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Deep Learning (DL)
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DL = Big Data + Deep Nets + SGD + HPC



Deep Learning: Revolution in Technology
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Deep Learning: Revolution in Science
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Momentum in SGD
Accelerate convergence

Better generalizable models

Momentum in Deep Nets Design
Principled approach
Easier to train & Better generalizability



Momentum in Optimization



Machine Learning — Empirical Risk Minimization (ERM)

Consider training a machine learning model:
y:g(x7w)7weRd7
which is parameterized by w, (x,y) is an input data-predicted label pair.

w is usually learned by solving the following ERM problem:

Mz

mlnf N 2 fi(w) := NZE(g Xi, W), ¥i),
where L is the loss between the predicted label y; and the ground-truth label y;.

For classification, typically we have:
y;, _)/l = Zyj |Og

where p{ is the predicted probability that y; is belong to y,’s class.

f(w) can be highly nonconvex, and d ~ 10'°, N ~ 10°.



Convex Optimization — Gradient Descent

Suppose f(w) is convex and L-smooth. Start from wo, and perform:
Wi = Wi—1 —sVF(wk_1), and s =1/L.

Gradient descent has a convergence rate O(1/k) for convex smooth functions.

Consider
mvjn f(w) = %wTLw —w'b,
where
2 -1 0 0 0
-1 2 -1 0 0
L= |- or e e ,
o - 0 -1 2 -1
0 o .- o -1 2

1000 1000
and b is a 1000-dim vector whose first entry is 1 and all the other entries are 0.

A. Cauchy, 1847



Convex Optimization — Gradient Descent
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Convex Optimization — Gradient Descent + Momentum
Vi = Wy_1 — sVF(wg_1),

Wy = Vi + ,U,(Vk — Vk—l)-

O(1/k) convergence rate!
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Heavy Ball

Wi = w1 — SVF(wy_1) + p(Wi—1 — wi_2),

O(1/k) convergence rate!

B. Polyak, 1964



Why momentum works
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Figure: Top: no momentum; Bottom: with momentum

G. Goh, Why momentum really works. Distill, 2017



Other Variants (Look-ahead)

Let ug := vk — vk_1 and gk := VI (vk_1 + sux_1).

Sutskever et al. 2013

Vk = UVk—1 + S8k,
Wy = Wg_1 — Vg.

PyTorch

Vk = UVk-1 + 8k,
W) = Wy _1 — SVg.



Convex Optimization — Nesterov Accelerated Gradient (NAG)
Vi = Wi_1 — sVF(wy_1),

+ k — 1( )
Wi =V Vi — Vk_1).
k k k+ 2 k k—1
O(1/k?) convergence rate!
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Convex Optimization — Adaptive Restart NAG (ARNAG)

Vi = Wg_1 — SVF(wg_1),

t—1 ) . -
Wi = Vi+ . 2(vk—vk,1), t increase byl if objective decay, else t = 1.

O(e~“k) convergence rate with an extra sharpness assumption!
Sharpness: 2d(x. X*)" < f(x)—f*. u>0.r> 1.
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V. Roulet et al. NIPS 2017



Convex Optimization — Scheduled Restart NAG (SRNAG)

Vi = Wy_1 — sVF(wg_1),

t—1 . e . .
(vk—Vk—1), tincrease byl within some iterations, else t = 1.

t+2
O(e~7k) convergence rate with an extra sharpness assumption!
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What If We Do Not Have Exact Gradient?

In ERM,
mmf : NZf w) = NZ[,(g Xi, W), ¥i),

when N > 1, compute V(w) will be very expensive.

Stochastic Gradient:

VF(w) ~ %Z fi(w), with [n] C [N] and n < N.
i=1

Can NAG still accelerate convergence with Stochastic Gradient?



A Motivating Example — Gaussian Noise Corrupted Gradient — Case |

Consider 1
min f(w) = EWTLW —w'b,
where
2 -1 0 0 0
-1 2 -1 0 0
L= .. .. ,
0 0 -1 2 -1
0 0 0 -1 2 1000 % 1000

and b is a 1000-dim vector whose first entry is 1 and all the other entries are 0.

Gaussian Noise Corrupted Gradient:

0.1

Vf(w)=Lw—b+n, n~N(07(W

)%)-



A Motivating Example — Gaussian Noise Corrupted Gradient — Case |
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A Motivating Example — Gaussian Noise Corrupted Gradient — Case |l

Consider 1
min f(w) = EWTLW —w'b,
where
2 -1 0 0 0
-1 2 -1 0 0
L= e ,
o -~ 0 -1 2 -1
0 U 0 -1 2/ 000x1000

and b is a 1000-dim vector whose first entry is 1 and all the other entries are 0.

Gaussian Noise Corrupted Gradient:

Vf(w)=Lw —b+n, n~ AN(0,0.001%).



A Motivating Example — Gaussian Noise Corrupted Gradient — Case |l
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A Motivating Example — Logistic Regression — Case ll|
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Figure: Training loss of logistic regression for MNIST classification.



Analysis

NAG:
Given a convex function f : R? — R with smoothness parameter L. Given any point w € RY an exact
first order oracle returns a pair (f_(x), g (w)) € R x R? so that for all u € RY, we have

0 < f(u) = (W) + (guw)u = w)) < - lu — wl.

The first inequality follows from convexity and the second from the smoothness condition.
An inexact oracle returns for any given point w € R? a pair (fs,0(x), gs,0(w)) € R x R? so that for all

u € R? we have

0/ (W) — (s, (W) + (g3, 0 = W) < lu— wi* +5.

It has the same picture as before except now there is some § slack between the linear and parabola
approximations.
Theorem  Given access to d-inexact first-order oracle GD spits out a point wh after k steps so that

Fwh) — F(w*) < O(L/K) + 5.

NAG on the other hand gives
F(wk) — F(w*) < O(L/K3) + O(Ké).

Adaptive Restart NAG: restart too often, degenerates to GD.

O. Devolder, F. Glineur, and Y. Nesterov, First-Order Methods of Smooth Convex Optimization
With Inexact Oracle. Math Prog A, 2014.



SRNAG for Deep Learning — ResNet for CIFAR10 and CIFAR100 Classification
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SRNAG for Deep Learning — ResNet for CIFAR10 and CIFAR100 Classification

Network # Params SGD (baseline) SRSGD (linear) | SRSGD ial) p i ial)
PreResNet-110 1LIM | 94.7540.14 (93.63 (He et al., 2016)) | 95.07 £0.13 95.00 = 0.47 0.32/0.25
PreResNet-290 3.0M 94.95 +0.23 95.63 +0.15 95.50 +0.18 0.68/0.55
PreResNet-470 4.9M 95.08 £0.10 95.82 4+ 0.09 95.51 +0.19 0.74/0.43
PreResNet-650 6.7TM 95.13 £0.14 96.00 + 0.07 95.60 + 0.13 0.87/0.47
PreResNet-830 | 8.6M 95.00 £ 0.23 95.91 £ 0.10 95.71 £ 0.13 0.91/0.71
PreResNet-1001 | 10.3M | 95.16 £ 0.19 (95.08 (He et al., 2016)) | 96.13 & 0.07 95.87 + 0.10 0.97/0.71

Network # Params SGD (baseline) SRSGD (linear) | SRSGD ial) | Imp i ial)
PreResNet-110 1.2M 76.25 £ 0.20 76.51 +0.23 76.50 & 0.39 0.26/0.25
PreResNet-290 3.0M 78.22+£0.21 78.51 +£0.27 78.42 = 0.20 0.29/0.20
PreResNet-470 4.9M 78.57 +0.30 79.29 +0.32 79.36 +0.18 0.72/0.79
PreResNet-650 6.7TM 78.73 £0.14 79.64 £ 0.25 79.59 +0.21 0.91/0.86
PreResNet-830 8.6M 78.8140.22 79.78 +£0.23 79.80 +0.25 0.97/0.99
PreResNet-1001 | 10.4M | 79.13 + 0.20 (77.29 (He et al., 2016)) | 80.25 £0.11 80.47 +0.19 1.12/1.34

Figure: Top: CIFAR10; Bottom: CIFAR100



SRNAG for Deep Learning — ResNet for ImageNet Classification
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ImageNet Classification

Network | # Params | SGD | SRSGD | Improvement
ResNet-50 | 25.56M | 75.83 | 76.24 0.41
ResNet-101 | 44.55M | 77.6 | 78.06 0.44
ResNet-152 | 60.19M | 78.10 | 78.71 0.61
ResNet-200 | 64.67M | 77.82 | 78.92 1.10




Image Classification
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Figure: Error vs. depth of ResNet.



Momentum in Deep Neural Nets



Rethinking Deep Residual Nets (ResNets)
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Residual mapping: xk+1 = xk + (x«, wk).

Residual block How about xiy1 = xxk—puf (xk, wi)?
| I What if
'l:k " $k+1 Yk+1 = Xk—/Lf(Xk, Wk),

Xk+1 = Yi+1 + V(Yie1 — yi)?



ResNet vs. Gradient Descent
Gradient descent
X1 = Xk — PV f(x),

and we have
lim ||Vf(x)||2 = 0.
k— o0

10 7" —— resnet
8 L 1t stage 2d stage 3rd stage
> € > € >

= block 32
“ 6
o
| =
o block 64
—

4 |

2 -

T T T

0 20 80

40 60
Residual blocks



Deep Momentum Nets

Residual block Momentum block
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Deep Momentum Nets Versus Deep Residual Nets
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CIFAR10 Classification

Network # Params ResNet (baseline) MomentumNet (linear) | Improvement(linear/exponential)
PreResNet-110 1.1M | 94.75 + 0.14 (93.63 (He et al., 2016)) 94.60 +0.12 —0.06
PreResNet-290 3.0M 94.95+0.23 95.00 +0.11 0.14
PreResNet-470 | 4.9M 95.08 £0.10 95.00 +0.12 0.01
PreResNet-650 6.7M 95.13 +0.14 95.21+0.13 0.08
PreResNet-830 8.6M 95.00 £0.23 95.31 +0.22 0.31
PreResNet-1001 | 10.3M | 95.16 + 0.19 (95.08 (He et al., 2016)) 95.35 +0.15 0.19




ODE Models

X + VFf(X) =0,

VS.
X+ ?X + V£(X) = 0.

Su, Boyd, Candes, NIPS, 2014



Future Directions



Optimal restart scheduling in SRSGD.
How to generalize SRSGD to adaptive step size settings.

Neural architecture search with momentum units.



Microscopic Imaging (Cryo-EM)

RELION: Bayesian likelihood framework for cryo-EM structure determination:

argmaxy, . . logp(Va,... k|X1,.. .n) =
argmaxy, , S, log 30, & [ p(Xi, 61| V5)d6i + log p(Va, .. k)

The aim of the optimization is to find the 3D structures (Vi to Vi) that best
explain the observed images (X1 to Xy) by marginalizing over class assignment
() and the unknown pose variable (¢;) which describes a 3D rotation and a 2D
translation for each single-particle image.

. Precise, expensive steps computed
Herative refinement using all .E,ingle-pamgle ima;ss
Arbitrary
random
initialization

Accurate
initialization
A

Optimization
objective
function

\U NEReWP!  Correct
Incorrect ¥, refined
structure w structure

Space of all 3D structures

Probability of 3D map given images

Stochastic Gradient Descent!
A. Punjani, J. Rubinstein, D. Fleet, and M. Brubaker, Nature Methods, 2017.




Thank You

|. Scheduled Restart NAG Momentum

I.1 Accelerate convergence
1.2 Better generalization accuracy

Il. Momentum in Neural Architecture Design

1.1 Speed-up training
1.2 Better generalization accuracy
11.3 Mathematically mechanistic design
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