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W o r k s h o p  O v e r v i e w

•In recent years, deep learning has significantly improved the fields of computer 
vision, natural language processing and speech recognition. Beyond these traditional 
fields, deep learning has been expanded to quantum chemistry, physics, 
neuroscience, and more recently to combinatorial optimization (CO).  

• DL is particularly attractive to address CO problems given its high flexibility, 
approximate nature, and self-learning paradigm.  

• In other words, DL has the potential to learn universal high-quality algorithms and 
therefore could lead to a breakthrough in traditional CO, where algorithms are 
hand-crafted.  

• On the other hand, synergies between DL and CO algorithms could lead to the 
possibility of taking the best of the two domains and deriving new algorithms, 
especially for applied problems.
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Tr a v e l i n g  s a l e s m a n  s c i e n t i s t
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Quarks, Gluons, and Jets
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P h y s i c i s t s ’  M o d e l  F o r  J e t s

6

Evolution of the tree is latent We only observe the leaves
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J e t  C l u s t e r i n g

•Physicists would like to reconstruct the unobserved latent tree z from observed x 

• Hierarchical clustering can be seen as inverting the generative process 

• Standard techniques use bottom-up / greedy / agglomerative clustering HAC 

• Similarity measure is motivated by underlying physics: QCD, relativity, etc.
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I m p a c t  o f  c l u s t e r i n g  o n  d o w n s t r e a m  t a s k s

•Optimal solutions for many down-stream tasks would be ~trivial if an oracle could give 
us the correct / ground-truth tree, but 

• Several trees could potentially lead to the same set of leaves, so we need to think 
probabilistically 

•Traditional approaches for downstream tasks (eg. classification, regression, etc.) 
interpret the HAC tree as an estimate for ground truth, and additional work is needed 
to characterize how properties of the clustering algorithm impact downstream 
performance 
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D e e p  L e a r n i n g

•Deep learning has been used 
successfully for solving 
downstream tasks without 
explicitly inferring the latent state 

• Rich research area for networks 
working on structured data like 
sets, trees, and graphs 

• Some hybrid deep learning 
algorithms exploit physics 
knowledge directly (eg. Include 
HAC clustering internally) 

•I’ve been interested in hybrid 
physics-DL models that treat 
latent state probabilistically
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G e n e r a t i v e  M o d e l

•In reality the best we can 
hope for is to invert the 
process probabilistically 

• Forward model is a 
Markov process with a 
relatively simple 
probability model for 
each splitting 
parametrized by  θ
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Standard clustering algorithm in HEP (anti-kT) is Greedy

Use-inspired Research
Seminar at UMass Amherst, Center for Data Science, 
College of Information & Computer Sciences led to 
collaboration for hierarchical clustering algorithms.
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• Joint likelihood 

• Maximum likelihood history: 

• Marginal likelihood  

• Maximum likelihood parameter: 

• Posterior distribution on histories: 

• Posterior distribution on
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Reframe jet physics in statistical terms  

Use-inspired Research: Hierarchical Cluster Trellis for Exact Inference

Essentially every collision at the LHC has one or 
more jets (sprays of particles from quarks & gluons).  

• Jets are complicated objects: machine learning 
offers new insights.

• One of the most active areas of ML in HEP.

Excellent source of use-inspired research:
• Computer vision
• Natural language processing & machine translation
• Hierarchical clustering
• Genomics

pGreedy < pBeam Search < pTrellis
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S. Macaluso, C. Greenberg, N. Monath, J. Lee, P.  
Flaherty, K. Cranmer, A. McGregor, A. McCallum

Applications in other domains, e.g. cancer genomics.

Greedy Algorithm
Locally maximizing the likelihood at each step.

Beam Search Algorithm
Maximize the likelihood of multiple steps before choosing the latent path.

Ginkgo: Toy Generative Model for Jets 

github.com/
SebastianMacaluso/

ToyJetsShower

K. Cranmer, S. Macaluso 
& D. Pappadopulo

Generative model to aid in ML 
research for jet physics.

NLP analogy: ground-truth parse 
trees with a known language model

Recursive NNs for Classification

https://github.com/diana-hep/TreeNiN

One of the best performing algorithms in 
“The Machine Learning Landscape of Top 
Taggers” comparison [arXiv:1902.09914]

Extension: Tree Network in Network

Challenge
Number of clustering histories 

for N leaves grows as

# of 
leaves

Approx. #  
of trees

4 15
5 100
7 10 k
9 2 M

11 600 M https://en.wikipedia.org/wiki/Double_factorial

a(N) = (2N � 3)!!
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p(tree |θ) = ∏
nodes

p(left, right |parent, θ)

•Inference on  would be newθ



G e n e r a t i v e  M o d e l

•Ginkgo is a simplified jet simulator written in pyro to facilitate research on 
exact / approximate optimization and marginalization over hierarchical 
clusterings (the latent tree) using 

• Probabilistic Programming 

• Differentiable Programming 

• Dynamic Programming 

• Variational Inference 

•Captures essential physics: 

• Energy / Momentum conservation 

• Dokshitzer–Gribov–Lipatov–Altarelli–Parisi—like evolution 
11

GInkgo by Sebastian Macaluso and Duccio Pappadopulo, and KC 
https://github.com/SebastianMacaluso/ginkgo

Sebastian Macaluso
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Thus, in the parent rest frame, the left and right child momentum is given by

pµL = (EL, ~p) and pµR = (ER,�~p).

3. Apply a Lorentz boost to each of the children, with � = Epp
tP

and �� = |~pp|/
p
tP .

4. If tL (tR) is greater than tcut repeat the process.

The algorithm is outlined in more detail in Algorithm 1. After running the algorithm,

the final binary tree for the jet is obtained.

2.1.1 Heavy resonance vs QCD like jet

To model a jet coming from a heavy resonance X decay, e.g. a W boson jet, we introduce

two values for the decaying constant �X , �. This way we model the first splitting (the

root node splitting) with �X and then use � for the remaining shower process. We also

set troot = m2
X .

To model a QCD like jet, we use a single value for � for the whole process.

2.1.2 Likelihood reconstruction

We reconstruct the parent momentum by adding the children momentum.

pµp = pµL + pµR (5)

4

Figure 1: Tree visualization of a sample jet generated with our model that represents a W

boson jet, as described in section 2.1.1. We show the values of pT =
q
p2x + p2y for each node

and their mass. The horizontal ordering of the leaves corresponds to the order in which the

leaves are accessed when traversing the tree (and is not related to the particle momentum ~p).

2.1 Generative process

In this section, we describe the implementation of the generative process, which depends

on the following input parameters:

• pµ0 : 4-momentum of the jet. This will be the input value for the root node of the

tree.

• t0: initial mass squared.

• tcut: cut-o↵ mass squared to stop the showering process.

• �: decaying rate for the exponential distribution.

Next, we describe the splitting of a node as follows:

1. Draw tL and tR from an exponential distribution as follows,

tL ⇠ f(t|�, tP) =
1

1� e��

�

tP
e
� �

tP
t (1)

3

Standard clustering algorithm in HEP (anti-kT) is Greedy

Use-inspired Research
Seminar at UMass Amherst, Center for Data Science, 
College of Information & Computer Sciences led to 
collaboration for hierarchical clustering algorithms.

Machine Learning for Jets
Team: Kyle Cranmer and Sebastian Macaluso
Institutions: Center for Cosmology and Particle Physics & Center for Data Science, New York University

This project is supported by National Science Foundation under Cooperative Agreement OAC-1836650. Any opinions, findings, conclusions or recommendations expressed in this material are those of the authors and 
do not necessarily reflect the views of the National Science Foundation.
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• Maximum likelihood history: 

• Marginal likelihood  

• Maximum likelihood parameter: 
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<latexit sha1_base64="YFN4uwE47a9H2LQu0fRN7JfcCtQ=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAUQtiNgh6jXrwICkYD2SXMTjrJ4OyDmV5JsuYDvPgrXjwo4tUP8ObfOIl70GjBQFFVTU+XH0uh0bY/ranpmdm5+dxCfnFpeWW1sLZ+paNEcajxSEaq7jMNUoRQQ4ES6rECFvgSrv2bk5F/fQtKiyi8xH4MXsA6oWgLztBIzULRRehheqQ6Z6w3bA6oW3JL8U6vNKB31MUuINs1Kbtsj0H/EicjRZLhvFn4cFsRTwIIkUumdcOxY/RSplBwCcO8m2iIGb9hHWgYGrIAtJeOjxnSbaO0aDtS5oVIx+rPiZQFWvcD3yQDhl096Y3E/7xGgu1DLxVhnCCE/HtRO5EUIzpqhraEAo6ybwjjSpi/Ut5linE0/eVNCc7kyX/JVaXs7JUrF/vF6nFWR45ski2yQxxyQKrklJyTGuHknjySZ/JiPVhP1qv19h2dsrKZDfIL1vsXTfqafA==</latexit>

p(x|✓) =
Z

dz p(x, z|✓)
<latexit sha1_base64="QTtuVOK5mrM+fC9I4mLytoxT5BQ=">AAACFXicbVDLSgNBEJyNrxhfqx69DAYhgRB2o6AXIejFYwTzgGwIs5NJMmT2wUyvmKz5CS/+ihcPingVvPk3TpJFNLGgoajqprvLDQVXYFlfRmppeWV1Lb2e2djc2t4xd/dqKogkZVUaiEA2XKKY4D6rAgfBGqFkxHMFq7uDy4lfv2VS8cC/gWHIWh7p+bzLKQEttc1CmLvD99iBPgOC8/gcO9wH3Blhp+BMzMLox863zaxVtKbAi8ROSBYlqLTNT6cT0MhjPlBBlGraVgitmEjgVLBxxokUCwkdkB5rauoTj6lWPP1qjI+00sHdQOrSJ03V3xMx8ZQaeq7u9Aj01bw3Ef/zmhF0z1ox98MImE9ni7qRwBDgSUS4wyWjIIaaECq5vhXTPpGEgg4yo0Ow519eJLVS0T4ulq5PsuWLJI40OkCHKIdsdIrK6ApVUBVR9ICe0At6NR6NZ+PNeJ+1poxkZh/9gfHxDSApnE0=</latexit>

p(z|x, ✓)
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<latexit sha1_base64="YtPqGb1aL53nmwYl9Mu+zzKT5dg=">AAACDXicbVDJSgNBEO1xN26jHr00RkFBwkwU9Ohy8SJEMEbIDENPp5I06VnorpGEMT/gxV/x4kERr969+Td2loPbg4LX71XRVS9MpdDoOJ/WxOTU9Mzs3HxhYXFpecVeXbvWSaY4VHkiE3UTMg1SxFBFgRJuUgUsCiXUws7ZwK/dgtIiia+wl4IfsVYsmoIzNFJgb3kIXcxPVOuCdfuBh21A5u15ezTd6d6NnruBXXRKzhD0L3HHpEjGqAT2h9dIeBZBjFwyreuuk6KfM4WCS+gXvExDyniHtaBuaMwi0H4+vKZPt43SoM1EmYqRDtXvEzmLtO5FoemMGLb1b28g/ufVM2we+bmI0wwh5qOPmpmkmNBBNLQhFHCUPUMYV8LsSnmbKcbRBFgwIbi/T/5Lrssld79UvjwoHp+O45gjG2ST7BCXHJJjck4qpEo4uSeP5Jm8WA/Wk/VqvY1aJ6zxzDr5Aev9Cyp1m5g=</latexit>

✓ : p(✓|x)
<latexit sha1_base64="mcEw281xduVoSVrSog8LgKD3AuM=">AAACAXicbVDLSgMxFM34rPU16kZwEyxChVJmqqC4KrpxWcE+oDOUTJppQzMPkjtiGevGX3HjQhG3/oU7/8a0nYW2Hrhwcs695N7jxYIrsKxvY2FxaXllNbeWX9/Y3No2d3YbKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDq7HfvGNS8Si8hWHM3ID0Qu5zSkBLHXPfgT4DcuGUnFJcnD7wA74/7pgFq2xNgOeJnZECylDrmF9ON6JJwEKggijVtq0Y3JRI4FSwUd5JFIsJHZAea2sakoApN51cMMJHWuliP5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC/rmb8jBOgIV0+pGfCAwRHseBu1wyCmKoCaGS610x7RNJKOjQ8joEe/bkedKolO2TcuXmtFC9zOLIoQN0iIrIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9p64KRzeyhPzA+fwC0XZXC</latexit>

Reframe jet physics in statistical terms  

Use-inspired Research: Hierarchical Cluster Trellis for Exact Inference

Essentially every collision at the LHC has one or 
more jets (sprays of particles from quarks & gluons).  

• Jets are complicated objects: machine learning 
offers new insights.

• One of the most active areas of ML in HEP.

Excellent source of use-inspired research:
• Computer vision
• Natural language processing & machine translation
• Hierarchical clustering
• Genomics

pGreedy < pBeam Search < pTrellis
<latexit sha1_base64="YPyr3MiGwDFVBZAem8zBWXg6SeQ=">AAACKXicbVDJSgNBEO1xjXGLevTSGARPYSYKevAQ4kGPEbNBEkJPp5I06VnorhHDML/jxV/xoqCoV3/EzoKYxAcNj/eqqqueG0qh0bY/raXlldW19dRGenNre2c3s7df1UGkOFR4IANVd5kGKXyooEAJ9VAB81wJNXdwNfJr96C0CPwyDkNoeazni67gDI3UzhTCdtxEeMD4WgF0hklCL+mvVjST6B0wxfuzRlmBNNslSbqdydo5ewy6SJwpyZIpSu3Ma7MT8MgDH7lkWjccO8RWzBQKLiFJNyMNIeMD1oOGoT7zQLfi8aUJPTZKh3YDZZ6PdKz+7YiZp/XQc02lx7Cv572R+J/XiLB70YqFH0YIPp981I0kxYCOYqMdoYCjHBrCuBJmV8r7TDGOJtxRCM78yYukms85p7n87Vm2UJzGkSKH5IicEIeckwK5ISVSIZw8kmfyRt6tJ+vF+rC+JqVL1rTngMzA+v4BfsWn+w==</latexit>

S. Macaluso, C. Greenberg, N. Monath, J. Lee, P.  
Flaherty, K. Cranmer, A. McGregor, A. McCallum

Applications in other domains, e.g. cancer genomics.

Greedy Algorithm
Locally maximizing the likelihood at each step.

Beam Search Algorithm
Maximize the likelihood of multiple steps before choosing the latent path.

Ginkgo: Toy Generative Model for Jets 

github.com/
SebastianMacaluso/

ToyJetsShower

K. Cranmer, S. Macaluso 
& D. Pappadopulo

Generative model to aid in ML 
research for jet physics.

NLP analogy: ground-truth parse 
trees with a known language model

Recursive NNs for Classification

https://github.com/diana-hep/TreeNiN

One of the best performing algorithms in 
“The Machine Learning Landscape of Top 
Taggers” comparison [arXiv:1902.09914]

Extension: Tree Network in Network

Challenge
Number of clustering histories 

for N leaves grows as

# of 
leaves

Approx. #  
of trees

4 15
5 100
7 10 k
9 2 M

11 600 M https://en.wikipedia.org/wiki/Double_factorial

a(N) = (2N � 3)!!
<latexit sha1_base64="wzcObB3m8epb5nlSLFmLPNpA1Q4=">AAAB+HicbVDLSgNBEOz1GeMjqx69TAxCcjDsJoJehKAXTyGCeUCyhNnJbDJk9sHMrBCXfIkXD4p49VO8+TdOkj1oYkFDUdVNd5cbcSaVZX0ba+sbm1vbmZ3s7t7+Qc48PGrJMBaENknIQ9FxsaScBbSpmOK0EwmKfZfTtju+nfntRyokC4MHNYmo4+NhwDxGsNJS38zhYr2ErlGxUj+vlvL5vlmwytYcaJXYKSlAikbf/OoNQhL7NFCEYym7thUpJ8FCMcLpNNuLJY0wGeMh7WoaYJ9KJ5kfPkVnWhkgLxS6AoXm6u+JBPtSTnxXd/pYjeSyNxP/87qx8q6chAVRrGhAFou8mCMVolkKaMAEJYpPNMFEMH0rIiMsMFE6q6wOwV5+eZW0KmW7Wq7cXxRqN2kcGTiBUyiCDZdQgztoQBMIxPAMr/BmPBkvxrvxsWhdM9KZY/gD4/MHOWOQNQ==</latexit>



G o i n g  b e y o n d  a g g l o m e r a t i v e  c l u s t e r i n g

•With this probabilistic view, interesting to revisit standard agglomerative 
clustering 

• Similarity heuristic:  

• Generative model for jets:  

• If  is monotonic with heuristic, then agglomerative 
clustering is a greedy algorithm to find an approximate MAP estimate 

 

•Immediately suggests we can do better with beam search or some other search 
algorithm

pnode(left, right |parent, θ)

̂z = argmaxz p(z |x, θ)

12

p(tree |θ) = ∏
nodes

p(left, right |parent, θ)



C o m b i n a t o r i a l  O p t i m i z a t i o n

•The immediate problem is that the search space (the number of binary trees on 
unordered leaves) is enormous!!  

• Fortunately, when Sebastian Macaluso was at UMass we connected with 
Nicholas Monath, Craig Greenberg, and Andrew McCallum’s group

(2N − 3)!!

13

Standard clustering algorithm in HEP (anti-kT) is Greedy

Use-inspired Research
Seminar at UMass Amherst, Center for Data Science, 
College of Information & Computer Sciences led to 
collaboration for hierarchical clustering algorithms.

Machine Learning for Jets
Team: Kyle Cranmer and Sebastian Macaluso
Institutions: Center for Cosmology and Particle Physics & Center for Data Science, New York University

This project is supported by National Science Foundation under Cooperative Agreement OAC-1836650. Any opinions, findings, conclusions or recommendations expressed in this material are those of the authors and 
do not necessarily reflect the views of the National Science Foundation.

[Stefan Hoche 1411.4085] Jet

x

G
en

er
at

iv
e 

pr
oc

es
s 

R
ec

on
st

ru
ct

io
n

z

z’

• Joint likelihood 

• Maximum likelihood history: 

• Marginal likelihood  

• Maximum likelihood parameter: 

• Posterior distribution on histories: 

• Posterior distribution on
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Reframe jet physics in statistical terms  

Use-inspired Research: Hierarchical Cluster Trellis for Exact Inference

Essentially every collision at the LHC has one or 
more jets (sprays of particles from quarks & gluons).  

• Jets are complicated objects: machine learning 
offers new insights.

• One of the most active areas of ML in HEP.

Excellent source of use-inspired research:
• Computer vision
• Natural language processing & machine translation
• Hierarchical clustering
• Genomics

pGreedy < pBeam Search < pTrellis
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S. Macaluso, C. Greenberg, N. Monath, J. Lee, P.  
Flaherty, K. Cranmer, A. McGregor, A. McCallum

Applications in other domains, e.g. cancer genomics.

Greedy Algorithm
Locally maximizing the likelihood at each step.

Beam Search Algorithm
Maximize the likelihood of multiple steps before choosing the latent path.

Ginkgo: Toy Generative Model for Jets 

github.com/
SebastianMacaluso/

ToyJetsShower

K. Cranmer, S. Macaluso 
& D. Pappadopulo

Generative model to aid in ML 
research for jet physics.

NLP analogy: ground-truth parse 
trees with a known language model

Recursive NNs for Classification

https://github.com/diana-hep/TreeNiN

One of the best performing algorithms in 
“The Machine Learning Landscape of Top 
Taggers” comparison [arXiv:1902.09914]

Extension: Tree Network in Network

Challenge
Number of clustering histories 

for N leaves grows as

# of 
leaves

Approx. #  
of trees

4 15
5 100
7 10 k
9 2 M

11 600 M https://en.wikipedia.org/wiki/Double_factorial

a(N) = (2N � 3)!!
<latexit sha1_base64="wzcObB3m8epb5nlSLFmLPNpA1Q4=">AAAB+HicbVDLSgNBEOz1GeMjqx69TAxCcjDsJoJehKAXTyGCeUCyhNnJbDJk9sHMrBCXfIkXD4p49VO8+TdOkj1oYkFDUdVNd5cbcSaVZX0ba+sbm1vbmZ3s7t7+Qc48PGrJMBaENknIQ9FxsaScBbSpmOK0EwmKfZfTtju+nfntRyokC4MHNYmo4+NhwDxGsNJS38zhYr2ErlGxUj+vlvL5vlmwytYcaJXYKSlAikbf/OoNQhL7NFCEYym7thUpJ8FCMcLpNNuLJY0wGeMh7WoaYJ9KJ5kfPkVnWhkgLxS6AoXm6u+JBPtSTnxXd/pYjeSyNxP/87qx8q6chAVRrGhAFou8mCMVolkKaMAEJYpPNMFEMH0rIiMsMFE6q6wOwV5+eZW0KmW7Wq7cXxRqN2kcGTiBUyiCDZdQgztoQBMIxPAMr/BmPBkvxrvxsWhdM9KZY/gD4/MHOWOQNQ==</latexit>

n

Standard clustering algorithm in HEP (anti-kT) is Greedy

Use-inspired Research
Seminar at UMass Amherst, Center for Data Science, 
College of Information & Computer Sciences led to 
collaboration for hierarchical clustering algorithms.

Machine Learning for Jets
Team: Kyle Cranmer and Sebastian Macaluso
Institutions: Center for Cosmology and Particle Physics & Center for Data Science, New York University

This project is supported by National Science Foundation under Cooperative Agreement OAC-1836650. Any opinions, findings, conclusions or recommendations expressed in this material are those of the authors and 
do not necessarily reflect the views of the National Science Foundation.
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• Joint likelihood 

• Maximum likelihood history: 

• Marginal likelihood  

• Maximum likelihood parameter: 

• Posterior distribution on histories: 

• Posterior distribution on
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<latexit sha1_base64="sURA47Ot3Piq86yDCFYc7mpl2Qs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpSkCnosevFYwX5AG8pmu2mXbjZhd1Kssf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zM82PBNTjOt5VbWV1b38hvFra2d3b37P2Dho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/eDP1myOmNI/kPYxj5oWkL3nAKQEjdW07Lj2cPeIn3IEBA3KKu3bRKTsz4GXiZqSIMtS69lenF9EkZBKoIFq3XScGLyUKOBVsUugkmsWEDkmftQ2VJGTaS2eXT/CJUXo4iJQpCXim/p5ISaj1OPRNZ0hgoBe9qfif104guPJSLuMEmKTzRUEiMER4GgPuccUoiLEhhCpubsV0QBShYMIqmBDcxZeXSaNSds/LlbuLYvU6iyOPjtAxKiEXXaIqukU1VEcUjdAzekVvVmq9WO/Wx7w1Z2Uzh+gPrM8f1FSSfA==</latexit>

ArgMaxz p(x, z|✓)
<latexit sha1_base64="YFN4uwE47a9H2LQu0fRN7JfcCtQ=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAUQtiNgh6jXrwICkYD2SXMTjrJ4OyDmV5JsuYDvPgrXjwo4tUP8ObfOIl70GjBQFFVTU+XH0uh0bY/ranpmdm5+dxCfnFpeWW1sLZ+paNEcajxSEaq7jMNUoRQQ4ES6rECFvgSrv2bk5F/fQtKiyi8xH4MXsA6oWgLztBIzULRRehheqQ6Z6w3bA6oW3JL8U6vNKB31MUuINs1Kbtsj0H/EicjRZLhvFn4cFsRTwIIkUumdcOxY/RSplBwCcO8m2iIGb9hHWgYGrIAtJeOjxnSbaO0aDtS5oVIx+rPiZQFWvcD3yQDhl096Y3E/7xGgu1DLxVhnCCE/HtRO5EUIzpqhraEAo6ybwjjSpi/Ut5linE0/eVNCc7kyX/JVaXs7JUrF/vF6nFWR45ski2yQxxyQKrklJyTGuHknjySZ/JiPVhP1qv19h2dsrKZDfIL1vsXTfqafA==</latexit>

p(x|✓) =
Z

dz p(x, z|✓)
<latexit sha1_base64="QTtuVOK5mrM+fC9I4mLytoxT5BQ=">AAACFXicbVDLSgNBEJyNrxhfqx69DAYhgRB2o6AXIejFYwTzgGwIs5NJMmT2wUyvmKz5CS/+ihcPingVvPk3TpJFNLGgoajqprvLDQVXYFlfRmppeWV1Lb2e2djc2t4xd/dqKogkZVUaiEA2XKKY4D6rAgfBGqFkxHMFq7uDy4lfv2VS8cC/gWHIWh7p+bzLKQEttc1CmLvD99iBPgOC8/gcO9wH3Blhp+BMzMLox863zaxVtKbAi8ROSBYlqLTNT6cT0MhjPlBBlGraVgitmEjgVLBxxokUCwkdkB5rauoTj6lWPP1qjI+00sHdQOrSJ03V3xMx8ZQaeq7u9Aj01bw3Ef/zmhF0z1ox98MImE9ni7qRwBDgSUS4wyWjIIaaECq5vhXTPpGEgg4yo0Ow519eJLVS0T4ulq5PsuWLJI40OkCHKIdsdIrK6ApVUBVR9ICe0At6NR6NZ+PNeJ+1poxkZh/9gfHxDSApnE0=</latexit>

p(z|x, ✓)
<latexit sha1_base64="q2FJ/Maf1OwqI+g06rYDhic00oI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCBSlJFfRY9OKxgv2ANpTNdtMu3WzC7kStbX+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyuzsrq2vpHdzG1t7+zu2fn9uo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA1/cD31G/dMaR7JOxjGzAtJT/KAUwJG6tj5uPiEx/gRn+I29BmQk45dcErODHiZuCkpoBTVjv3V7kY0CZkEKojWLdeJwRsRBZwKNsm1E81iQgekx1qGShIy7Y1mp0/wsVG6OIiUKQl4pv6eGJFQ62Hom86QQF8velPxP6+VQHDpjbiME2CSzhcFicAQ4WkOuMsVoyCGhhCquLkV0z5RhIJJK2dCcBdfXib1csk9K5VvzwuVqzSOLDpER6iIXHSBKugGVVENUfSAntErerPG1ov1bn3MWzNWOnOA/sD6/AEri5Km</latexit>

ArgMax✓ p(x|✓)
<latexit sha1_base64="YtPqGb1aL53nmwYl9Mu+zzKT5dg=">AAACDXicbVDJSgNBEO1xN26jHr00RkFBwkwU9Ohy8SJEMEbIDENPp5I06VnorpGEMT/gxV/x4kERr969+Td2loPbg4LX71XRVS9MpdDoOJ/WxOTU9Mzs3HxhYXFpecVeXbvWSaY4VHkiE3UTMg1SxFBFgRJuUgUsCiXUws7ZwK/dgtIiia+wl4IfsVYsmoIzNFJgb3kIXcxPVOuCdfuBh21A5u15ezTd6d6NnruBXXRKzhD0L3HHpEjGqAT2h9dIeBZBjFwyreuuk6KfM4WCS+gXvExDyniHtaBuaMwi0H4+vKZPt43SoM1EmYqRDtXvEzmLtO5FoemMGLb1b28g/ufVM2we+bmI0wwh5qOPmpmkmNBBNLQhFHCUPUMYV8LsSnmbKcbRBFgwIbi/T/5Lrssld79UvjwoHp+O45gjG2ST7BCXHJJjck4qpEo4uSeP5Jm8WA/Wk/VqvY1aJ6zxzDr5Aev9Cyp1m5g=</latexit>

✓ : p(✓|x)
<latexit sha1_base64="mcEw281xduVoSVrSog8LgKD3AuM=">AAACAXicbVDLSgMxFM34rPU16kZwEyxChVJmqqC4KrpxWcE+oDOUTJppQzMPkjtiGevGX3HjQhG3/oU7/8a0nYW2Hrhwcs695N7jxYIrsKxvY2FxaXllNbeWX9/Y3No2d3YbKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDq7HfvGNS8Si8hWHM3ID0Qu5zSkBLHXPfgT4DcuGUnFJcnD7wA74/7pgFq2xNgOeJnZECylDrmF9ON6JJwEKggijVtq0Y3JRI4FSwUd5JFIsJHZAea2sakoApN51cMMJHWuliP5K6QsAT9fdESgKlhoGnOwMCfTXrjcX/vHYC/rmb8jBOgIV0+pGfCAwRHseBu1wyCmKoCaGS610x7RNJKOjQ8joEe/bkedKolO2TcuXmtFC9zOLIoQN0iIrIRmeoiq5RDdURRY/oGb2iN+PJeDHejY9p64KRzeyhPzA+fwC0XZXC</latexit>

Reframe jet physics in statistical terms  

Use-inspired Research: Hierarchical Cluster Trellis for Exact Inference

Essentially every collision at the LHC has one or 
more jets (sprays of particles from quarks & gluons).  

• Jets are complicated objects: machine learning 
offers new insights.

• One of the most active areas of ML in HEP.

Excellent source of use-inspired research:
• Computer vision
• Natural language processing & machine translation
• Hierarchical clustering
• Genomics

pGreedy < pBeam Search < pTrellis
<latexit sha1_base64="YPyr3MiGwDFVBZAem8zBWXg6SeQ=">AAACKXicbVDJSgNBEO1xjXGLevTSGARPYSYKevAQ4kGPEbNBEkJPp5I06VnorhHDML/jxV/xoqCoV3/EzoKYxAcNj/eqqqueG0qh0bY/raXlldW19dRGenNre2c3s7df1UGkOFR4IANVd5kGKXyooEAJ9VAB81wJNXdwNfJr96C0CPwyDkNoeazni67gDI3UzhTCdtxEeMD4WgF0hklCL+mvVjST6B0wxfuzRlmBNNslSbqdydo5ewy6SJwpyZIpSu3Ma7MT8MgDH7lkWjccO8RWzBQKLiFJNyMNIeMD1oOGoT7zQLfi8aUJPTZKh3YDZZ6PdKz+7YiZp/XQc02lx7Cv572R+J/XiLB70YqFH0YIPp981I0kxYCOYqMdoYCjHBrCuBJmV8r7TDGOJtxRCM78yYukms85p7n87Vm2UJzGkSKH5IicEIeckwK5ISVSIZw8kmfyRt6tJ+vF+rC+JqVL1rTngMzA+v4BfsWn+w==</latexit>

S. Macaluso, C. Greenberg, N. Monath, J. Lee, P.  
Flaherty, K. Cranmer, A. McGregor, A. McCallum

Applications in other domains, e.g. cancer genomics.

Greedy Algorithm
Locally maximizing the likelihood at each step.

Beam Search Algorithm
Maximize the likelihood of multiple steps before choosing the latent path.

Ginkgo: Toy Generative Model for Jets 

github.com/
SebastianMacaluso/

ToyJetsShower

K. Cranmer, S. Macaluso 
& D. Pappadopulo

Generative model to aid in ML 
research for jet physics.

NLP analogy: ground-truth parse 
trees with a known language model

Recursive NNs for Classification

https://github.com/diana-hep/TreeNiN

One of the best performing algorithms in 
“The Machine Learning Landscape of Top 
Taggers” comparison [arXiv:1902.09914]

Extension: Tree Network in Network

Challenge
Number of clustering histories 

for N leaves grows as

# of 
leaves

Approx. #  
of trees

4 15
5 100
7 10 k
9 2 M

11 600 M https://en.wikipedia.org/wiki/Double_factorial

a(N) = (2N � 3)!!
<latexit sha1_base64="wzcObB3m8epb5nlSLFmLPNpA1Q4=">AAAB+HicbVDLSgNBEOz1GeMjqx69TAxCcjDsJoJehKAXTyGCeUCyhNnJbDJk9sHMrBCXfIkXD4p49VO8+TdOkj1oYkFDUdVNd5cbcSaVZX0ba+sbm1vbmZ3s7t7+Qc48PGrJMBaENknIQ9FxsaScBbSpmOK0EwmKfZfTtju+nfntRyokC4MHNYmo4+NhwDxGsNJS38zhYr2ErlGxUj+vlvL5vlmwytYcaJXYKSlAikbf/OoNQhL7NFCEYym7thUpJ8FCMcLpNNuLJY0wGeMh7WoaYJ9KJ5kfPkVnWhkgLxS6AoXm6u+JBPtSTnxXd/pYjeSyNxP/87qx8q6chAVRrGhAFou8mCMVolkKaMAEJYpPNMFEMH0rIiMsMFE6q6wOwV5+eZW0KmW7Wq7cXxRqN2kcGTiBUyiCDZdQgztoQBMIxPAMr/BmPBkvxrvxsWhdM9KZY/gD4/MHOWOQNQ==</latexit>

150 10300



The Trellis Data Structure



T h e  t r e l l i s

•We consider cost / energy / likelihood functions that are products over siblings  

•This includes:  

• the likelihood for tree-like Markov models like our physics use case,  

• a cost function used in cancer genomics,   

• the Dasgupta cost
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1 Introduction

Hierarchical clustering is often used to discover meaningful structures, such as phylogenetic
trees of organisms [2], taxonomies of concepts [3], subtypes of cancer [4], and jets in particle
physics [5]. Among the reasons that hierarchical clustering has been found to be broadly
useful is that it forms a natural data representation of data generated by a Markov tree,
i.e., a tree-shaped model where the state variables are dependent only on their parent or
children.

Figure 1: Schematic representation of
a hierarchical clustering. H denotes the
latent state and X the dataset.

We define a hierarchical clustering as a recursive
splitting of a dataset of N elements, X = {xi}Ni=1 into
subsets until reaching singletons. This can equiva-
lently be viewed as starting with the set of singletons
and repeatedly taking the union of sets until reaching
the entire dataset. We show a schematic represen-
tation in Figure 1, where we identify each xi with a
leaf of the tree and the latent state as H.

Formally,
Definition 1. (Hierarchical Clustering

1
) Given a dataset of elements, X = {xi}Ni=1, a

hierarchical clustering, H, is a set of nested subsets of X, s.t. X 2 H, {{xi}}Ni=1 ⇢ H, and
8Xi, Xj 2 H, either Xi ⇢ Xj , Xj ⇢ Xi, or Xi

T
Xj = ;. Further, 8Xi 2 H, if 9Xj 2 H s.t.

Xj ⇢ Xi, then 9Xk 2 H s.t. Xj
S

Xk = Xi.
Given a subset XL 2 H, then XL is referred to as a cluster in H. When XP , XL, XR 2 H

and XL
S

XR = XP , we refer to XL and XR as children of XP , and XP the parent of XL

and XR; if XL ⇢ XP we refer to XP as an ancestor of XL and XL a descendent of XP .(We
also denote the sibling of XL, as XR = XP \ XL.) For binary trees, the total number of
possible pairs of siblings (XL, XR) for a parent with N elements is given by the Stirling
number of the second kind S(N, 2) = 2N�1 � 1.

In our work, we consider an energy-based probabilistic model for hierarchical clustering.
We provide a general (and flexible) definition of the probabilistic model and then give three
specific examples of the distribution in section 4. Our model is based on measuring the
compatibility of all pairs of sibling nodes in a binary tree structure. Formally,
Definition 2. (Energy-based Hierarchical Clustering) Let X be a dataset, H be a
hierarchical clustering of X, let  : 2X ⇥ 2X ! R+ be a potential function describing the
compatibility of a pair of sibling nodes in H, and let �(X|H) be a potential function for
the H structure. Then, the probability of H for the dataset X, P (H|X), is equal to the
unnormalized potential of H normalized by the partition function, Z(X):

P (H|X) =
�(X|H)
Z(X)

with �(X|H) =
Y

XL,XR2sibs(H)

 (XL, XR) (1)

1We limit our exposition to binary hierarchical clustering. Binary structures encode more tree-consistent
clusterings than k-ary [6]. Natural extensions may exist for k-ary clustering, which are left for future work.

2

where sibs(H) = {(XL, XR)|XL 2 H, XR 2 H, XL \ XR = ;, XL [ XR 2 H}. The partition function
Z(X) is given by:

Z(X) =
X

H2H(X)

�(X|H). (2)

where H(X) represents all binary hierarchical clusterings of the elements X.

We refer to our model as an energy-based model given that  (·, ·) is often defined by
the unnormalized Gibbs distribution, i.e.  (XL, XR) = exp(��E(XL, XR)), where � is the
inverse temperature and E(·, ·) is the energy. This probabilistic model allows us to express
many familiar distributions over tree structures. It also has a connection to the classic
algorithmic hierarchical clustering technique, agglomerative clustering, in that  (·, ·) has
the same signature as a “linkage function” (i.e., single, average, complete linkage). We note
that in this work we do not use informative prior distributions over trees P (H) and instead
assume a uniform prior.

Often, probabilistic approaches, such as coalescent models [7, 8, 9] and diffusion trees
[10, 11], model which tree structures are likely for a given dataset. For instance, in particle
physics generative models of trees are used to model jets [5], and similarly coalescent models
have been used in phylogenetics [12]. Inference in these approaches is done by approximate,
rather than exact, methods that lead to local optima, such as greedy best-first, beam-search,
sequential Monte Carlo [13], and MCMC [10]. Also, these methods do not have efficient
ways to compute an exact normalized distribution over all tree structures.

Exactly performing MAP inference and finding the partition function by enumerating
all hierarchical clusterings over N elements is exceptionally difficult because the number of
hierarchies grows extremely rapidly, namely (2N � 3)!! (see [14, 15] for more details and
proof), where !! is double factorial. To overcome the computational burden, in this paper
we introduce a cluster trellis data structure for hierarchical clustering. The cluster trellis,
inspired by [16], enables us to use dynamic programming algorithms to exactly compute
MAP structures and the partition function, as well as compute marginal distributions,
including the probability of any sub-hierarchy or cluster. We further show how to sample
exactly from the posterior distribution over hierarchical clusterings (i.e., the probability of
sampling a given hierarchy is equal to the probability of that hierarchy). Our algorithms
compute these quantities without having to iterate over each possible hierarchy in the O(3N )
time, which is super-exponentially more efficient than explicitly considering each of the
(2N �3)!! possible hierarchies (see Corollary 2 for more details). Thus, while still exponential,
this is feasible in regimes where enumerating all possible trees would be infeasible, and is
to our knowledge the fastest exact MAP/partition function result(See §A.5 and §A.7 for
proofs), making practical exact inference for datasets on the order of 20 points (⇠ 3 ⇥ 109

operations vs ⇠ 1022 trees) or fewer. For larger datasets, we introduce an approximate
algorithm based on a sparse hierarchical cluster trellis and we outline different strategies for
building this sparse trellis. We demonstrate our methods’ capabilities for exact inference

3
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T h e  t r e l l i s

•A trellis is constructed, where nodes 
correspond to all subsets of elements 

• The full trellis is large (2|X|), but the number 
of trees is super-exponentially larger than 
the number of nodes in the trellis 

•

16
AISTATS 2021 [arXiv:2002.11661]

Data Structures & Algorithms for Exact Inference

in Hierarchical Clustering

Craig S. Greenberg∗,1,2, Sebastian Macaluso⇤,3, Nicholas Monath1, Ji-Ah Lee4,
Patrick Flaherty4, Kyle Cranmer3, Andrew McGregor1, and Andrew McCallum1

1College of Information and Computer Sciences, University of Massachusetts Amherst, USA
2National Institute of Standards and Technology, USA

3Center for Cosmology and Particle Physics & Center for Data Science, New York University, USA
4Department of Mathematics and Statistics, University of Massachusetts Amherst, USA

Keywords: Hierarchical Clustering – Jet Physics – Genomics

Abstract
Hierarchical clustering is a fundamental task often used to discover meaningful structures
in data, such as phylogenetic trees, taxonomies of concepts, subtypes of cancer, and
cascades of particle decays in particle physics. Typically approximate algorithms are
used for inference due to the combinatorial number of possible hierarchical clusterings.
In contrast to existing methods, we present novel dynamic-programming algorithms
for exact inference in hierarchical clustering based on a novel trellis data structure,
and we prove that we can exactly compute the partition function, maximum likelihood
hierarchy, and marginal probabilities of sub-hierarchies and clusters. Our algorithms
scale in time and space proportional to the powerset of N elements which is super-
exponentially more efficient than explicitly considering each of the (2N � 3)!! possible
hierarchies. Also, for larger datasets where our exact algorithms become infeasible, we
introduce an approximate algorithm based on a sparse trellis that compares well to
other benchmarks. Exact methods are relevant to data analyses in particle physics
and for finding correlations among gene expression in cancer genomics, and we give
examples in both areas, where our algorithms outperform greedy and beam search
baselines. In addition, we consider Dasgupta’s cost [1] with synthetic data.
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D y n a m i c  p r o g r a m m i n g

•The trellis is an efficient data structure for storing memoized values of the the partition 
function  and  for the MAP clustering  for each of subset of elements V 

• This admits a dynamic programming algorithm to efficiently compute the exact 
partition function and MAP over all possible clusterings

Z(V) ϕ(V |H*) H*

17

Exhaustive Computation of the 
Partition Function - O((2N-3)!!)

Computation using Trellis  - O(3N) << O((2N-3)!!)

{a,b,c} {a,b,d} {a,c,d} {b,c,d}

{a,b,c,d}

{a,b} {a,c} {a,d} {b,c} {b,d} {c,d}

{a} {b} {c} {d}

Recursive Computation 
of Z using Memoization

)( {a,b,c}

{a,c} {b}

)( {a,b,c}

{a,b} {c}

)( {a,b,c}

{b,c} {a}

+ +

Partition Function is 
Sum of Tree Potentials

Tree Potential is 
Product of 

Sibling Potentials

, )(

{a,b,c}

{b,c} {a}, )(

{b} {c}

 

 

� ��

Z({a, b, c, d}) =  ({a, b, c}, {d}) · Z({a, b, c}) · Z({d}) +  ({a, b, d}, {c}) · Z({a, b, d}) · Z({c})

+  ({a, c, d}, {b}) · Z({a, c, d}) · Z({b}) +  ({b, c, d}, {a}) · Z({b, c, d}) · Z({a})

+  ({a, b}, {c, d}) · Z({a, b}) · Z({c, d}) +  ({a, c}, {b, d}) · Z({a, c}) · Z({b, d})

+  ({a, d}, {b, c}) · Z({a, d}) · Z({b, c})

Z({a, b, c}) =  ({a, b}, {c}) · Z({a, b}) · Z({c})

+  ({a, c}, {b}) · Z({a, c}) · Z({b})

+  ({b, c}, {a}) · Z({b, c}) · Z({a})

Z({a, b, c, d}) =  ({a, b, c}, {d}) ·  ({a, b}, {c}) ·  ({a}, {b})

+  ({a, b, c}, {d}) ·  ({a, c}, {b}) ·  ({a}, {c})

+  ({a, b, c}, {d}) ·  ({b, c}, {a}) ·  ({b}, {c})

+  ({a, c, d}, {b}) ·  ({a, c}, {d}) ·  ({a}, {c})

+  ({a, c, d}, {b}) ·  ({a, d}, {c}) ·  ({a}, {d})

+  ({a, c, d}, {b}) ·  ({c, d}, {a}) ·  ({c}, {d})

+  ({a, b, d}, {c}) ·  ({a, b}, {d}) ·  ({a}, {b})

+  ({a, b, d}, {c}) ·  ({a, d}, {b}) ·  ({a}, {d})

+  ({a, b, d}, {c}) ·  ({b, d}, {a}) ·  ({b}, {d})

+  ({b, c, d}, {a}) ·  ({b, c}, {d}) ·  ({b}, {c})

+  ({b, c, d}, {a}) ·  ({b, d}, {c}) ·  ({b}, {d})

+  ({b, c, d}, {a}) ·  ({c, d}, {d}) ·  ({c}, {d})

+  ({a, b}, {c, d}) ·  ({a}, {b}) ·  ({c}, {d})

+  ({a, c}, {b, d}) ·  ({a}, {c}) ·  ({b}, {d})

+  ({a, d}, {b, c}) ·  ({a}, {d}) ·  ({b}, {c})

Figure 2: Computing the partition function for the dataset {a, b, c, d}. Left: exhaustive
computation, consisting of the summation of (2 · 4� 3)!! = 15 energy equations. Right: computation
using the trellis. The sum for the partition function is over 24�1 � 1 = 7 equations, each making use
of a memoized Z value. Colors indicate corresponding computations over siblings in the trellis.

way. In this case, the partition function for every node in the trellis is computed in order
(in a bottom-up approach), from the nodes with the smallest number of elements to the
nodes with the largest number of elements, memoizing the partition function value at each
node. By computing the partial partition functions in this order, whenever computing
the partition function of a given node in the trellis, the corresponding ones of all of the
descendent nodes will have already been computed and memoized. In Figure 2, we show a
visualization comparing the computation of the partition function with the trellis to the
brute force method for a dataset of four elements. Next, we present the complexity result
for Algorithm 1:

Algorithm 1 PartitionFunction(X)

Pick xi 2 X and set Z(X) 0
for Xi in C(X)xi do

if Z(Xi) not set then

Z(Xi) PartitionFunction(Xi)
if Z(X \ Xi) not set then

Z(X \ Xi) PartitionFunction(X \ Xi)
Z(X) Z(X) +  (Xi, X \ Xi) · Z(Xi) · Z(X \ Xi)

return Z(X)

Theorem 1. For a given dataset X of N elements, Algorithm 1 computes Z(X) in O(3N )
time.

The time-complexity of the algorithm is O(3N ), which is is significantly smaller than
the (2N � 3)!! possible hierarchies.

5



T h e  s p a r s e  t r e l l i s

•The problem with the full trellis is that it still grows exponentially 

• But there is a natural sparse trellis that admits an approximate algorithm for 
the MAP clustering  and partition function  

• One simply removes nodes from the trellis (subject to a consistency condition) 

• One can also construct a sparse trellis from 
samples (e.g., ground truth from a simulator, 
greedy, or beam search) 
or randomly sample 
pairwise splittings
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Figure 7: Trellises MAP hierarchy log likelihood (values are relative to the greedy algorithm) vs
their sparsity. Each value corresponds to the mean over 100 trees of a test dataset. We show the
Simulator (Sim.) and the Beam Search (BS) trellises. In both cases, we present the trellis obtained
by ordering the leaves of the input trees in increasing norm of their momentum vector ~p 2 R3 (see
the probabilistic model description of section 4.2 for more details). We compare sparse trellises with
other orderings of the leaves in Appendix § A.12. We add the values of the exact trellis, beam search
and greedy algorithms. The BS trellis approaches the performance of the full one for a smaller
sparsity index than the Sim. Trellis. Also, the sparse trellises are pre-built and then run on new
datasets (test), which is why BS performs better than BS trellis sometimes.

that it allows to sample hierarchies from the exact true posterior distribution, i.e. sample a
hierarchy according to its probability.

Finally, as a proof of concept, we show in Figure 7 the performance of the sparse trellis
to calculate the MAP values on a set of 100 Ginkgo jets with 9 leaves. We chose a dataset
of 9 elements to be able to easily compare the performance of the sparse and full trellises.
However, the sparse trellis can be applied to larger datasets. Even though beam search has
a good performance for trees with a small number of leaves, we see that both sparse trellises
quickly improve over beam search, with a sparsity index of only about 2%. Both sparse
trellises approach the performance of the exact one, but the BS trellis does it sooner.

4.3 Cancer Genomics

Background Hierarchical clustering is a common clustering approach for gene expression
data [4]. However, standard hierarchical clustering uses a greedy agglomerative or divisive
heuristic to build a tree. It is not uncommon to have a need for clustering a small
number of samples in cancer genomics studies. An analysis of data available from https:
//clinicaltrials.gov shows that the median sample size for 7,412 completed phase I
clinical trials involving cancer is only 30.

Probabilistic Model In this case we are given a dataset of vectors indicating the level
of gene expressions which are endowed with pairwise affinities that are both positive and

12
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S a m p l i n g

•The partition function values  for each node in 
the trellis encode a distribution over all possible trees 

• One can populate a trellis with samples and think 
of the resulting trellis as a histogram over the 
discrete space of possible binary trees 

•Transversing the trellis from top to bottom mirrors 
the (Markov) generative model we have in physics 

• A softmax over the partition functions for nodes at 
each level leads to categorical distribution for 
splitting at that level 

• This leads to a natural, efficient, and exact 
sampling algorithm
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M a x i m u m  L i k e l i h o o d  &  Va r i a t i o n a l  I n f e r e n c e

•The partition function values  for each node in the 
trellis encode a distribution over all possible trees 

• This leads to a parametrization of distributions over the 
discrete space of possible binary trees 

• We can also use a neural network or some other model 
to reparametrize  

• We can fit this parametrized distribution to samples of 
trees with maximum likelihood 

•We can also construct something like Variational Auto 
Encoder to approximate the posterior distribution  
with a neural network parametrized trellis:  

• Together with efficient sampling could lead to efficient 
variational inference over the structured latent space

Z(V)

NN : ϕ → Z(V)

p(z |x)
NN : x, ϕ → Z(V)
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A *  s e a r c h  +  t r e l l i s

•Most recently, we combined the trellis with A* search to find an efficient algorithm 
to find the global MAP hierarchical clustering that can leverage a heuristic 
• Compactly encode states in the space of hierarchical clusterings (as paths from 

the root to the leaves of the trellis), and  
• Compactly represent the search frontier (as nested priority queues). 
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A p p r o x i m a t e  A *  s e a r c h  +  t r e l l i s

•We can limit the size of the priorities queues and/or number of trees explored  

• Yields an approximate A* search  

• We can control the computational complexity of the search 

• This allows us to scale the algorithms to many more elements
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R e s u l t s

•The resulting algorithm allows us to extend the search for the exact MAP / lowest-
cost hierarchical clustering to more elements (from 1012 to 1015 trees) 

•The approximate algorithm improves over baselines, even in enormous search 
spaces with 150 elements (10300 trees)  

• Also non-physics benchmark with 500 elements (more than 101000 trees)  

•

25

Figure 8: Hierarchical Correlation Clustering on Benchmark Data. On randomly sampled subsets small enough for us
to run the exact A* approach, we report the hierarchical correlation clustering cost (lower is better) for clustering benchmarks.
We observe that the approximate A* method is able to achieve lower cost clusterings compared to greedy.

Figure 9: Improvement over Greedy on Larger Benchmark Datasets . We report the improvement (cost, lower is better)
of the approximate A* method over the greedy baseline.

and iterative construction approach (§4) to extend the search
space beyond greedy initialization and use heuristic hcc.

Figure 8, shows the cost (lower is better) of the exact solu-
tion found via A*, the aforementioned approximate A*, and
the greedy solution on small datasets. We sample each of
the small datasets from their corresponding original dataset
using stratified sampling, where the strata correspond to
the ground truth class labels. We report the mean and stan-
dard deviation / sqrt(num runs) computed over 5 random
samples of each dataset size. We observe that the approxi-
mate method is able to provide hierarchical clusterings that
have lower cost than the greedy approach, nearing the exact
MAP values found by the optimal approach. In Figure 9, we
show results on data sets with a larger number of samples
(sampled from the original datasets in the same manner as
before), which are too large to run the exact algorithm. We
plot the reduction (mean, standard deviation / sqrt(num runs)
over 5 runs per dataset size) in cost of the clusterings found
by the approximate A* algorithm vs. the greedy approach.

7 RELATED WORK
Most similar to our approach, Daume III [19] uses an A*-
based approach to find MAP solutions to Dirichlet Pro-
cess Mixture Models. This work focuses on flat clustering
rather than hierarchical, and it does not include a detailed
analysis of the time and space complexity, as is done in
this paper. In contrast to our deterministic search-based
approach, sampling-based methods, such as [4, 31, 25, 5],
use MCMC, Metropolis Hastings or Sequential Monte Carlo
methods to draw samples from a posterior distribution over
trees.Other methods use incremental constructions of tree

structures [32, 35, 42], similar to our approach, however
they perform tree re-arrangements to overcome greedy de-
cisions made in the incremental setting. These operations
are made in a relatively local fashion without considering a
global cost function for tree structures as is done in our pa-
per. Linear, quadratic, and semi-definite programming
have also been used to solve hierarchical clustering prob-
lems [26, 37], as have, branch-and-bound based methods
[16]. These methods often have approximation guarantees.
It would be interesting to discover how these methods could
be used to explore nodes in a trellis structure (§4) in future
work. In contrast to our search-based method that considers
discrete tree structures, recent work has considered continu-
ous representations of tree structures to support gradient-
based optimization [34, 10]. Finally, we note that much
recent work, [11, 12, 13, 14, 15, 37], has been devoted to
Dasgupta’s cost for hierarchical clustering [18]. We direct
the interested reader to the Appendix §A.8, for a description
of the cost and an admissible heuristic that enables the use
of A* to find optimal Dasgupta cost hierarchical clusterings.

8 CONCLUSION
In this paper, we present a way to run A* to provide ex-
act and approximate hierarchical clusterings. We describe a
data structure with a nested representation of the A* search
space to provide a time and space efficient approach to
search. We demonstrate the effectiveness of the approach
experimentally and prove theoretical results about its opti-
mality and efficiency. In future work, we hope to extend the
same kinds of algorithms to flat clustering costs as well as
to probabilistic models in Bayesian non-parametrics.
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S c a l i n g

•The approximate A* algorithm has 
controlled run time even for ~150 elements 

•The number of trees explored by the 
approximate A* algorithm is tiny compared 
to the 3N nodes in the trellis, which is super-
exponentially smaller than the number of 
trees.  

•Only about 10-180 of the total number of 
trees are explored in this case 
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Hierarchical Clustering as a  
Markov Decision Process  

+ Reinforcement Learning



H i e r a r c h i c a l  C l u s t e r i n g  a s  a n  M D P

•In a separate, but related thread of research, we 
framed the hierarchical clustering as a Markov 
Decision Process 

• Interfaced to Open AI Gym 

• Used various Reinforcement Learning algorithms

28

3 Algorithms

… …

…
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Figure 1: Jet clustering as a Markov Decision Pro-
cess. States s (squares) represent (partial) cluster-
ings of the original particles (small circles), the
agent begins in the unclustered state (top square).
Each action a chooses a pair of particles in the cur-
rent state (which may be either part of the original
particle set or the result of a partial clustering) to
be merged next. The reward r is the log likelihood
of the corresponding 1 ! 2 splitting.

Monte-Carlo Tree Search (MCTS). The formu-
lation of jet clustering as an MDP allows us to use
any (model-free) reinforcement learning (RL) algo-
rithm to tackle it. Since the state transition model is
known (and deterministic), we instead use a model-
based planning approach to leverage this knowledge.
We choose MCTS [8], which builds a search tree
over possible clusterings z by rolling out a number
of clusterings. During these roll-outs, at each state
s we choose the action a that maximizes the upper
confidence bound on the action values (PUCT)

Us,a = Qs,a + c ⇡(s, a)

p
Ns

1 + Ns,a
. (2)

Here ⇡(s, a) is a learnably policy implemented as a
neural network, Qs,a is the mean normalized reward
received after chosing action a in state s, Ns (Ns,a)
is the number of times a state s has been visited (and
action a has been chosen), and c is a hyperparameter
that balances exploration and exploitation. Since the
episode length is given by the number of leaf particles,
we roll out all MCTS trajectories until termination.

After a fixed number of MCTS roll-outs, the agent ul-
timately picks the action a

⇤ that lead to the largest in-
dividual roll-out reward. The policy ⇡(s, a) is trained
to agree with the MCTS decisions by maximizing the log likelihood log ⇡(s, a⇤).

While the MCTS algorithm should be able to learn good policies from raw data, we find that with
limited training time it benefits from feature engineering and a suitable initialization. As inputs into
the neural network ⇡(s, a) we use not only the four-momenta of all current particles, but also the
splitting probabilities ps(zt+1|zt(i, j)) for all possible actions a = (i, j). In addition, we initialize
the MCTS search tree at each step by running beam search with a small beam size b.

Behavioral Cloning (BC). Next, we consider a clustering algorithm based on imitation learning,
specifically Behavioral Cloning: a policy ⇡ is trained to imitate the actions that reconstruct the true
trees, which we can extract from the generative model, by maximizing log ⇡(s, atruth).

MLE-BC. For samples with a small number of final-state particles nN we can also construct the
exact maximum-likelihood tree using the algorithm from Ref. [14], and train a policy to imitate it.
The MLE tree becomes impractically slow for nN > 10; for these samples we continue to use the
simulator truth trees as demonstrator actions.

BC-MCTS. Finally, we consider an MCTS planner where the policy ⇡ is pretrained by BC, again
using the true decay trees as demonstrator actions.

4 Experiments

The GINKGO simulator. We demonstrate the MCTS clustering algorithm in a simplified setup
where the likelihood of each individual tree is tractable. To this end we use GINKGO [15], a toy
generative model for jet physics that captures essential aspects of realistic simulators of the parton
shower. We implement the MDP described above based on this simulator and provide a standard
OPENAI GYM [16] interface.

Setup. We repeatedly simulate the parton shower for a single initial elementary particle. The final
states of these decays are then clustered by our algorithms. Neural policies are trained for 60 000
steps (MCTS) or 106 steps (BC). The clustered trees are evaluated on 500 samples, using the mean
log likelihood as given in Eq. (1) as metric.

3

superhuman performance in a range of board games, demonstrating its ability to efficiently search
large combinatorial spaces. We also test imitation learning, specifically Behavioral Cloning, and
train a policy to imitate the actions that reproduce the true tree from the generative model. While
(model-free) RL methods have been used in the context of jet grooming, i. e. pruning an existing
tree to remove certain backgrounds [11], they have not yet been used for clustering, that is, the
construction of the binary tree itself. In first experiments we demonstrate that the MCTS clustering
agent outperforms not only the greedy industry standard, but also beam search. Finally, we discuss
which steps need to be taken to scale this approach to real-life applications. The code used for this
study is available at https://github.com/johannbrehmer/ginkgo-rl.

2 Jet clustering as a Markov Decision Process

Problem statement. We describe the parton shower as a stochastic generative process in which a
set of particles described by their four-momenta at time step t, zt = {pt,1, pt,1, . . . , pt,nt}, undergoes
successive binary splittings zt ! zt+1 ⇠ ps(zt+1|zt). The successor state zt+1 contains nt � 1
unchanged particles from zt as well as the children of one radiating particle. The whole decay
process thus forms a binary tree. The individual splittings are Markov, and their probability densities
ps(zt+1|zt) are known and tractable. In particular, each splitting has to satisfy the energy-momentum
conservation law: a splitting pt,i ! pt+1,i, pt+1,j satisfies pt,i = pt+1,i + pt+1,j . The initial state
is a single elementary particle, z1 = {p1,1}. The process terminates after N splittings, after which
the final-state momenta x = zN are observed. For a detailed description of the parton shower, see
e. g. Refs. [12, 13].

Given an observed final state x = zN = {pN,1, pN,2, . . . , pN,nN }, we study the problem of inferring
the maximum-likelihood latent binary tree z

⇤ = argmax{z1,...,zN} p(x|{z1, . . . , zN}) with

p(x|{z1, . . . , zN}) = ps(x|zN�1)
N�2Y

t=1

ps(zt+1|zt) . (1)

Markov Decision Process (MDP). We treat the problem of clustering as an MDP (S,A, P, R):

• The state space S is given by all possible particle sets at any given point during the clustering
process, s = zt.

• The actions A are the choice of two particles a = (i, j) with 1  i < j  nt to be merged.
• The state transitions P are deterministic and update zt to zt�1 by replacing the particles pt,i

and pt,j with a parent pt�1,i = pt,i + pt,j . All other particles are left unchanged, each state
transition thus reduces the number of particles by one.

• The rewards R are the splitting probabilities, R(s = zt, a = (i, j)) = log ps(zt|zt�1(i, j)).
• The MDP is episodic and terminates when only a single particle is left.

An agent solves the jet clustering problem by first considering the state of all observed, final-state
particles and choosing which two to merge into a parent. It receives the log likelihood of this splitting
as reward. Next, it considers the reduced set of particles where the two chosen particles have been
replaced by their proposed parent, chooses the next pair of particles to merge, and so on. Rolling out
an episode leads to a proposed clustering tree z = {z1, . . . , zN}, with the total received reward being
equal to the log likelihood of this tree following Eq. (1). We illustrate this setup in Fig. 1.

Limitations. Our description of the parton shower as a binary process and in particular the assump-
tion that the final state is perfectly observable are approximations to the true physical process. In
reality, the final states of the shower first have to form stable particles (hadrons) and then interact with
a complicated detector to be measured. The clustering problem is thus actually a partially observable
MDP. These effects, which are also not modeled in state-of-the-art clustering algorithms, go beyond
the scope of this proof-of-concept paper.
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R e i n f o r c e m e n t  L e a r n i n g

•In particular, we compared the performance of  

• Monte Carlo Tree Search (MCTS) 

• Imitation learning / Behavioral Cloning (BC).  

•to traditional baselines:  

• Greedy 

• Beam Search 

•And the exact MLE/MAP found by  
using the trellis algorithm
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Figure 2: Mean log likelihood of clustered trees (larger is better). We show the mean and its standard error
between five models trained with different random seeds. Left: against the computational cost, measured as
the number of evaluations of the splitting likelihood ps required by the different algorithms. For beam search
and MCTS we show four different hyperparameter settings. Right: as a function of the number of final-state
particles (leaves of the tree), using the best-performing (and most computationally expensive) hyperparameter
setup for each algorithm. MCTS (solid, red) gives the highest-quality tree clusterings.

broadly, we need to analyze how much higher-likelihood reconstructed trees can improve the results
of downstream physics analyses.

Finally, the RL algorithms need to become faster to be useful under real-life conditions. Adding
a value network instead of rolling out all trajectories until termination as well as using neural
architectures and search trees that directly reflect the hierarchical clustering structure of the problem
may help improve the performance.

Broader impact

The application of reinforcement learning methods to hierarchical clusterings in particle physics
has the potential to improve data analysis methods in collider experiments. In a simplified setup
we demonstrated that it can outperform a greedy algorithm, which is the current industry standard
in particle physics analyses. If this encouraging result persists under more realistic conditions and
the algorithm can be made faster, our approach may make precision measurements of the Standard
Model of Particle Physics, studies of properties of the Higgs boson, and searches for new particles
more efficient, and ultimately help us understand the fundamental properties of the universe a little
better. The RL approach may also improve the quality of hierarchical clusterings in other contexts,
for instance in genomics [14].
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C o n c l u s i o n

•Hierarchical clustering is a common task in particle physics and many other areas 

• The probabilistic view of hierarchical clustering as inverting generative model to infer 
a structured latent space is interesting and connects mechanistic models, variational 
inference, deep learning, and combinatorial optimization 

•The trellis data structure + dynamic programs for MAP and partition function look like a 
more classical algorithm, but  

• The trellis represents a parametrized distribution over hierarchies  

• We can differentiate the MAP and partition function w.r.t. these parameters 

• We can parametrize this distribution with some model, like a neural network, and have 
amortized posteriors with efficient sampling (great for a VAE over discrete structures) 

• All of these could be useful for reinforcement learning or model-based planning
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