Tutorial: Correlation as Stochasticity

IPAM: Electrochemistry and Stochasticity
Sept 3-5, 2025

Keith Promislow

MICHIGAN STATE

MICHIGAN STATE
UNIVERSITY

UNIVERSITY



Overview

Electrochemistry: application of voltage to juice rare events.

Connect continuum models (implicit water) of electrolyte solutions subject to ap-
plied voltage to molecular models that resolve (some) electronic structure through
DFT approximations.
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Must represent the fluctuations about the mean field that defines the continuum
representation.

Requires an understanding of the mechanisms that cause the fluctuations — One
sources 1s Multiparticle Correlation. And need a structure inside of which to
place the fluctuations.



Water forms Networks
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Water 1s Exceptional
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Frustration and Water Wires

Partially Wet
TCK"C’C‘ >

Greg Voth et al, J. Phys. Chem. B 2015
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Water molecules induced to form a
“water wire” within a narrow hy-
drophobic cylinder. The wetted
cylinder 1s able to conduct a pro-
ton, modeling a proton channel.

Key issue, the anomalously “long-
tailed” distribution of hydrogen
bond count. Roughly 15% of wa-
ter molecules have two or fewer
hydrogen bonds. These mis-
fits/defects will enter into the hy-
drophobic tube.
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Bridging the Gap: Transitioning from Deterministic to Stochastic Interaction
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Exceptionally high energy molecules (eg water) play a significant role in initiating
electrochemical reactions.

In supercell computations the transition from explicit water to implicit water at
computational electrode must incorporate fluctuations from macroscopic averages.



Tutorial Overview

Present the BBGKY+hydrodynamic framework that connects molecular to con-
tinuum models — examine errors of reduction at each step.
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Hydrodynamic Limit of Correlated BBGKY

Statistical Mechanics approach — notationally terse, significant cognitive jumps.
Probabilist approach — notationally heavy, are there really so many details?
Functional analysis - PDE approach that sits in-between.




N -particle Hamiltonian ODEs

N identical particles at X(t) = {&;}; ., with velocities V(t) =
two-point potential energy E : R — R and a Hamiltonian

£(X)
HX, V) = > E(@ —z) + Y o2
N ij=1 i=1 2

The N-ODE Hamiltonian flow

d

—X; = 'l_)za

dt

d 1

a'f)z = NZF(‘/E% .’EJ),

{v:}ils,

where the force F 1s directed along the straight line between two particles,

F(z) = —E'(|m|)|‘z—| — _V,E.

Introduce z; = (&;, U;) € R?%and Z = (Xa V)t

C;_tz _ (fl é) VH(Z) = (_vz‘:(i)) '

9



Probabilistic Interpretation

Let fn : R24N+1 5 R_ be the probability density for the IN -particle distribution.
For Z(t) a solution of the IN-particle ODE and Q2 C R24N, the probability of
finding Z(t) € Q is

P(Z(t) € Q) = /QfN(t, Z1y0+ y2N)dzy ... d2zy.

Given Z = (X, V) the empirical measure

1 N
HN = N;éii,

is a measure on the low dimensional space R2<.

We want to approximate fx as a (sum of) tensor product of delta functions

N
N _ — 5
®z‘:152i — H 5(0,...,0,2%,0,...,0) — 52-
=1

The product fx dZ is a measure on R24,
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The IN-ODE Hamiltonian flow is given by linear projections (moments) of fx

d
aa_ji — 'Uz'fN(taZ) dZ = <’U7;, fN>L2(]R2dN)7

R2dN

d _ IR
Evi - /deN N ]E;é:z F(zi — z;) fn(t,2)dZ = (Fi, fN>L2(R2dN)'

More concretely: If fx is a tensor product of R?¢ delta functions
.fN(ta Z) — ®ij\;152¢(t)’
then we recover the IV-particle Hamiltonian flow

d
—xI; = 12dN_1/ v;0;.dv; = v;,
dt Rd ¢

d 1
@’Ei TN ; /de F(z; — x;)0z,05 dw;dx;,
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Projection of tensor products

Take fn to be a general tensor product

Z4

N
—
fn(Z) = ®i]i19i = ng‘(wi, v;),s

where each g; > 0 has mass one. Then

<an fN) — Z/ F(wz 113])91(21) gN(ZN)dzl -dzn,

.775’&

PN Z / F(z; — 5'3])99 (atj)gz(azz)dzcjdazz,
1751

_Z F * g]?gZ>L2
.775%

While projection of fn onto F; is linear functional, it looks like a sum of quadratic
two-particle interactions on the tensor product space.

Moral: tensor product operation is nonlinear (N-linear). Space of IN-tensors is
highly curved.
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An Exercise: Homework

For f € Lz(Ri) define the quarter-plane radial average map

/2
(R(f)](r) := ;/0 f(r cos 8, rsin0) do.

Show that the map 7 : L>*(R,) N L*(R;) — L*°(R,) N L'(R,) defined by

T(9) = o2 & 9)

[°R(g®g)dr’

1s a strict contraction on the mass-one functions with the unique fixed point

r2

g(r) =ae™",

for some a € R.
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The Liouville Equation

The flux of fn is J : C°(R2N9) — [C(R?V4))2Nd

J(Z) = (viy...,vN,Fiy...,FnN)'fN.
Even more compactly, define IC = (K, ...Kxy)?, with K; = (v;, F;)? so that
J =Kfn.
This generates the conservation law known as the /N -particle Liouville Equation

O:fn +Vz - (Kfn) = 0.
This is a hyperbolic PDE in R24V+1 varjables:

N
O fN + Z V. (Kifn) =0,
i—1

N
8th+ Z(vz . Vazz N T Vvi ) (szN)) =0,
=1
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Marginals

Assume that particles are interchangeable — this means f is invariant under per-

mutation of its independent variables fn(o(Z)) = fn(Z) for any permutation o
of {1,...,N}.

The j-marginal of f, denoted fn ; : R2%*! +— R, is the probability distribution
of 7 particles irrespective of the location of the other N — 3.

fN,j(Zh"'Zj) — /fN(Z) dzji1...dzN

Correlation 1s a measure of the difference between the j marginal fx ; and the
j-tensor of the one marginal

N1 = fni(z1) -+ - Fva(z5)-

If fn; = ]%'jl for y = 1,..., N then the particle distribution is uncorrelated —
the particle positions are independent.
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BBGKY: Marginal evolution

Derive an evolution equation for fy,1. Write the IN-particle Liouville as

( ) Fi(X) . \

N
Ofn+ > |v i+ Ve fnt— ZF(% —z;)V,.fn(Z) | =0.
1 375

“\ /

Multiply the N particle Liouville by ¢ € C®(R?%), ¢ = ¢(z1). When we
integrate by parts only the V., remains:

Bt 9(21)fn(2) dZ = ZF(ivl — x;) + Vo, (21) v (2) dZ.

RZdN

Since the particles are interchangeable sw1tch zj —> z2, Integrate out irrelevant
variables z;.

N
O¢ Rz?(zl)fN,l(zl) dz; = ;; /RMF(fBl—iUz)'Vv1¢(21)fN,2(21, z3) dz1dz,.

16



Since no 7 on right-hand side, add up the terms

N —1
Ot|pfn1dz1 = N //F(im — x3) + Vy,0Fn2(21, z2) dz1dz2,

This 1s the weak formulation (integrate by parts/drop dz; integral) of

Otfna + /2d F(xy — x2) - V, fn2dze = 0.
R

In a more appealing form, if we extend F(z) := F(x),

N —1
Otfna + Tvvl - (Fe12fn,2) = 0.

The two-point convolution. If F : R?? +— R and f : R?4N 5 R
dz;¢

(Fe;; f) (zi) := / F(z; — 2;)f(Z)dz; .. .dzn .

R2(d—1)N

More generally the 3 marginal is coupled to the 3 4+ 1st marginal,

N—3J
N

J J
1
Y Vo, - Fog i fn 1|+ N > Vo, - Fegpfn,; =0,
=1 k=1

OcfN,;+

17



Mean Field Reduction

If the Liouville flow is uncorrelated, then fn ; = f® where f : R?? — R.
In particular for 3 = 2

Ine = f(21) f(22)

and 1n the limit as /N — oo the one-marginal equation

/ F(il?l — 332) . V’UlfN,Z de = 0,
R2d

reduces to a closed, nonlinear, Vlasov system:

O:f + V- (f/F(CB —x)f(x',v) da:'dv') = 0.
Writing this as a convolution, and restoring the convective V, terms

Of+v -V, f+V,-(Fx f)f) =0.

This 1s the mean-field limit.

Ocfng +
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Rigorous Mean Field Limit

F. Golse : Lecture Notes in Applied Mathematics and Mechanics, Volume 3, Chap-
ter 1, On the dynamics of large particle systems in the mean field limit. (2016)

Suppose that
F(x,z’) = —F(z', x),
|V.F| < L,
Theorem 1.6.3 Let f solve the Vlasov system
Of+v-Vof +V,-((Fxf)f)=0,

with initial data fy. Let fa solve the Liouville system

OtfN +Vz-TJ(fn) =0,
with initial data fx(0) = f&. Then

N — f&I, as N — oo,

fory =1,...N.
Morally there exists C,T" > 0

. 1
Ifng = £ <

= Ot
N

fort € [0, T].

19



An Organizing Sub-manifold Result

A more gratifying result would be to establish something like:

Let Ny > 1 be large enough. There exist v, C, § > 0 such that for N > Ny and
all initial data that satisfy

1~ (0) — fRA (0)]] < 6,

the marginals of the solution of the /V-particle Liouville equation satisfy the bound

. 1
I£xs(t) = £ < € (567 4 ).

The one marginal fn; solves the Vlasov equation up to a residual that satisfies the
same error estimate.

20



Corrections to Mean Field limit

Mitia Duerinckx, Comm. Math Physics 382 (2021).
Bogolyubov corrections to mean field. Assume the mean field limit holds. As-
sume fn solve Liouville with tensor product initial data.

Define hy = h;(z1) and hy = hy(21, 22), via
N -1

Bthl —|— V- Va:hl =

1
(F * hl) . Vvhl + NF * Vvhz,

where
Othz + iLphy =F - (Vy, — V) f Q f—
(Fx f(z1) - Vi, + Fx f(z2) - Vo) fF & f,

where f solves Vlasov.

Then we have the bound

1
||fN,1 — hl”* < ﬁem-

21



Mean Field Scaling

Assume the potential E 1s long range, so
1

[P

With N particles per box of unit volume the separation

1\d p
£~ (_> — F~ NG
N
Rescale time 7 = t/IN“ and space X’ = X/NP, then V' = V/NP~-«
Orfn + V' - Vyfn|+ N'Vy - (Ffn)) =0,

where v = B(p — 1) — . The uniform density scaling is 3 = 1/d. So scaling
a=1+p8(p—1)

gives a uniform density rescaled force

22



Hydrodynamic Limits
Motsch and Tadmor J. Stat. Phys. 144 (2011)
For the Vlasov system

fe+ Ve (vf)+ V- (Fx f)f) =0,

the particle velocities are ‘microscopic’ variables. Particle positions yield a density
which 1s macroscopic.

p(t,x) = /Rdf(tawav) dv,

pU(t,x) = / f(t,z,v)vdv.
Rd
Integrate Vlasov X1 wrt dv
ot ValpU) + [ Vol £)f v =0,
R

The last term drops and obtain continuity equation
pi+ Va(pU) = 0.

Multiply Vlasov Xv
8, (vf) + Vo - (fo ®v) + vV, - (F* f)f) = 0.

23



Integrate over velocities

O:(pU) + V- fv®vdv—/(F*f)fdv=O.
Rd

Rd
Define the pressure

p::/ Flo—U)® (v —U)do,
Rd
— fruv—fURQv— fvQU 4+ fU Q U dv,

Rd

= dfv@vdv—pU(X)U.
R

Rewrite convolution term

/Rd F(x — :B')f(a:’, ’U/)f(ili, v)dw'dv'dv — /Rd F(x — iL”)P(JJ')p(:I:)da:’da:,

= (F* p)p,

Obtain an Euler system
U-V, U

(pPU)i+ Vo (P+pUQU) = pFx*p,
pt + Vi (pU) = 0.

24



Direct Hydrodynamics from One-Marginal System
A. Diaw and M. Murillo PRE 92 013107 (2015).

Introduce the two-particle correlation residual
2
ha(z1, z2,t) := In2 — fz%;

The one marginal solves a forced Vlasov system

Orfn1+v1Vefni+ (Fext + F* fni1) Vo, fni = /F(wl_w2)'vv1h2 dza.
Generally would find a closure model

h2(z1, 22) := T (fn1(21))
T:H*(X x V)~ H*(X?x V?).

Rather take microstructure moment projections directly

P:/ fN,ldvla
Rd

pU — vlfN,l d'vla
Rd

Pz, t) = /Rd fi(v1 — U) ® (vg — U) doy.

25



Taking moment projections against {1, v1} yields

Pt + Vg, - (pU) =0,
(PU)t + U - V:L'U — _Vw - P+ pFext + C(mla t)7

where the correlation source term

C := 3/ / F(QZl — iBz)hz(Zl, ZQ)d'Ule2,
Rd JR2d

=3 /dF(wl — x2) p2(T1, T2)dx2,
R

— 3Fe12p2,

when written in terms of the two-particle density residual

P2 :— /h2 d’Uld’Uz.

Diaw and Murillo examine model closures using DFT and DDFT type ansatz.

Crucially they relate the two particle density to the “correlation function” under a
quasi-equilibrium assumption.

26



Continuum Models from Polar Solvent: Stockmeyer Model

1.0A  Fix a domain Q C R? Consider IV interchangeable
agents with locations &; € €2 and introduce the dipole
charge locations

L
1 0947n a:;t = x; Ed(g)
where the dipole angle vector
Mg = 15.9994
Jo = -0.8476e d(0) = (C?S 9) :
my = 1.008 sin ¢
qu = +0.4238e controls orientation. The partial charge at a:;t is 1q.

The empirical charge density is

N
av=ay (6, —3,).
=1

27



The electric potential solves Poisson’s equation

oA = gn.

If G is the periodic Greens function for the Laplacian on 2. We make the approxi-
mation

G(x —z}) — G(z — x;) = £LVG(z — x;) - d(6;),

under which the electric potential becomes

gl <
= =) V.G(x — ;) - d(6;),
U

and the electric potential energy
2 2 N N

Ep(X,0) = —— Z > d'(0;)V2G(ri;)d(6;),

1 JFt
Here V2 denotes the Hessian operator, ¢ transposition, and
rij = L; — Ly

1s interparticle distance vector.
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Caveat: Short Range Forces

Collisions are guided by electronic interactions via a short-range potential ® =
® (r, 0) where r is a distance and 6 is a relative angle. A simple model, borrowing
from collision operators

B(r,0) = (Tia — b(H)) e,

which 1s of Lennard-Jones type in 7. The angular dependence should favor mis-
alignment, @ = 7, pushing the location of the minima further out and reduces the
depth of the minima, for example

b(0) = (1 — cos(0))?/4.

The short range collision potential takes the form

N N
gq; = ZZ(I) (l’l"ij|,0i — HJ) .

e

29



Dipolar Molecules the Hamiltonian

We introduce a Hamiltonian of kinetic and potential energies written in terms of
position and momentum

2 g2
H(X,0,P,Q) = Ur(X,©) +Us(X,0) + > (lzp:v'z i ZZI> ’

where p; = v;m is the linear momentum q; = Iw; is its angular momentum,
crucially

I = me? /4 KL m
The model 1s motivated by the approach of

G. Monet, F. Bresme, A. Kornyshev, H. Berthoumieux, Nonlocal

dielectric response of water in nanoconfinement, Physical Review
Letters 126 216001 (2021).

Subject to the identification d(6@) ~ m (polarization field) and Vi) ~ Dy (dis-
placement field).
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The IN -particle Hamiltonian ODE
T; = pi/m = v,
éz’ — qi/ I = Wi

2 2 N
mi; = Y " d'(0;)VG(ri;)d(0:)— ZB ® (|rij], 0 — 0;) ij,
S0 J?ﬁl
2 2 N
Tw; = co Zdt(g )VzG(er)dJ—(e) 289(1) (|er|7 - )
J#4 J7#1

Here L denotes rotation by 7r /2 in particular 8pd(0) = d-(0).
We record the force fields

. _qf
F (ZZ', Zj) = d(O )VSG(JZZ azj)d(Hj),
m€()
2
F%(z, z;) := d(0;,)V3G(z; — =;)d(6;).

meg
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BBGKY: Marginal Evolution

We drop the short-range terms. The Liouville equation describes the evolution of
the scalar probability density fx = fn(t,Z), where Z = (21,...,2N) € R6N
with z; = (x;, 0;, v;, w;). For Z(t) = (X, V, O, Q), the probability distribution

N
nt,2) :=]]6: = 67,
=1

leads to the projection formulation of the IV -particle Hamiltonian
v; =(F7, fN) p2(monys
w =(F, N p2mony-

where the projection is onto

ngz N

Ff i= ——— > d(6:;)V3G(wi — ;)d(6;),
ME0 %
P <

Fo .= — > d(6,)V2G(x; — ;) d(6;).
Teo 2

The evolution of the probability density fx is governed by a flux
T (fn) = (V,F*, Q, F)'fn € R,
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for which the Liouville equation is the conservation law

Ofn +Vz-T(fn) =0,

which in more explicit form is

N
O:fn + Z (Vi * Va, N + wiBo, fn + Vo, - (FFfn) + 0., (FV fn)) = 0.
i—1

Specifically the one-marginal solves

Ocfni+v1 - Vo, i+ wOefni+
(N —1) (Vy, - (F*812fn2) + sz-(F%lsz,z)) = 0.

33



Mean Field Rescaling

If we assuming some rescaling of the system parameters

m N’
with £ fixed, then rescale F* +— %Fm and F¥ +— %FB then the one-marginal
system is better conditioned,

Ocfni+v1 -V, Ing + wOefni+

N —1 = _
N (Vo (Foufa) + VaPonfna)) = 0.

with the formal Vlasov-style mean-field equation

fi + vV f +wdef + V- (% £)f) + 8.((F’ * f)f) = 0.
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Continuum Quantities

Identify the microscopic variables Z = (v, 8, w) and define the local density

o(t, z) 1= /R4 F(t, 2, ) dZ,

the density-weighted macroscopic velocity

p(t,2)U(t,2) = |

vf(t,x, z)dz,
R4

the density-weighted displacement field D
p(t.2)D(t, ) = [

R
and the density-weight macroscopic dipole angular velocity

p(t. @)t ) = |

R

d(0) £ (t, , 2) dZ,

wf(t,x,z)dz.
4
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Charge Density Displacement

The charge density o is a conditional probability on position and angle.

Let f denote the (v, w) marginal of f,

o@)=q [ F - 2d(0),0) — Fla + d(0),0) db,

= —q¥ / V.f - d(0)do + O(£?),
S
= —qfV, - (pD) + O(£?).
The electric field potential satisfies Poisson’s equation
gAY = —o = qtV, - (pD)
and hence the induced electric field 1s proportional to displacement

gt
E:=Viy=—pD.
€0

The electric field potential energy

q2£2
Up = / eo| VY| de = —— | |pD|*dz.
Q €0 JQ
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Hydrodynamic Limit from Vlasov

The Vlasov hydrodynamic limit is given by the projection of the Vlasov system

fi + 0V f 4+ wdf + Vo - (F° % £)f) + 0.((F * £)f) = 0,

against the functions {1, v, d(0), w} over the microscopic Z variables.

Bp + V- (pU) = 0,
2

VU e 3
O:(pU) + V. (pU Q U + P*") = e—pD (VwG * pD) ,
0

dy(pD) + V. - (pD @ U + P¥) +
(pQD +P*)" =0,

1
0t (pQ) + V, - (pQU + P¥?) = —e—pD (V2G * pD) .
0
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The Four Pressures

The kinetic pressure
PYY(t, x) := /Z(’v —~U)Q® (v —U)f(t,x,7Z)dZ,
the dv-pressure
P¥(t, x) := /Z(d(H) —D)® (v —-U)f(t,x, Z) dZ,
the dw-pressure
P (t, ) 1= /(w — Q)(d — D) fdZ,
and the wwv-Pressure ’
p¥Y = /Z(w — Q) (v —U)f(t,x,Z)dZ.

The pressure terms can not be (trivially) expressed in terms of the four moments
considered here, in some sense they represent forces that drive the system onto the
lower dimensional hydrodynamic (macroscopic) system.
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Derivation of Right-Hand Sides
The right-hand side of the U -equation

S* (23 py D) = —E— [ [ Vi6@—aha@) e x) ax’ - d©)£(t,2) i,

_ _ﬁg / / V3G(z — ') p(z’) D(¢')p(x) D(x) d’,

0
= ——pD (VG *x pD) .
€0

The form of the dw-pressure arises from integration by parts and the relation
Bpd(0) = —d(0),

/ wBpfd(0)dZ = / wd(0)f dZ,
Z Z

= /(w — Q)(d — D) fdZ + pQD*.
Z

The right-hand side of the 2 equation, denoted S, follows a similar rational.
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Hydrodynamic Limit of First Marginal

The first-marginal system couples f1 := fn1(21) to f2 := fn2(21, 22). Col-
lect the position and velocity variables X = (x,0) and V = (v, w) we have

d(6,)
Otfr + V1 Vx, fi=— -
0

02d(6,)

€0

/6 ViG(wl —m2)d(92)Vw1f2dz2—
R

/ 6 V3G (21— x2)d(02)V,y, fodzs.
R

Introducing the second marginal residual o
fi

ho(Z1,Z2) = fa(Z1,2Z2) — .7:1(Z1)/jf1(Z2$9

yields a Vlasov system “perturbed” by correlation

Ofi +Vi-Vx,f1+ Vv, - (F(f1)f1) = C(h2),

where the correlation term
2

14
C(hz) = —€—Od(91) / ViG(wl — a:2)d(92)V,,,1h2 dZQ—

1
—d(6) / V2G( w1 — 2)d(82) Vo, hs dZs.
0
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Hydrodynamic First Marginal

Take the moment projections against {1, vy, 01, w;} yields the same system
given by the Vlasov but subject to additional, stochastic terms arising from the
second marginal residual.

Bp + V- (pU) = 0,

22
9i(pU) + V- (pU ® U +P*) = —— (pD (V3G * pD)
0

+ V2G812 : DZ)a
8:(pD) + V.- (pD @ U + P") +
(pQ2D + P™)" = 0,

1
9(pQ) + Vo - (pQU +P*) = ——(pD (V3G * pD)
0

+ V;23G812 : Dz).

where the two-marginal residual matrix displacment D5 : R* — R2%2

Dy(xq, x2) 1= /

R

. d(91) ® d(02) hz(ml, I, 21, 22) dgldgz
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Follow-up Ideas: 1) Limiting Cases

Take £ << 1, drop the source terms in U equation. Take U = 0 and p constant in
time and space. Combine the displacement and the €2 equations

DJ_
8;D — Q°D + — (pD(V,G * (pD)) + V;Ge12D;) = 0.
€0
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Follow up Ideas 2) AC Impedance

Introduce a fixed macroscopic charge density Q(x) into the electrostatic equation
egAY = —qlV, - (pD) + cos(wt)Q(x).

Take spatially-fixed charge Q comprised of two sheets charges of opposite sign in a
periodic box. Recover a macroscopic-hydrodynamic system with electric potential
Yefr satisfying Poisson’s equation

A\ (seﬁ(w)v¢eﬁ) = Q,

with gop € R2%2,
Examine convergence to the hydrodynamic limit perhaps under assumption some
version of a strong alignment limit, shadowing approach of [10, 8].
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e Use DFT style ideas to develop closed ‘self-consistent’ expression for hy =

ha(f1)-
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