth. The shape of the X(t,T) envelope above 28 °C (i.e., dis-
order to BCC phase) reflects the consequences of two competing
kinetic factors: asymptotically slow nucleation as T → TODT and
diffusion limitations when T << TODT (27). This behavior is
abruptly changed below 28 °C, coincident with the phase boundary
between the temperatures associated with the equilibrium BCC
and Frank–Kasper σ-phases.

Supercooled Disordered State. The induction period associated
with ordering of IL-15 (Fig. 3) provides a unique opportunity
for probing the dynamics of the supercooled disordered state.
A viscoelastic spectrum can be obtained over the frequency
range 0.1 ≤ ω ≤ 100 rad/s in about 5 min. We have conducted
such experiments and determined G′(ω) and the dynamic loss
modulus G″(ω) after rapid cooling from 60 °C to various

A B

Fig. 1. Schematic illustration of (A) the molecular structure of a poly(isoprene-
b-lactide) diblock copolymer, and (B) an isolated self-assembled spherical
micelle.

17724 | www.pnas.org/cgi/doi/10.1073/pnas.1408678111 Lee et al.
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Fig. 2. A DFM structure for the cubic repeat of C15 is shown in A, with qSD centers shown within the Z12 and Z16 cells as red and blue, respectively. (B)
Equilibrium shapes for three cell geometries studied, in which the slight curvature of cell faces and edges is visible for the relaxed shape cases. Results of
the DFM are shown for 11 competing FK phases (labeled above), plotted as a function of mean coordination, or average number of cell faces hZi: (C) mean
dimensionless area, (D) mean dimensionless stretching, (E) mean free energy, and (F) rms volume variation among cells relative to mean volume hV(X)i. In
C–E, points are labeled according to the legend in D, and the dashed and solid lines show unconstrained and Voronoi results, respectively, for BCC. In F,
variable volume cell results are compared with qSD volumes extracted from SCFT at �N = 40, f = 0.25, and ✏= 2 as described in the text.

stretching moment I(X ) = (n�1
X

PnX
i=1 Ii)/(4⇡R5

0/5), where
Ii =

R
Vi

d3x |x� xi |2 is the second-moment volume of the i th

cell, whose center lies at xi . Optimizing mean cell size (R0)
yields the minimal free energy of lattice X , relative to the perfect
sphere free-energy F0 = 3

2
(�2)1/3,

F(X )⌘minR0 [F (X )]/F0 =
⇥
A2(X )I(X )

⇤1/3. [2]

This geometric mean favors simultaneously low values of dimen-
sionless area and stretching.† While minimal area partitions (at
constant volume) are associated with Kelvin’s foam problem, lat-
tice partitions that optimize Ii (at fixed density) are the object of
the Quantizer problem (30), which has applications in computer
science and signal processing (36).

The Milner and Olmsted model has been studied for flat-faced
Voronoi cells of face-centered cubic (FCC), body-centered cubic
(BCC), and A15 (27, 34), showing that the latter FK lattice of
sphere-forming diblocks is favored over former two canonical
packings in the polyhedral interface limit. Here, we analyze a
vastly expanded class of 11 FK lattices, possessing up to 56 qSD
per periodic repeat. Most critically, we use a Surface Evolver
(37)-based approach that minimizes F(X ) over arbitrary vol-
umes and shapes of constituent cells in the DFM structure (see
SI Appendix, 2 for detailed methods and tabulated results).

To assess the importance of relaxing volume and shape, con-
sider the three distinct ensembles of qSD cells, shown for C15
in Fig. 2 A and B. We have computed results for equal-volume,
relaxed-shape cells, which cannot exchange mass, and centroidal
Voronoi cells, which have fixed flat-face shapes but unequal vol-
umes (also fixed). The former ensemble neglects the possibility
of mass exchange between micelles, while the second optimizes

†Assembly thermodynamics depends on the dimensionless ratios of structure-averaged
area and stretching of cells, as opposed to averages of dimensionless cell area and
stretching.

stretching (36) but is suboptimal in terms of cell area.‡ Neither
model is realistic, but they provide useful points of compar-
ison with the unconstrained, relaxed-volume and shape cells,
which strictly minimize F(X ) for given X . Fig. 2C shows that
allowing both volume and shape to relax leads to a complete
inversion of the trend of A(X ) with hZ i. Importantly, there
is also a near degeneracy for the free energy of FK structures
in Fig. 2E, which all lie within 0.08% in F(X ) (as compared
with the relatively large ⇡ 1% spread for equal-volume qSD).
These results confirm the critical role of volume exchange among
asymmetric qSD in the thermodynamics of lattice formation (11,
12). Among these nearly degenerate, fully unconstrained DFM
structures, the � phase overtakes A15 (minimal for fixed, equal
volume) as the minimal energy phase (with next lowest energy
for P), consistent with its observation upon annealing (11, 13)
as well as recent SCFT studies of conformationally asymmet-
ric diblocks (28). Notably, however, in the relaxed-volume and
shape DFM, � possesses neither the minimal area (C14) nor
minimal stretching (BCC). Rather, its predicted stability results
from the optimal compromise between these competing mea-
sures of domain asphericity.

The interplay between area and stretching underlies the emer-
gent asymmetry in equilibrium qSD volumes. Comparing the
equal-volume to unconstrained DFM results in Fig. 2 C and D
shows that volume relaxation has a far more significant effect on
relaxation of A(X ) than I(X ), which changes little by compari-
son. Relaxation proceeds for all structures by inflating cells with a
relatively larger area and shrinking smaller area cells, restrained
only by stretching cost creating highly unequal domain sizes (SI
Appendix, Fig. S1). Volume exchange for lattices with large pro-
portions of lower area Z12 cells (e.g., C14 and C15) achieve

‡Centroidal Voronoi cells have generating points at the centers of volume of the cell
and, hence, for a given X minimize the mean-square distance of all points to their
corresponding central point (see SI Appendix, 2A. Minimal Stretching Cells: Quantizer
Problem for additional details).

Reddy et al. PNAS | October 9, 2018 | vol. 115 | no. 41 | 10235
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Fig. 1. Chain packing of spherical diblock copolymer domains of the BCC
lattice (Top), with corresponding limits of weakly coupled (Bottom Left)
and strongly coupled (Bottom Right) of core domain shape of polyhedral
(truncated-octohedron) cell symmetry.

as the Kelvin problem (20–23), which seeks minimal area of
partitions of space into equal volume cells.⇤ Based on the fact
that the lowest area, equal-volume cellular partition known to
date, the Weaire–Phelan foam (20), derives from the FK lattice
A15, Ziherl and Kamien proposed that this lattice is generically
favored thermodynamically in so-called “fuzzy colloid” models
(24, 25), an argument subsequently adapted to sphere phases of
block copolymers (26, 27). Recently, Lee, Leighton, and Bates
(11) reasoned that average “sphericity” could be increased (i.e.,
decreased mean A) below the Weaire–Phelan structure if the
equal-volume constraint for distinct cells is relaxed, as would
occur for molecular exchange between distinct qSDs, presum-
ably in equilibrium with the thermodynamic cost for deviations
from a preferred aggregation number. Based on the Voronoi
partitions, which have unequal volumes for FK lattices, � was
argued to have a lower mean dimensionless area than A15
and thus should be stable over that lattice according to the
sphericity argument, consistent with observations of a � lattice
in diblock copolymer melts (13) and self-consistent field the-
ory (SCFT) of conformationally and architecturally asymmetric
diblocks (28).

While the role of volume asymmetry has been implicated
previously in the formation of FK lattices by soft qSD assem-
blies (29), critical questions remain unanswered. First, what are
the relevant measures of sphericity optimized by the assembly
thermodynamics? Second, how do these in concert determine
the optimal balance between shape asymmetry (nonspherical
domains) and volume asymmetry (molecular partitioning among
domains) for a given qSD lattice? Finally, how does this bal-
ance select the equilibrium lattice and determine the scale of
thermodynamic separation between the many competing FK lat-
tices? We address these questions in the context of what we call
the diblock foam model (DFM), which describes the thermo-
dynamic competition between interdomain surface energy and

*The tetrahedral coordination of FK lattices implies that their partitions closely approx-
imate the geometric constraints of Plateau borders and are therefore near to minimal-
area partitions. In addition to A15, at least two more partitions of FK lattices, � and
H, have also been shown previously (21, 23) to beat the area of optimum originally
conjectured by Kelvin, the BCC partition. In SI Appendix, 2B. Minimal Area Cells: Kelvin
Problem, we report that the FK lattice P also belongs to this category.

chain stretching. For optimal mean qSD size, the DFM quantifies
the thermodynamic cost of asphericity in terms of a geometric
mean of reduced cell area and dimensionless radius of gyra-
tion of the cells and thus integrates elements of both the Kelvin
and lattice Quantizer problems (30). These geometric proxies
for interblock repulsion and intramolecular stretching in qSD
exhibit qualitatively different dependencies on cell shape, a fac-
tor that we show, based on this model and SCFT analysis, to
be critical to the volume partitioning among distinct qSD and
optimal lattice selection.

Among the various classes of FK-forming soft matter (7–
9, 11–15, 17, 19), we posit that diblock copolymers represent
the optimal starting point for investigating the selection of
low-symmetry FK phases by soft matter spheres. Diblock copoly-
mers are a relatively simple chemical system, consisting of two
flexible chains bonded together at their ends, and there exist
robust theoretical methods for studying their phase behavior in
the context of universal physical models (31, 32). The funda-
mental mechanisms underlying assembly of diblock copolymers
that we elucidate here furnish the foundation for subsequent
investigations of other soft matter systems, where these basic
principles are conflated with additional phenomena emerging
from electrostatics, hydrophobic interactions, and detailed pack-
ing of the complicated (non-Gaussian) configurations of their
constituents.

DFM of FK Lattice Selection

We adopt what we call the DFM, first developed by Milner and
Olmsted (33, 34), in which the free energy of competing arrange-
ments is reduced to purely geometric measures of the cellular
volumes enclosing the qSD. To a first approximation, these cells
are the polyhedral Voronoi cells for a given point packing, whose
faces represent coronal brushes flattened by contact with neigh-
boring qSD coronae. The model is based on strong-stretching
theory (SST) of diblock copolymer melts, in which interblock
repulsions drive separation into sharply divided core and coronal
domains and the chains are well-extended. We also consider the
case of large elastic asymmetry between core and coronal blocks,
which itself derives from asymmetry of the block architecture or
the segment sizes. This corresponds to the polyhedral-interface
limit (35), in which the core/coronal interface in each qSD adopts
a perfect, affinely shrunk copy of the cell shape (see Fig. 1,
Bottom Right). Polyhedral warping of the interface is favored
when the stiffness of the coronal blocks, which favors a more
uniform extension from the interface to the outer cell wall, domi-
nates over entropic stiffness of core blocks and interblock surface
energy, both of which favor round interfaces.

In this limit, the free energy per chain (26, 34), F (X ), of a
given lattice packing X derives from two contributions,

F (X ) = �
A(X )

R0
+



2
I(X )R2

0 , [1]

where � and  are coefficients fixed by the chain properties
(i.e., block lengths, segment lengths, interblock repulsion), and
R0 is the radius of a sphere of equal volume to the mean
volume of cells, or (4⇡/3)R3

0 =n�1
X

PnX
i=1 Vi , where Vi is i th

cell volume of nX total cells in X (see SI Appendix, 1A. Poly-
hedral Interface Limit of Strongly-Segregated Diblock Sphere
Lattices for details). The first term represents the enthalpy
of core–corona contact and hence is proportional to the (per
volume) interfacial area, which itself is proportional to the
cell area Ai , measured by the dimensionless (mean) cell area,
A(X ) = (n�1

X

PnX
i=1 Ai)/(4⇡R2

0). The second term represents
the entropic cost of extending polymeric blocks (here modeled
as Gaussian chains) in radial trajectories within qSD. This cost
grows with the square of domain size and depends on qSD
shape through the dimensionless square radius of gyration, or

10234 | www.pnas.org/cgi/doi/10.1073/pnas.1809655115 Reddy et al.
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Some amphiphilic diblocks in solvent form spherical micelles. When
“over-packed” they arrange into space filling patterns resembling do-
decagonal quasicrystals including regions of different volumes.
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Voronoi Metrics of Water
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Fig. 2. A DFM structure for the cubic repeat of C15 is shown in A, with qSD centers shown within the Z12 and Z16 cells as red and blue, respectively. (B)
Equilibrium shapes for three cell geometries studied, in which the slight curvature of cell faces and edges is visible for the relaxed shape cases. Results of
the DFM are shown for 11 competing FK phases (labeled above), plotted as a function of mean coordination, or average number of cell faces hZi: (C) mean
dimensionless area, (D) mean dimensionless stretching, (E) mean free energy, and (F) rms volume variation among cells relative to mean volume hV(X)i. In
C–E, points are labeled according to the legend in D, and the dashed and solid lines show unconstrained and Voronoi results, respectively, for BCC. In F,
variable volume cell results are compared with qSD volumes extracted from SCFT at �N = 40, f = 0.25, and ✏= 2 as described in the text.

stretching moment I(X ) = (n�1
X

PnX
i=1 Ii)/(4⇡R5

0/5), where
Ii =

R
Vi

d3x |x� xi |2 is the second-moment volume of the i th

cell, whose center lies at xi . Optimizing mean cell size (R0)
yields the minimal free energy of lattice X , relative to the perfect
sphere free-energy F0 = 3

2
(�2)1/3,

F(X )⌘minR0 [F (X )]/F0 =
⇥
A2(X )I(X )

⇤1/3. [2]

This geometric mean favors simultaneously low values of dimen-
sionless area and stretching.† While minimal area partitions (at
constant volume) are associated with Kelvin’s foam problem, lat-
tice partitions that optimize Ii (at fixed density) are the object of
the Quantizer problem (30), which has applications in computer
science and signal processing (36).

The Milner and Olmsted model has been studied for flat-faced
Voronoi cells of face-centered cubic (FCC), body-centered cubic
(BCC), and A15 (27, 34), showing that the latter FK lattice of
sphere-forming diblocks is favored over former two canonical
packings in the polyhedral interface limit. Here, we analyze a
vastly expanded class of 11 FK lattices, possessing up to 56 qSD
per periodic repeat. Most critically, we use a Surface Evolver
(37)-based approach that minimizes F(X ) over arbitrary vol-
umes and shapes of constituent cells in the DFM structure (see
SI Appendix, 2 for detailed methods and tabulated results).

To assess the importance of relaxing volume and shape, con-
sider the three distinct ensembles of qSD cells, shown for C15
in Fig. 2 A and B. We have computed results for equal-volume,
relaxed-shape cells, which cannot exchange mass, and centroidal
Voronoi cells, which have fixed flat-face shapes but unequal vol-
umes (also fixed). The former ensemble neglects the possibility
of mass exchange between micelles, while the second optimizes

†Assembly thermodynamics depends on the dimensionless ratios of structure-averaged
area and stretching of cells, as opposed to averages of dimensionless cell area and
stretching.

stretching (36) but is suboptimal in terms of cell area.‡ Neither
model is realistic, but they provide useful points of compar-
ison with the unconstrained, relaxed-volume and shape cells,
which strictly minimize F(X ) for given X . Fig. 2C shows that
allowing both volume and shape to relax leads to a complete
inversion of the trend of A(X ) with hZ i. Importantly, there
is also a near degeneracy for the free energy of FK structures
in Fig. 2E, which all lie within 0.08% in F(X ) (as compared
with the relatively large ⇡ 1% spread for equal-volume qSD).
These results confirm the critical role of volume exchange among
asymmetric qSD in the thermodynamics of lattice formation (11,
12). Among these nearly degenerate, fully unconstrained DFM
structures, the � phase overtakes A15 (minimal for fixed, equal
volume) as the minimal energy phase (with next lowest energy
for P), consistent with its observation upon annealing (11, 13)
as well as recent SCFT studies of conformationally asymmet-
ric diblocks (28). Notably, however, in the relaxed-volume and
shape DFM, � possesses neither the minimal area (C14) nor
minimal stretching (BCC). Rather, its predicted stability results
from the optimal compromise between these competing mea-
sures of domain asphericity.

The interplay between area and stretching underlies the emer-
gent asymmetry in equilibrium qSD volumes. Comparing the
equal-volume to unconstrained DFM results in Fig. 2 C and D
shows that volume relaxation has a far more significant effect on
relaxation of A(X ) than I(X ), which changes little by compari-
son. Relaxation proceeds for all structures by inflating cells with a
relatively larger area and shrinking smaller area cells, restrained
only by stretching cost creating highly unequal domain sizes (SI
Appendix, Fig. S1). Volume exchange for lattices with large pro-
portions of lower area Z12 cells (e.g., C14 and C15) achieve

‡Centroidal Voronoi cells have generating points at the centers of volume of the cell
and, hence, for a given X minimize the mean-square distance of all points to their
corresponding central point (see SI Appendix, 2A. Minimal Stretching Cells: Quantizer
Problem for additional details).

Reddy et al. PNAS | October 9, 2018 | vol. 115 | no. 41 | 10235
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Molecular positions generate a Voronoi par-
tition of domain. Asphericity:

aν :=
S3

36πV 2
− 1 > 0

can characterize distribution.
For glassy systems near glass transition
point asphericity has universal deviation
about mean: Bermini et al J. Non-
Crystalline Solids (2015).

Gradient flow on asphericity yields op-
timal arrangements of dodecagonal qua-
sicrystals including regions of different vol-
umes. Reddey at al PNAS 2018.
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Periodic “Laves Phases”

Dorfman - Soft Matter (2021). Careful numerical analysis on models
derived from self-consistent mean field theory suggests existence of
periodic “Laves Phases” with 15, 18 and 38 repeat units. These require
careful tuning of the aspect ratio of the computational domain.
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Star Polymers: A Model System

As a model system Frank Bates confined
star-polymers and introduced a simplified as-
phericity energy based upon Voronoi dia-
grams
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The Hookean-Voronoi Energy: Kenny Jao & Sam Sottile
PlaceN sites

x := (x⃗1, . . . , x⃗N) ∈ R2N ,

in a rectangle

Ωα = [0,
√
αN ] ×

[
0,

√
N

α

]
,

of areaN and aspect ratio α ∈ (0, 1].
Form the Ωα periodic Voronoi dia-
gram. In each Voronoi region Vi, cal-
culate the simple Hookean energy

Ei(x) :=

∫ 2π

0

|ri(θ) − r∗|2dθ.

Here ri is distance from site xi to ∂Vi
at angle θ, and r∗ is equilibrium chain
length.
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Average Radius of a Convex Domain
The average radius of the Voronoi region Vi with respect to x⃗i ∈ Vi,

ri :=
1

2π

∫ 2π

0

ri(θ) dθ,

The Hookean-Voronoi energy

E(x) :=
N∑
i=1

Ei(x),

can be expressed as

E(x) =
N∑
i=1

∫ 2π

0

(
r2i (θ) − 2r∗ri(θ) + r2∗

)
dθ,

=
N∑
i=1

(
2|Vi| − 4πr∗ri + 2πr2∗

)
,

= C(N) − 4πr∗

N∑
i=1

ri(x).

Minimize Hookean-Voronoi energy by maximizing average radii.
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For Fun
Reverse Isoparametric Inequality: For any convex domain V and any x ∈ V

πr̄2(x) ≤ |V |.

Proof: Jensen’s inequality with convex function s 7→ s2,

r̄2 =

(
1

2π

∫ 2π

0

r(θ) dθ
)2

≤
1

2π

∫ 2π

0

r2(θ) dθ =
|V |
π
.
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Single-String Ordered States
A tessellation is ordered if all regions are isometric, otherwise disordered.

The string construction: wrap a line around torus with slope that results in a closed
curve. Place N equally spaced sites on the closed line – these form a Voronoi
diagram with equal shapes.

This construction yields a finite number of ‘single-string’ ordered Voronoi tessel-
lations. These are equilibria of E.
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3-Body Interactions & Defect Bifurcations

The Voronoi cell is generically defined through 3-body interactions of “near-neightbors”.

t
A generic Defect Bifurcation through vertex collision. Generates two pair
of 5- and 7-sided defect regions from two pair of 6-sided regions.
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Hexagonal Supremacy by Convexification

~v1

~v2~v3

~v4

~v5

θ4

θ5

θ6

θ7
θ8

θ9

θ10

θ1

θ2

θ3

h1 h2

h3 h4

~v1
~v2

~v2 ~v3

θ1 θ2

θ3
θ4

Cut each Voronoi region
with mi edges into 2mi

right triangles: total of
K ≤ 12N (Euler’s for-
mula) triangles.
Maximize average radius
subject to two constraints
on interior angle sum and
total area

K∑
i=1

θi = 2πN,

K∑
i=1

1

2
hk sin θk = N.

Reduced problem has almost no geometric
constraints – it is convex for each value of
K and the global maximum is achieved at
K = 12N , when the triangles are the 12
pieces of the hexagon.

If the Hexagonal pieces tile Ωα then its the minimizer.
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Regular Hexagonal and Ordered Equilibria
Introduce the volume averaged excess energy

E(x) :=
E(x)

N
− Ehex ≥ 0.

For whichN and α is the regular hexagon acheived?
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Gradient Flow

30



Equilibria of the Gradient Flow

Defects: Non-six sided Voronoi regions – generically 5-7 pairs.
Stopping Condition: ν(xeq) smallest nonzero eigenvalue of ∇2E(xeq),

∥DxE(xeq)∥2

ν(xeq)
≤ δeq = 10−5.
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Prodigal Equilibria

Evolution of ∥x(t)−xeq∥2 following perturbation of xeq of size 10k

for k = −4,−3,−2,−1, 0, 0.5. Return to xeq at fixed exponential
rate, except for largest perturbation.
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LargeN and Frustration

Frustration refers to the inability of a system to arrive at its ground state energy.

B(400, 1, 2500)

Linear fit to E verses defect numberD
E ≈ ζ0 + ζ1D.

Define frustration F of a bin B(N,α, S)
as the product

F(B(N,α, S)) = ζ1(N,α)⟨D⟩B.
The frustration is the contribution of de-
fects, per Voronoi domain, to ⟨E⟩B that the
gradient flow is unable to eliminate

⟨E⟩B = ζ0 + F .
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N = 400, Equilibria with Defects

Equilibria with 26 defects,
equal to 6.5% of cells

Equilibria with 4 & 62 de-
fects,
equal to 1% and 15.5% of
cells.
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LargeN limits: Defects

For α = 1, the average defects ⟨D⟩B, computed from B(N, 1, 2500) for
N = 100, . . . , 400. The best linear fit to ⟨D⟩B(N) for N ≥ 100 has
slope η1(1) ≈ 0.088.
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LargeN limits

The average ⟨E⟩B(N,1,2500) decomposed into the ground state ζ0(N, 1) and the
frustration F(N, 1). Minimum ordered energy does not correlate to ζ0.

36



LargeN and the Universal Measure P

N = 400 N = 1000 N = 2000

Probability densities for limiting energy from random initial data.
SuggestsN → ∞ convergence to a δ-function distribution

fP,∞(E;N) :=
√
NfP,∗

(
E − E∗√

N

)
→ δE∗.

Conjecture: non-zero limiting bulk frustration E∗ > 0.
Jao, P., Sottile, Physica D (2023)
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Mean-Field Limits in Multi-body Interactions
In a mixed two and three body Hamiltonian flow

d

dt
xi = vi,

d

dt
vi =

1

N

N∑
j=1

F2(xi, xj) +
1

N2

N∑
j=1

N∑
k=1

F3(xi, xj, xk),

then a mean field limit for the pdf f takes the form

ft + v · ∇xf + ∇v ·
((∫

Rd
F2(x1, x2)f(x2)dx2+∫

R2d

F3(x1, x2, x3)f(x2)f(x3) dx2dx3

)
f

)
= 0.

This does not seem fundamentally different, but the point may be that the mean
field does not hold.
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