
ON SPARSE LINEAR PROGRAMMING 
AND NEURAL NETWORKS

JOAN BRUNA

joint work with

Jaume de Dios 
(UCLA)

Luca Venturi 
(NYU)

(Fig credit: John Cook)



DEEP LEARNING AND COMBINATORIAL OPTIMIZATION

▸ What can DL do for CO? 

▸

[Andreas Loukas][Kyle Cranmer]

[Petar Veličković]

[X. Bresson’s talk]



DEEP LEARNING AND COMBINATORIAL OPTIMIZATION

▸ What can DL do for CO? 

▸ What can CO do for DL?

[X. Bresson’s talk]

[Andreas Loukas][Kyle Cranmer]

[Petar Veličković]



SPARSE INFERENCE 

▸ Sparse Linear Recovery: Canonical Template for Combinatorial 
Optimization [Natarajan]: 

▸ Given dictionary                                   and               , recover     by 
exploiting a sparsity prior.  

▸ Basic framework to understand/analyse power of nonlinear 
approximation relative to linear approximation [DeVore].
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SPARSE INFERENCE 

▸ Sparse Linear Recovery: Canonical Template for Combinatorial 
Optimization [Natarajan]: 

▸ Given dictionary                                   and               , recover     by 
exploiting a sparsity prior.  

▸ Basic framework to understand/analyse power of nonlinear 
approximation relative to linear approximation [DeVore].  

▸ Convex Relaxation: replace      with     norm.     

▸ Compressed Sensing [Candes, Romberg, Tao, Donoho]  

▸ Efficient Algorithms leveraging convex geometry. 
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THIS TALK: SPARSE INFERENCE MEETS NEURAL NETWORKS

▸ Memorization in Overparametrised Shallow Networks 

▸ Given dataset                                            , find “smallest” shallow net              such 
that  

▸ Guarantees in the Mean-Field infinitely wide limit back to finite-width? 
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THIS TALK: SPARSE INFERENCE MEETS NEURAL NETWORKS

▸ Memorization in Overparametrised Shallow Networks 

▸ Given dataset                                            , find “smallest” shallow net              such 
that  

▸ Guarantees in the Mean-Field infinitely wide limit back to finite-width?  

▸ Neural function approximation of sparse inference 

▸ Given high-dimensional input                 and dictionary                      , sparse 
regression defined as                            

▸ Neural network approximation of       ?  

▸ In particular, is depth needed in the high-dimensional regime? 
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MEMORIZATION IN SHALLOW NEURAL NETWORKS: SET-UP

▸ Single hidden-layer ReLU network with input in       and 
parameters  
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<latexit sha1_base64="CnoITOb2YXVJfs4WhHPTfQ426yI="></latexit>

⇥ =
�
✓j = (aj , bj , cj) 2 Rd ⇥ R⇥ R

 M

j=1
:



MEMORIZATION IN SHALLOW NEURAL NETWORKS: SET-UP

▸ Single hidden-layer ReLU network with input in       and 
parameters   

▸ Goal: Memorize training set                                        , ie find      
such that                       , with small complexity, e.g. smallest 
possible    , or smallest weights 
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f(xi;⇥
⇤) = yi
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>
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MEMORIZATION IN SHALLOW NEURAL NETWORKS: SET-UP

▸ Single hidden-layer ReLU network with input in       and 
parameters   

▸ Goal: Memorize training set                                        , ie find      
such that                       , with small complexity, e.g. smallest 
possible    , or smallest weights  

▸ Questions: 

▸ How does gradient-descent behave under different over-
parametrisation scaling and regularisation?  

▸ Towards optimization guarantees for finite width? 

<latexit sha1_base64="u4x5z7NafUNqqFjZdcPFfyvsRuw=">AAAB83icdVBPS8MwHE3nvzn/TT16CQ7BU0l10u429OJxituEtY40zbawNC1JKoyyr+HFgyJe/TLe/Dam2wQVfRDyeO/3Iy8vTDlTGqEPq7S0vLK6Vl6vbGxube9Ud/c6KskkoW2S8ETehlhRzgRta6Y5vU0lxXHIaTccXxR+955KxRJxoycpDWI8FGzACNZG8v0Y61EY5tfTu6hfrSHbcxvIrUNkm8s5dQ3xGp7TcKFjoxlqYIFWv/ruRwnJYio04VipnoNSHeRYakY4nVb8TNEUkzEe0p6hAsdUBfks8xQeGSWCg0SaIzScqd83chwrNYlDM1lkVL+9QvzL62V64AU5E2mmqSDzhwYZhzqBRQEwYpISzSeGYCKZyQrJCEtMtKmpYkr4+in8n3RObOfMRlf1WvN8UUcZHIBDcAwc4IImuAQt0AYEpOABPIFnK7MerRfrdT5ashY7++AHrLdPzaiSNA==</latexit>

Rd

<latexit sha1_base64="QLgrTqbvv9+WUPI3rg4Lp/0zDg0="></latexit>

{(xi, yi) 2 Rd ⇥ R}in
<latexit sha1_base64="b7iXacHlthJH9/5JforVlRvB+b8=">AAAB73icdVDLSgMxFM34rPVVdekmWARxMcxoZaa7ohuXFfqCdiyZNG1DM5kxuSOUoT/hxoUibv0dd/6N6UNQ0QMhh3Pu5d57wkRwDY7zYS0tr6yurec28ptb2zu7hb39ho5TRVmdxiJWrZBoJrhkdeAgWCtRjEShYM1wdDX1m/dMaR7LGowTFkRkIHmfUwJGanVqQwbk9rRbKDq275Udr4Qd23zuuWeIX/bdsodd25mhiBaodgvvnV5M04hJoIJo3XadBIKMKOBUsEm+k2qWEDoiA9Y2VJKI6SCb7TvBx0bp4X6szJOAZ+r3joxEWo+j0FRGBIb6tzcV//LaKfT9IOMySYFJOh/UTwWGGE+Pxz2uGAUxNoRQxc2umA6JIhRMRHkTwtel+H/SOLPdC9u5KRUrl4s4cugQHaET5CIPVdA1qqI6okigB/SEnq0769F6sV7npUvWoucA/YD19gknxJAQ</latexit>

⇥⇤
<latexit sha1_base64="4ko6Wx+Os/aYOzqzTzGQe6t/nSI=">AAAB/nicdVDLSsNAFJ34rPUVFVduBotQXYREK0kRoSCCywp9QRvDZDpph04ezEzEEgr+ihsXirj1O9z5N04fgooeuNzDOfcyd46fMCqkaX5oc/MLi0vLuZX86tr6xqa+td0QccoxqeOYxbzlI0EYjUhdUslIK+EEhT4jTX9wMfabt4QLGkc1OUyIG6JeRAOKkVSSp+8GxTuPnnVqfSLRzdEhPIdDj3p6wTQcu2zaJWgaqlkntiJO2bHKNrQMc4ICmKHq6e+dbozTkEQSMyRE2zIT6WaIS4oZGeU7qSAJwgPUI21FIxQS4WaT80fwQCldGMRcVSThRP2+kaFQiGHoq8kQyb747Y3Fv7x2KgPHzWiUpJJEePpQkDIoYzjOAnYpJ1iyoSIIc6puhbiPOMJSJZZXIXz9FP5PGseGdWqY16VC5XIWRw7sgX1QBBawQQVcgSqoAwwy8ACewLN2rz1qL9rrdHROm+3sgB/Q3j4Bth2Utg==</latexit>

f(xi;⇥
⇤) = yi

<latexit sha1_base64="EAfWOPRUwtHLSfkD+TvrN0bOZc4=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3BRHcCC3YB7RDyaSZNjaTGZKMUEq/wI0LRdz6Se78G9OHoKIHQg7n3Mu994QpZ0o7zoeVW1ldW9/Ibxa2tnd294r7B02VZJLQBkl4ItshVpQzQRuaaU7bqaQ4DjlthaPLmd+6p1KxRNzqcUqDGA8EixjB2kj1m16x5Ni+V3G8MnJs87nnniF+xXcrHnJtZ44SLFHrFd+7/YRkMRWacKxUx3VSHUyw1IxwOi10M0VTTEZ4QDuGChxTFUzmi07RiVH6KEqkeUKjufq9Y4JjpcZxaCpjrIfqtzcT//I6mY78YMJEmmkqyGJQlHGkEzS7GvWZpETzsSGYSGZ2RWSIJSbaZFMwIXxdiv4nzTPbvbCderlUvVrGkYcjOIZTcMGDKlxDDRpAgMIDPMGzdWc9Wi/W66I0Zy17DuEHrLdPPbKNQA==</latexit>

M

<latexit sha1_base64="/F1E2a7RHonMA/18s2dxLG4luE0="></latexit>

f(x;⇥) =
1

M

MX

j=1

cj(a
>
j x+ bj)+ .

<latexit sha1_base64="CnoITOb2YXVJfs4WhHPTfQ426yI="></latexit>

⇥ =
�
✓j = (aj , bj , cj) 2 Rd ⇥ R⇥ R

 M

j=1
:

<latexit sha1_base64="WFH8Lw/hqrkqd7PW0ECkidy5u7k="></latexit>

1

M

MX

j=1

k✓jk2

Set-up Two Examples Tools Statement/Proof Further Work

Blanc Et. Al: Training with noise (Example)

Image from Implicit regular-

ization for deep neural net-

works driven by an Ornstein-

Uhlenbeck like process by

Blanc et. Al

Jaume de Dios UCLA

Regularised Shallow ReLU Networks

[Blanc et al, COLT’20]



MEMORIZATION IN SHALLOW NEURAL NETWORKS: BACKGROUND

▸ How large should we expect      to be in order to memorize     points in dimension    ?
<latexit sha1_base64="EAfWOPRUwtHLSfkD+TvrN0bOZc4=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3BRHcCC3YB7RDyaSZNjaTGZKMUEq/wI0LRdz6Se78G9OHoKIHQg7n3Mu994QpZ0o7zoeVW1ldW9/Ibxa2tnd294r7B02VZJLQBkl4ItshVpQzQRuaaU7bqaQ4DjlthaPLmd+6p1KxRNzqcUqDGA8EixjB2kj1m16x5Ni+V3G8MnJs87nnniF+xXcrHnJtZ44SLFHrFd+7/YRkMRWacKxUx3VSHUyw1IxwOi10M0VTTEZ4QDuGChxTFUzmi07RiVH6KEqkeUKjufq9Y4JjpcZxaCpjrIfqtzcT//I6mY78YMJEmmkqyGJQlHGkEzS7GvWZpETzsSGYSGZ2RWSIJSbaZFMwIXxdiv4nzTPbvbCderlUvVrGkYcjOIZTcMGDKlxDDRpAgMIDPMGzdWc9Wi/W66I0Zy17DuEHrLdPPbKNQA==</latexit>

M
<latexit sha1_base64="fpdsJRJxGvnr2AzK0i1dSsnVYVE=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRaSborunFZxT6gDWUynbRDJ5MwMxFK6B+4caGIW//InX/j9CGo6IFhDufcy733hClnSjvOh1VYWV1b3yhulra2d3b3yvsHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H46uZ376nUrFE3OlJSoMYDwWLGMHaSLcC9csVx/a9muNVkWObzz33DPFrvlvzkGs7c1RgiUa//N4bJCSLqdCEY6W6rpPqIMdSM8LptNTLFE0xGeMh7RoqcExVkM83naITowxQlEjzhEZz9XtHjmOlJnFoKmOsR+q3NxP/8rqZjvwgZyLNNBVkMSjKONIJmp2NBkxSovnEEEwkM7siMsISE23CKZkQvi5F/5PWme1e2M5NtVK/XMZRhCM4hlNwwYM6XEMDmkAgggd4gmdrbD1aL9brorRgLXsO4Qest0/EoY2I</latexit>n

<latexit sha1_base64="t8mw34DV59RYtXnw3w18RAujcnI=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bhswT6gHUomc6eNzTxIMkIp/QI3LhRx6ye5829MH4KKHgg5nHMv994TZIIrTciHtbK6tr6xWdgqbu/s7u2XDg5bKs0lgyZLRSo7AVUgeAJNzbWATiaBxoGAdjC6nvnte5CKp8mtHmfgx3SQ8Igzqo3UCPulMrE9t0rcCia2+ZwL1xCv6jlVFzs2maOMlqj3S++9MGV5DIlmgirVdUim/QmVmjMB02IvV5BRNqID6Bqa0BiUP5kvOsWnRglxlErzEo3n6veOCY2VGseBqYypHqrf3kz8y+vmOvL8CU+yXEPCFoOiXGCd4tnVOOQSmBZjQyiT3OyK2ZBKyrTJpmhC+LoU/09a57ZzaZNGpVy7WsZRQMfoBJ0hB7mohm5QHTURQ4Ae0BN6tu6sR+vFel2UrljLniP0A9bbJ1+njVQ=</latexit>

d



MEMORIZATION IN SHALLOW NEURAL NETWORKS: BACKGROUND

▸ How large should we expect      to be in order to memorize     points in dimension    ? 

▸              follows directly from Universal Approximation and Convex Geometry [Caratheodory] 

▸ In fact,                 is possible [Baum’88 for threshold units, Bubeck et al’20 for ReLU].

<latexit sha1_base64="EAfWOPRUwtHLSfkD+TvrN0bOZc4=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3BRHcCC3YB7RDyaSZNjaTGZKMUEq/wI0LRdz6Se78G9OHoKIHQg7n3Mu994QpZ0o7zoeVW1ldW9/Ibxa2tnd294r7B02VZJLQBkl4ItshVpQzQRuaaU7bqaQ4DjlthaPLmd+6p1KxRNzqcUqDGA8EixjB2kj1m16x5Ni+V3G8MnJs87nnniF+xXcrHnJtZ44SLFHrFd+7/YRkMRWacKxUx3VSHUyw1IxwOi10M0VTTEZ4QDuGChxTFUzmi07RiVH6KEqkeUKjufq9Y4JjpcZxaCpjrIfqtzcT//I6mY78YMJEmmkqyGJQlHGkEzS7GvWZpETzsSGYSGZ2RWSIJSbaZFMwIXxdiv4nzTPbvbCderlUvVrGkYcjOIZTcMGDKlxDDRpAgMIDPMGzdWc9Wi/W66I0Zy17DuEHrLdPPbKNQA==</latexit>

M
<latexit sha1_base64="fpdsJRJxGvnr2AzK0i1dSsnVYVE=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRaSborunFZxT6gDWUynbRDJ5MwMxFK6B+4caGIW//InX/j9CGo6IFhDufcy733hClnSjvOh1VYWV1b3yhulra2d3b3yvsHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H46uZ376nUrFE3OlJSoMYDwWLGMHaSLcC9csVx/a9muNVkWObzz33DPFrvlvzkGs7c1RgiUa//N4bJCSLqdCEY6W6rpPqIMdSM8LptNTLFE0xGeMh7RoqcExVkM83naITowxQlEjzhEZz9XtHjmOlJnFoKmOsR+q3NxP/8rqZjvwgZyLNNBVkMSjKONIJmp2NBkxSovnEEEwkM7siMsISE23CKZkQvi5F/5PWme1e2M5NtVK/XMZRhCM4hlNwwYM6XEMDmkAgggd4gmdrbD1aL9brorRgLXsO4Qest0/EoY2I</latexit>n

<latexit sha1_base64="t8mw34DV59RYtXnw3w18RAujcnI=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bhswT6gHUomc6eNzTxIMkIp/QI3LhRx6ye5829MH4KKHgg5nHMv994TZIIrTciHtbK6tr6xWdgqbu/s7u2XDg5bKs0lgyZLRSo7AVUgeAJNzbWATiaBxoGAdjC6nvnte5CKp8mtHmfgx3SQ8Igzqo3UCPulMrE9t0rcCia2+ZwL1xCv6jlVFzs2maOMlqj3S++9MGV5DIlmgirVdUim/QmVmjMB02IvV5BRNqID6Bqa0BiUP5kvOsWnRglxlErzEo3n6veOCY2VGseBqYypHqrf3kz8y+vmOvL8CU+yXEPCFoOiXGCd4tnVOOQSmBZjQyiT3OyK2ZBKyrTJpmhC+LoU/09a57ZzaZNGpVy7WsZRQMfoBJ0hB7mohm5QHTURQ4Ae0BN6tu6sR+vFel2UrljLniP0A9bbJ1+njVQ=</latexit>

d
<latexit sha1_base64="qGPTDzyUbKNP9xp1EYB7B5medXQ=">AAAB73icdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3RTduhAr2Ae1QMmmmDc1kpklGKKU/4caFIm79HXf+jelDUNEDIYdz7uXee8KUM6Ud58PKrayurW/kNwtb2zu7e8X9g4ZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+HVzG/eU6lYIu70OKVBjPuCRYxgbaTWDer06QiJbrHk2L5XcbwycmzzueeeIX7Fdysecm1njhIsUesW3zu9hGQxFZpwrFTbdVIdTLDUjHA6LXQyRVNMhrhP24YKHFMVTOb7TtGJUXooSqR5QqO5+r1jgmOlxnFoKmOsB+q3NxP/8tqZjvxgwkSaaSrIYlCUcaQTNDse9ZikRPOxIZhIZnZFZIAlJtpEVDAhfF2K/ieNM9u9sJ3bcql6uYwjD0dwDKfgggdVuIYa1IEAhwd4gmdrZD1aL9brojRnLXsO4Qest0+7fY/K</latexit>

M � n
<latexit sha1_base64="FkgDeRpTYHKhWJ2oRn2YGbUvu4w=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4Gme0MtNd0Y0boYJ9QDuUTCZtQzPJmGSKZeh3uHGhiFs/xp1/Y/oQVPTA5R7OuZfcnDBhVGnH+bByS8srq2v59cLG5tb2TnF3r6FEKjGpY8GEbIVIEUY5qWuqGWklkqA4ZKQZDi+nfnNEpKKC3+pxQoIY9TntUYy0kYJr2EFJIsU95CdRt1hybN+rOF4ZOrZp7plniF/x3YoHXduZoQQWqHWL751I4DQmXGOGlGq7TqKDDElNMSOTQidVJEF4iPqkbShHMVFBNjt6Ao+MEsGekKa4hjP1+0aGYqXGcWgmY6QH6rc3Ff/y2qnu+UFGeZJqwvH8oV7KoBZwmgCMqCRYs7EhCEtqboV4gCTC2uRUMCF8/RT+TxqntntuOzflUvViEUceHIBDcAxc4IEquAI1UAcY3IEH8ASerZH1aL1Yr/PRnLXY2Qc/YL19AnaCkew=</latexit>

M ⇡ n/d



MEMORIZATION IN SHALLOW NEURAL NETWORKS: BACKGROUND

▸ How large should we expect      to be in order to memorize     points in dimension    ? 

▸              follows directly from Universal Approximation and Convex Geometry [Caratheodory] 

▸ In fact,                 is possible [Baum’88 for threshold units, Bubeck et al’20 for ReLU]. 

▸ However, number of neurons is not necessarily good notion of complexity.  

▸ Moreover, previous memorization algorithms do not correspond to gradient descent. 

<latexit sha1_base64="EAfWOPRUwtHLSfkD+TvrN0bOZc4=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3BRHcCC3YB7RDyaSZNjaTGZKMUEq/wI0LRdz6Se78G9OHoKIHQg7n3Mu994QpZ0o7zoeVW1ldW9/Ibxa2tnd294r7B02VZJLQBkl4ItshVpQzQRuaaU7bqaQ4DjlthaPLmd+6p1KxRNzqcUqDGA8EixjB2kj1m16x5Ni+V3G8MnJs87nnniF+xXcrHnJtZ44SLFHrFd+7/YRkMRWacKxUx3VSHUyw1IxwOi10M0VTTEZ4QDuGChxTFUzmi07RiVH6KEqkeUKjufq9Y4JjpcZxaCpjrIfqtzcT//I6mY78YMJEmmkqyGJQlHGkEzS7GvWZpETzsSGYSGZ2RWSIJSbaZFMwIXxdiv4nzTPbvbCderlUvVrGkYcjOIZTcMGDKlxDDRpAgMIDPMGzdWc9Wi/W66I0Zy17DuEHrLdPPbKNQA==</latexit>

M
<latexit sha1_base64="fpdsJRJxGvnr2AzK0i1dSsnVYVE=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRaSborunFZxT6gDWUynbRDJ5MwMxFK6B+4caGIW//InX/j9CGo6IFhDufcy733hClnSjvOh1VYWV1b3yhulra2d3b3yvsHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H46uZ376nUrFE3OlJSoMYDwWLGMHaSLcC9csVx/a9muNVkWObzz33DPFrvlvzkGs7c1RgiUa//N4bJCSLqdCEY6W6rpPqIMdSM8LptNTLFE0xGeMh7RoqcExVkM83naITowxQlEjzhEZz9XtHjmOlJnFoKmOsR+q3NxP/8rqZjvwgZyLNNBVkMSjKONIJmp2NBkxSovnEEEwkM7siMsISE23CKZkQvi5F/5PWme1e2M5NtVK/XMZRhCM4hlNwwYM6XEMDmkAgggd4gmdrbD1aL9brorRgLXsO4Qest0/EoY2I</latexit>n

<latexit sha1_base64="t8mw34DV59RYtXnw3w18RAujcnI=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bhswT6gHUomc6eNzTxIMkIp/QI3LhRx6ye5829MH4KKHgg5nHMv994TZIIrTciHtbK6tr6xWdgqbu/s7u2XDg5bKs0lgyZLRSo7AVUgeAJNzbWATiaBxoGAdjC6nvnte5CKp8mtHmfgx3SQ8Igzqo3UCPulMrE9t0rcCia2+ZwL1xCv6jlVFzs2maOMlqj3S++9MGV5DIlmgirVdUim/QmVmjMB02IvV5BRNqID6Bqa0BiUP5kvOsWnRglxlErzEo3n6veOCY2VGseBqYypHqrf3kz8y+vmOvL8CU+yXEPCFoOiXGCd4tnVOOQSmBZjQyiT3OyK2ZBKyrTJpmhC+LoU/09a57ZzaZNGpVy7WsZRQMfoBJ0hB7mohm5QHTURQ4Ae0BN6tu6sR+vFel2UrljLniP0A9bbJ1+njVQ=</latexit>

d
<latexit sha1_base64="qGPTDzyUbKNP9xp1EYB7B5medXQ=">AAAB73icdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3RTduhAr2Ae1QMmmmDc1kpklGKKU/4caFIm79HXf+jelDUNEDIYdz7uXee8KUM6Ud58PKrayurW/kNwtb2zu7e8X9g4ZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+HVzG/eU6lYIu70OKVBjPuCRYxgbaTWDer06QiJbrHk2L5XcbwycmzzueeeIX7Fdysecm1njhIsUesW3zu9hGQxFZpwrFTbdVIdTLDUjHA6LXQyRVNMhrhP24YKHFMVTOb7TtGJUXooSqR5QqO5+r1jgmOlxnFoKmOsB+q3NxP/8tqZjvxgwkSaaSrIYlCUcaQTNDse9ZikRPOxIZhIZnZFZIAlJtpEVDAhfF2K/ieNM9u9sJ3bcql6uYwjD0dwDKfgggdVuIYa1IEAhwd4gmdrZD1aL9brojRnLXsO4Qest0+7fY/K</latexit>

M � n
<latexit sha1_base64="FkgDeRpTYHKhWJ2oRn2YGbUvu4w=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4Gme0MtNd0Y0boYJ9QDuUTCZtQzPJmGSKZeh3uHGhiFs/xp1/Y/oQVPTA5R7OuZfcnDBhVGnH+bByS8srq2v59cLG5tb2TnF3r6FEKjGpY8GEbIVIEUY5qWuqGWklkqA4ZKQZDi+nfnNEpKKC3+pxQoIY9TntUYy0kYJr2EFJIsU95CdRt1hybN+rOF4ZOrZp7plniF/x3YoHXduZoQQWqHWL751I4DQmXGOGlGq7TqKDDElNMSOTQidVJEF4iPqkbShHMVFBNjt6Ao+MEsGekKa4hjP1+0aGYqXGcWgmY6QH6rc3Ff/y2qnu+UFGeZJqwvH8oV7KoBZwmgCMqCRYs7EhCEtqboV4gCTC2uRUMCF8/RT+TxqntntuOzflUvViEUceHIBDcAxc4IEquAI1UAcY3IEH8ASerZH1aL1Yr/PRnLXY2Qc/YL19AnaCkew=</latexit>

M ⇡ n/d



MEMORIZATION IN SHALLOW NEURAL NETWORKS: BACKGROUND

▸ How large should we expect      to be in order to memorize     points in dimension    ? 

▸              follows directly from Universal Approximation and Convex Geometry [Caratheodory] 

▸ In fact,                 is possible [Baum’88 for threshold units, Bubeck et al’20 for ReLU]. 

▸ However, number of neurons is not necessarily good notion of complexity.  

▸ Moreover, previous memorization algorithms do not correspond to gradient descent.  

▸ Tychonov Regularisation (aka weight decay, path-norm): 

▸ Sparsity             with total weight                       sufficient [Bubeck et al], but not gradient-descent.

<latexit sha1_base64="EAfWOPRUwtHLSfkD+TvrN0bOZc4=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3BRHcCC3YB7RDyaSZNjaTGZKMUEq/wI0LRdz6Se78G9OHoKIHQg7n3Mu994QpZ0o7zoeVW1ldW9/Ibxa2tnd294r7B02VZJLQBkl4ItshVpQzQRuaaU7bqaQ4DjlthaPLmd+6p1KxRNzqcUqDGA8EixjB2kj1m16x5Ni+V3G8MnJs87nnniF+xXcrHnJtZ44SLFHrFd+7/YRkMRWacKxUx3VSHUyw1IxwOi10M0VTTEZ4QDuGChxTFUzmi07RiVH6KEqkeUKjufq9Y4JjpcZxaCpjrIfqtzcT//I6mY78YMJEmmkqyGJQlHGkEzS7GvWZpETzsSGYSGZ2RWSIJSbaZFMwIXxdiv4nzTPbvbCderlUvVrGkYcjOIZTcMGDKlxDDRpAgMIDPMGzdWc9Wi/W66I0Zy17DuEHrLdPPbKNQA==</latexit>

M
<latexit sha1_base64="fpdsJRJxGvnr2AzK0i1dSsnVYVE=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRaSborunFZxT6gDWUynbRDJ5MwMxFK6B+4caGIW//InX/j9CGo6IFhDufcy733hClnSjvOh1VYWV1b3yhulra2d3b3yvsHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H46uZ376nUrFE3OlJSoMYDwWLGMHaSLcC9csVx/a9muNVkWObzz33DPFrvlvzkGs7c1RgiUa//N4bJCSLqdCEY6W6rpPqIMdSM8LptNTLFE0xGeMh7RoqcExVkM83naITowxQlEjzhEZz9XtHjmOlJnFoKmOsR+q3NxP/8rqZjvwgZyLNNBVkMSjKONIJmp2NBkxSovnEEEwkM7siMsISE23CKZkQvi5F/5PWme1e2M5NtVK/XMZRhCM4hlNwwYM6XEMDmkAgggd4gmdrbD1aL9brorRgLXsO4Qest0/EoY2I</latexit>n

<latexit sha1_base64="t8mw34DV59RYtXnw3w18RAujcnI=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bhswT6gHUomc6eNzTxIMkIp/QI3LhRx6ye5829MH4KKHgg5nHMv994TZIIrTciHtbK6tr6xWdgqbu/s7u2XDg5bKs0lgyZLRSo7AVUgeAJNzbWATiaBxoGAdjC6nvnte5CKp8mtHmfgx3SQ8Igzqo3UCPulMrE9t0rcCia2+ZwL1xCv6jlVFzs2maOMlqj3S++9MGV5DIlmgirVdUim/QmVmjMB02IvV5BRNqID6Bqa0BiUP5kvOsWnRglxlErzEo3n6veOCY2VGseBqYypHqrf3kz8y+vmOvL8CU+yXEPCFoOiXGCd4tnVOOQSmBZjQyiT3OyK2ZBKyrTJpmhC+LoU/09a57ZzaZNGpVy7WsZRQMfoBJ0hB7mohm5QHTURQ4Ae0BN6tu6sR+vFel2UrljLniP0A9bbJ1+njVQ=</latexit>

d
<latexit sha1_base64="qGPTDzyUbKNP9xp1EYB7B5medXQ=">AAAB73icdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3RTduhAr2Ae1QMmmmDc1kpklGKKU/4caFIm79HXf+jelDUNEDIYdz7uXee8KUM6Ud58PKrayurW/kNwtb2zu7e8X9g4ZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+HVzG/eU6lYIu70OKVBjPuCRYxgbaTWDer06QiJbrHk2L5XcbwycmzzueeeIX7Fdysecm1njhIsUesW3zu9hGQxFZpwrFTbdVIdTLDUjHA6LXQyRVNMhrhP24YKHFMVTOb7TtGJUXooSqR5QqO5+r1jgmOlxnFoKmOsB+q3NxP/8tqZjvxgwkSaaSrIYlCUcaQTNDse9ZikRPOxIZhIZnZFZIAlJtpEVDAhfF2K/ieNM9u9sJ3bcql6uYwjD0dwDKfgggdVuIYa1IEAhwd4gmdrZD1aL9brojRnLXsO4Qest0+7fY/K</latexit>

M � n
<latexit sha1_base64="FkgDeRpTYHKhWJ2oRn2YGbUvu4w=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4Gme0MtNd0Y0boYJ9QDuUTCZtQzPJmGSKZeh3uHGhiFs/xp1/Y/oQVPTA5R7OuZfcnDBhVGnH+bByS8srq2v59cLG5tb2TnF3r6FEKjGpY8GEbIVIEUY5qWuqGWklkqA4ZKQZDi+nfnNEpKKC3+pxQoIY9TntUYy0kYJr2EFJIsU95CdRt1hybN+rOF4ZOrZp7plniF/x3YoHXduZoQQWqHWL751I4DQmXGOGlGq7TqKDDElNMSOTQidVJEF4iPqkbShHMVFBNjt6Ao+MEsGekKa4hjP1+0aGYqXGcWgmY6QH6rc3Ff/y2qnu+UFGeZJqwvH8oV7KoBZwmgCMqCRYs7EhCEtqboV4gCTC2uRUMCF8/RT+TxqntntuOzflUvViEUceHIBDcAxc4IEquAI1UAcY3IEH8ASerZH1aL1Yr/PRnLXY2Qc/YL19AnaCkew=</latexit>

M ⇡ n/d

<latexit sha1_base64="xzGxrmYRbik9bQEroV5/ed7DBlc="></latexit>

R(f) =
1

M

MX

j=1

k✓jk2.
<latexit sha1_base64="tNLAI5eItZ8l6abkzYFeE/jzRN0=">AAAB+3icdVDLSgMxFM3Ud32NdekmWATdjDNamXZXdONOBVsLbSmZzG0bmskMSUYtQ3/FjQtF3Poj7vwb04egogcu93DOveTmBAlnSrvuh5Wbm19YXFpeya+urW9s2luFuopTSaFGYx7LRkAUcCagppnm0EgkkCjgcBMMzsb+zS1IxWJxrYcJtCPSE6zLKNFG6tiF1h0LQTMeQnYx2heH4UHHLrpO2a+4fgm7jmnesW9IuVL2Kj72HHeCIprhsmO/t8KYphEITTlRqum5iW5nRGpGOYzyrVRBQuiA9KBpqCARqHY2uX2E94wS4m4sTQmNJ+r3jYxESg2jwExGRPfVb28s/uU1U90ttzMmklSDoNOHuinHOsbjIHDIJFDNh4YQKpm5FdM+kYRqE1fehPD1U/w/qR853onjXpWK1dNZHMtoB+2ifeQhH1XRObpENUTRPXpAT+jZGlmP1ov1Oh3NWbOdbfQD1tsnFVeUew==</latexit>

eO(n/d)
<latexit sha1_base64="WpYGIQKdd8XlvzmMzZUoXGXirVY="></latexit>

R(f) = eO(
p
n)



MEMORIZATION IN SHALLOW NEURAL NETWORKS: BACKGROUND

▸ How large should we expect      to be in order to memorize     points in dimension    ? 

▸              follows directly from Universal Approximation and Convex Geometry [Caratheodory] 

▸ In fact,                 is possible [Baum’88 for threshold units, Bubeck et al’20 for ReLU]. 

▸ However, number of neurons is not necessarily good notion of complexity.  

▸ Moreover, previous memorization algorithms do not correspond to gradient descent.  

▸ Tychonov Regularisation (aka weight decay, path-norm): 

▸ Sparsity             with total weight                       sufficient [Bubeck et al], but not gradient-descent. 

▸ Gradient Descent analysis in the random feature (=kernel) regime 

▸ [Daniely’20] shows               are sufficient, but poor generalisation. 

▸ How about active, non-linear regime? 

<latexit sha1_base64="EAfWOPRUwtHLSfkD+TvrN0bOZc4=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3BRHcCC3YB7RDyaSZNjaTGZKMUEq/wI0LRdz6Se78G9OHoKIHQg7n3Mu994QpZ0o7zoeVW1ldW9/Ibxa2tnd294r7B02VZJLQBkl4ItshVpQzQRuaaU7bqaQ4DjlthaPLmd+6p1KxRNzqcUqDGA8EixjB2kj1m16x5Ni+V3G8MnJs87nnniF+xXcrHnJtZ44SLFHrFd+7/YRkMRWacKxUx3VSHUyw1IxwOi10M0VTTEZ4QDuGChxTFUzmi07RiVH6KEqkeUKjufq9Y4JjpcZxaCpjrIfqtzcT//I6mY78YMJEmmkqyGJQlHGkEzS7GvWZpETzsSGYSGZ2RWSIJSbaZFMwIXxdiv4nzTPbvbCderlUvVrGkYcjOIZTcMGDKlxDDRpAgMIDPMGzdWc9Wi/W66I0Zy17DuEHrLdPPbKNQA==</latexit>

M
<latexit sha1_base64="fpdsJRJxGvnr2AzK0i1dSsnVYVE=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRaSborunFZxT6gDWUynbRDJ5MwMxFK6B+4caGIW//InX/j9CGo6IFhDufcy733hClnSjvOh1VYWV1b3yhulra2d3b3yvsHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H46uZ376nUrFE3OlJSoMYDwWLGMHaSLcC9csVx/a9muNVkWObzz33DPFrvlvzkGs7c1RgiUa//N4bJCSLqdCEY6W6rpPqIMdSM8LptNTLFE0xGeMh7RoqcExVkM83naITowxQlEjzhEZz9XtHjmOlJnFoKmOsR+q3NxP/8rqZjvwgZyLNNBVkMSjKONIJmp2NBkxSovnEEEwkM7siMsISE23CKZkQvi5F/5PWme1e2M5NtVK/XMZRhCM4hlNwwYM6XEMDmkAgggd4gmdrbD1aL9brorRgLXsO4Qest0/EoY2I</latexit>n

<latexit sha1_base64="t8mw34DV59RYtXnw3w18RAujcnI=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bhswT6gHUomc6eNzTxIMkIp/QI3LhRx6ye5829MH4KKHgg5nHMv994TZIIrTciHtbK6tr6xWdgqbu/s7u2XDg5bKs0lgyZLRSo7AVUgeAJNzbWATiaBxoGAdjC6nvnte5CKp8mtHmfgx3SQ8Igzqo3UCPulMrE9t0rcCia2+ZwL1xCv6jlVFzs2maOMlqj3S++9MGV5DIlmgirVdUim/QmVmjMB02IvV5BRNqID6Bqa0BiUP5kvOsWnRglxlErzEo3n6veOCY2VGseBqYypHqrf3kz8y+vmOvL8CU+yXEPCFoOiXGCd4tnVOOQSmBZjQyiT3OyK2ZBKyrTJpmhC+LoU/09a57ZzaZNGpVy7WsZRQMfoBJ0hB7mohm5QHTURQ4Ae0BN6tu6sR+vFel2UrljLniP0A9bbJ1+njVQ=</latexit>

d
<latexit sha1_base64="qGPTDzyUbKNP9xp1EYB7B5medXQ=">AAAB73icdVDLSgMxFL1TX7W+qi7dBIvgapjRykx3RTduhAr2Ae1QMmmmDc1kpklGKKU/4caFIm79HXf+jelDUNEDIYdz7uXee8KUM6Ud58PKrayurW/kNwtb2zu7e8X9g4ZKMklonSQ8ka0QK8qZoHXNNKetVFIch5w2w+HVzG/eU6lYIu70OKVBjPuCRYxgbaTWDer06QiJbrHk2L5XcbwycmzzueeeIX7Fdysecm1njhIsUesW3zu9hGQxFZpwrFTbdVIdTLDUjHA6LXQyRVNMhrhP24YKHFMVTOb7TtGJUXooSqR5QqO5+r1jgmOlxnFoKmOsB+q3NxP/8tqZjvxgwkSaaSrIYlCUcaQTNDse9ZikRPOxIZhIZnZFZIAlJtpEVDAhfF2K/ieNM9u9sJ3bcql6uYwjD0dwDKfgggdVuIYa1IEAhwd4gmdrZD1aL9brojRnLXsO4Qest0+7fY/K</latexit>

M � n
<latexit sha1_base64="FkgDeRpTYHKhWJ2oRn2YGbUvu4w=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4Gme0MtNd0Y0boYJ9QDuUTCZtQzPJmGSKZeh3uHGhiFs/xp1/Y/oQVPTA5R7OuZfcnDBhVGnH+bByS8srq2v59cLG5tb2TnF3r6FEKjGpY8GEbIVIEUY5qWuqGWklkqA4ZKQZDi+nfnNEpKKC3+pxQoIY9TntUYy0kYJr2EFJIsU95CdRt1hybN+rOF4ZOrZp7plniF/x3YoHXduZoQQWqHWL751I4DQmXGOGlGq7TqKDDElNMSOTQidVJEF4iPqkbShHMVFBNjt6Ao+MEsGekKa4hjP1+0aGYqXGcWgmY6QH6rc3Ff/y2qnu+UFGeZJqwvH8oV7KoBZwmgCMqCRYs7EhCEtqboV4gCTC2uRUMCF8/RT+TxqntntuOzflUvViEUceHIBDcAxc4IEquAI1UAcY3IEH8ASerZH1aL1Yr/PRnLXY2Qc/YL19AnaCkew=</latexit>

M ⇡ n/d

<latexit sha1_base64="tNLAI5eItZ8l6abkzYFeE/jzRN0=">AAAB+3icdVDLSgMxFM3Ud32NdekmWATdjDNamXZXdONOBVsLbSmZzG0bmskMSUYtQ3/FjQtF3Poj7vwb04egogcu93DOveTmBAlnSrvuh5Wbm19YXFpeya+urW9s2luFuopTSaFGYx7LRkAUcCagppnm0EgkkCjgcBMMzsb+zS1IxWJxrYcJtCPSE6zLKNFG6tiF1h0LQTMeQnYx2heH4UHHLrpO2a+4fgm7jmnesW9IuVL2Kj72HHeCIprhsmO/t8KYphEITTlRqum5iW5nRGpGOYzyrVRBQuiA9KBpqCARqHY2uX2E94wS4m4sTQmNJ+r3jYxESg2jwExGRPfVb28s/uU1U90ttzMmklSDoNOHuinHOsbjIHDIJFDNh4YQKpm5FdM+kYRqE1fehPD1U/w/qR853onjXpWK1dNZHMtoB+2ifeQhH1XRObpENUTRPXpAT+jZGlmP1ov1Oh3NWbOdbfQD1tsnFVeUew==</latexit>

eO(n/d)

<latexit sha1_base64="xzGxrmYRbik9bQEroV5/ed7DBlc="></latexit>

R(f) =
1

M

MX

j=1

k✓jk2.
<latexit sha1_base64="tNLAI5eItZ8l6abkzYFeE/jzRN0=">AAAB+3icdVDLSgMxFM3Ud32NdekmWATdjDNamXZXdONOBVsLbSmZzG0bmskMSUYtQ3/FjQtF3Poj7vwb04egogcu93DOveTmBAlnSrvuh5Wbm19YXFpeya+urW9s2luFuopTSaFGYx7LRkAUcCagppnm0EgkkCjgcBMMzsb+zS1IxWJxrYcJtCPSE6zLKNFG6tiF1h0LQTMeQnYx2heH4UHHLrpO2a+4fgm7jmnesW9IuVL2Kj72HHeCIprhsmO/t8KYphEITTlRqum5iW5nRGpGOYzyrVRBQuiA9KBpqCARqHY2uX2E94wS4m4sTQmNJ+r3jYxESg2jwExGRPfVb28s/uU1U90ttzMmklSDoNOHuinHOsbjIHDIJFDNh4YQKpm5FdM+kYRqE1fehPD1U/w/qR853onjXpWK1dNZHMtoB+2ifeQhH1XRObpENUTRPXpAT+jZGlmP1ov1Oh3NWbOdbfQD1tsnFVeUew==</latexit>

eO(n/d)
<latexit sha1_base64="WpYGIQKdd8XlvzmMzZUoXGXirVY="></latexit>

R(f) = eO(
p
n)



LIFTING TO MEASURES OVER PARAMETERS

▸ For each choice of parameters                                                              we 
can associate an empirical measure                         defined in 

                              , so that 

<latexit sha1_base64="CnoITOb2YXVJfs4WhHPTfQ426yI="></latexit>

⇥ =
�
✓j = (aj , bj , cj) 2 Rd ⇥ R⇥ R

 M

j=1
:

<latexit sha1_base64="+367oDqSf48OUg7V7eGkyHchpfw="></latexit>

µ̂ =
1

M

MX

j=1

�✓j
<latexit sha1_base64="feShcQ3YaWFqw9BYxLU2m7sH26k="></latexit>

⌦ = Rd ⇥ R⇥ R
<latexit sha1_base64="Z6jso3X42ICWuEZRyGgOwAHlbkI="></latexit>

f(x;⇥) =

Z

⌦
c(a>x+ b)+dµ(a, b, c)

✓i
<latexit sha1_base64="48+Bg/U9BWvioSaCIpvHuAWyNi0=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0i0ot4KXjxWsLXQhrLZTtqlm03cnQil9E948aCIV/+ON/+Nm7aInw8GHu/NMDMvTKUw6HnvTmFhcWl5pbhaWlvf2Nwqb+80TZJpDg2eyES3QmZACgUNFCihlWpgcSjhJhxe5P7NHWgjEnWNoxSCmPWViARnaKVWBweArCu65YrnnufwqO96U/wmFTJHvVt+6/QSnsWgkEtmTNv3UgzGTKPgEialTmYgZXzI+tC2VLEYTDCe3juhB1bp0SjRthTSqfp1YsxiY0ZxaDtjhgPz08vFv7x2htFZMBYqzRAUny2KMkkxofnztCc0cJQjSxjXwt5K+YBpxtFGVLIh/P/7J2keuf6xe3JVrdSq8ziKZI/sk0Pik1NSI5ekThqEE0nuySN5cm6dB+fZeZm1Fpz5zC75Buf1A2YVkCw=</latexit>

µ =
1

n

X

i

�✓i
<latexit sha1_base64="DvyI+r0y3kCJ/t5h5xS7NiC+EOA=">AAACEnicdVBNSwMxEM36bf2qevQSLIJeyq5W1IMgePGoYFXoliWbztpgkl2SWaEs+xu8+Fe8eFDEqydv/hvTWsTPB8M83pshmRdnUlj0/TdvZHRsfGJyaroyMzs3v1BdXDqzaW44NHkqU3MRMwtSaGiiQAkXmQGmYgnn8dVh3z+/BmNFqk+xl0FbsUstEsEZOimqboQqp/s0TAzjRVAWugxtriJBww5IZFERYhdcF2VUrfn1vT58GtT9AX6TGhniOKq+hp2U5wo0csmsbQV+hu2CGRRcQlkJcwsZ41fsElqOaqbAtovBSSVdc0qHJqlxpZEO1K8bBVPW9lTsJhXDrv3p9cW/vFaOyW67EDrLETT/eCjJJcWU9vOhHWGAo+w5wrgR7q+Ud5lLB12KFRfC/7d/krPNerBV3z5p1A4awzimyApZJeskIDvkgByRY9IknNyQO/JAHr1b79578p4/Rke84c4y+Qbv5R3kuZ4/</latexit>

[Rosset et al, Bengio et al, Bach]
[Mei et al, Chizat et al]
[Rotskoff et al, Sirignano et al]



LIFTING TO MEASURES OVER PARAMETERS

▸ For each choice of parameters                                                              we 
can associate an empirical measure                         defined in 

                              , so that  

▸ Tychonov-Regularised Memorization problem becomes  

▸ From the Representer Theorem, sparse solution exists with at most     atoms.  

▸ Similar geometry using implicit regularisation with label noise [Blanc et al.’20] 

▸ Structure of general solutions? 

<latexit sha1_base64="CnoITOb2YXVJfs4WhHPTfQ426yI="></latexit>

⇥ =
�
✓j = (aj , bj , cj) 2 Rd ⇥ R⇥ R

 M

j=1
:

<latexit sha1_base64="+367oDqSf48OUg7V7eGkyHchpfw="></latexit>

µ̂ =
1

M

MX

j=1

�✓j
<latexit sha1_base64="feShcQ3YaWFqw9BYxLU2m7sH26k="></latexit>

⌦ = Rd ⇥ R⇥ R
<latexit sha1_base64="Z6jso3X42ICWuEZRyGgOwAHlbkI="></latexit>

f(x;⇥) =

Z

⌦
c(a>x+ b)+dµ(a, b, c)

✓i
<latexit sha1_base64="48+Bg/U9BWvioSaCIpvHuAWyNi0=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0i0ot4KXjxWsLXQhrLZTtqlm03cnQil9E948aCIV/+ON/+Nm7aInw8GHu/NMDMvTKUw6HnvTmFhcWl5pbhaWlvf2Nwqb+80TZJpDg2eyES3QmZACgUNFCihlWpgcSjhJhxe5P7NHWgjEnWNoxSCmPWViARnaKVWBweArCu65YrnnufwqO96U/wmFTJHvVt+6/QSnsWgkEtmTNv3UgzGTKPgEialTmYgZXzI+tC2VLEYTDCe3juhB1bp0SjRthTSqfp1YsxiY0ZxaDtjhgPz08vFv7x2htFZMBYqzRAUny2KMkkxofnztCc0cJQjSxjXwt5K+YBpxtFGVLIh/P/7J2keuf6xe3JVrdSq8ziKZI/sk0Pik1NSI5ekThqEE0nuySN5cm6dB+fZeZm1Fpz5zC75Buf1A2YVkCw=</latexit>

µ =
1

n

X

i

�✓i
<latexit sha1_base64="DvyI+r0y3kCJ/t5h5xS7NiC+EOA=">AAACEnicdVBNSwMxEM36bf2qevQSLIJeyq5W1IMgePGoYFXoliWbztpgkl2SWaEs+xu8+Fe8eFDEqydv/hvTWsTPB8M83pshmRdnUlj0/TdvZHRsfGJyaroyMzs3v1BdXDqzaW44NHkqU3MRMwtSaGiiQAkXmQGmYgnn8dVh3z+/BmNFqk+xl0FbsUstEsEZOimqboQqp/s0TAzjRVAWugxtriJBww5IZFERYhdcF2VUrfn1vT58GtT9AX6TGhniOKq+hp2U5wo0csmsbQV+hu2CGRRcQlkJcwsZ41fsElqOaqbAtovBSSVdc0qHJqlxpZEO1K8bBVPW9lTsJhXDrv3p9cW/vFaOyW67EDrLETT/eCjJJcWU9vOhHWGAo+w5wrgR7q+Ud5lLB12KFRfC/7d/krPNerBV3z5p1A4awzimyApZJeskIDvkgByRY9IknNyQO/JAHr1b79578p4/Rke84c4y+Qbv5R3kuZ4/</latexit>

<latexit sha1_base64="f5mCc7dXl/OtEus81EjhpSzrma8="></latexit>

min
µ

Z

⌦
k✓k2dµ(✓) s.t. f(xi;µ) = yi, i 2 [n].

<latexit sha1_base64="2HdXTFzLfxs5t5yZYRnk/wxdsTs=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC5bsA9oQ5lMb9qxk0mYmQgl9AvcuFDErZ/kzr9x+hBU9MAwh3Pu5d57wpQzpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVkkkKTJjyRnZAo4ExAUzPNoZNKIHHIoR2Or2Z++x6kYom41ZMUgpgMBYsYJdpIDdEvlR3b96qOV8GObT73wjPEr/pu1cOu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzRaf41CgDHCXSPKHxXP3ekZNYqUkcmsqY6JH67c3Ev7xupiM/yJlIMw2CLgZFGcc6wbOr8YBJoJpPDCFUMrMrpiMiCdUmm6IJ4etS/D9pndvupe00KuXa9TKOAjpGJ+gMuchDNXSD6qiJKAL0gJ7Qs3VnPVov1uuidMVa9hyhH7DePgFvto1h</latexit>n

[Rosset et al, Bengio et al, Bach]
[Mei et al, Chizat et al]
[Rotskoff et al, Sirignano et al]



BACK TO FINITE-DIMENSIONAL LINEAR PROGRAM 

▸ Overparametrised memorization “hides” an underlying finite-
dimensional linear program:

<latexit sha1_base64="0Io28fU/yVAOKViQyfydHVVnDIQ="></latexit>

Theorem: [DB’20] Any minimiser µ⇤ of the ReLU Tychonov
memorization problem has atomic support of at most O(n)O(d)

points (after removing the symmetries in the parametrisation).



BACK TO FINITE-DIMENSIONAL LINEAR PROGRAM 

▸ Overparametrised memorization “hides” an underlying finite-
dimensional linear program: 

▸ What is the nature of this linear program? 

▸ Each datapoint defines a hyperplane in                  . 

▸    datapoints define a hyperplane arrangement in     with                 
cells.  

▸     necessarily concentrates in at most one point     for each cell. 

Projective Duality

Datapoints

Neurons

Datapoints

Neurons

<latexit sha1_base64="2HdXTFzLfxs5t5yZYRnk/wxdsTs=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC5bsA9oQ5lMb9qxk0mYmQgl9AvcuFDErZ/kzr9x+hBU9MAwh3Pu5d57wpQzpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVkkkKTJjyRnZAo4ExAUzPNoZNKIHHIoR2Or2Z++x6kYom41ZMUgpgMBYsYJdpIDdEvlR3b96qOV8GObT73wjPEr/pu1cOu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzRaf41CgDHCXSPKHxXP3ekZNYqUkcmsqY6JH67c3Ev7xupiM/yJlIMw2CLgZFGcc6wbOr8YBJoJpPDCFUMrMrpiMiCdUmm6IJ4etS/D9pndvupe00KuXa9TKOAjpGJ+gMuchDNXSD6qiJKAL0gJ7Qs3VnPVov1uuidMVa9hyhH7DePgFvto1h</latexit>n

<latexit sha1_base64="k43NI7wAxk2hKCIhQ1iIeQ37btg="></latexit>

⌦ ⇠= Rd+2

<latexit sha1_base64="1auELWyb/2uTfMVlaDVDjOWbWmk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJamemuIII7K9gHtEPJpJk2mmSGJCOUof/gxoUibv0fd/6N6UNQ0QMhh3Pu5d57opQzbRD6cApLyyura8X10sbm1vZOeXevpZNMEdokCU9UJ8KaciZp0zDDaSdVFIuI03Z0dz712/dUaZbIGzNOaSjwULKYEWys1OpdCTrE/XIFuYFfQ34VItd+3qlvSVALvJoPPRfNUAELNPrl994gIZmg0hCOte56KDVhjpVhhNNJqZdpmmJyh4e0a6nEguown207gUdWGcA4UfZJA2fq944cC63HIrKVApuR/u1Nxb+8bmbiIMyZTDNDJZkPijMOTQKnp8MBU5QYPrYEE8XsrpCMsMLE2IBKNoSvS+H/pHXiemcuuq5W6heLOIrgAByCY+ABH9TBJWiAJiDgFjyAJ/DsJM6j8+K8zksLzqJnH/yA8/YJ98ePag==</latexit>

⌦

<latexit sha1_base64="0Io28fU/yVAOKViQyfydHVVnDIQ="></latexit>

Theorem: [DB’20] Any minimiser µ⇤ of the ReLU Tychonov
memorization problem has atomic support of at most O(n)O(d)

points (after removing the symmetries in the parametrisation).

<latexit sha1_base64="TiUszTzLvre6r1Z02Gwtw+tTT3Q=">AAAB7HicdVDLSgMxFM34rPVVdekmWARxMWS0MtNdQQSXFZy20I4lk2ba0CQzJBmhlH6DGxeKuPWD3Pk3pg9BRQ+EHM65l3vviTPOtEHow1laXlldWy9sFDe3tnd2S3v7DZ3mitCQpDxVrRhrypmkoWGG01amKBYxp814eDn1m/dUaZbKWzPKaCRwX7KEEWysFHZEfnfaLZWRG/hV5Fcgcu3nnfuWBNXAq/rQc9EMZbBAvVt67/RSkgsqDeFY67aHMhONsTKMcDopdnJNM0yGuE/blkosqI7Gs2Un8NgqPZikyj5p4Ez93jHGQuuRiG2lwGagf3tT8S+vnZskiMZMZrmhkswHJTmHJoXTy2GPKUoMH1mCiWJ2V0gGWGFibD5FG8LXpfB/0jhzvQsX3VTKtatFHAVwCI7ACfCAD2rgGtRBCAhg4AE8gWdHOo/Oi/M6L11yFj0H4Aect08Q3o7h</latexit>

µ⇤

<latexit sha1_base64="4haJks6mmq4XntHg8xSlK/VcKLE=">AAAB9HicdVDLSgMxFM34rPVVdekmWIR2M8xoZaYLoSCCu1a0D2jHksmkbWgmMyaZQhn6HW5cKOLWj3Hn35g+BBU9cLmHc+4lN8ePGZXKsj6MpeWV1bX1zEZ2c2t7Zze3t9+QUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+8mPrNERGSRvxWjWPihajPaY9ipLTk3ZxXC7x4l1YLQXHSzeUt03XKllOClqmbfepo4pZdu+xA27RmyIMFat3ceyeIcBISrjBDUrZtK1ZeioSimJFJtpNIEiM8RH3S1pSjkEgvnR09gcdaCWAvErq4gjP1+0aKQinHoa8nQ6QG8rc3Ff/y2onquV5KeZwowvH8oV7CoIrgNAEYUEGwYmNNEBZU3wrxAAmElc4pq0P4+in8nzROTPvMtK5L+crlIo4MOARHoABs4IAKuAI1UAcY3IMH8ASejZHxaLwYr/PRJWOxcwB+wHj7BJ9LkWM=</latexit>

S = O(n)O(d)

<latexit sha1_base64="RdiRVLJfrVFJWMGhvcShVcdYdr0=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC4r2Ac0sUym03boZBJmbpQS+h9uXCji1n9x5984fQgqeuByD+fcy9w5USq4Bsf5sJaWV1bX1gsbxc2t7Z3d0t5+UyeZoqxBE5GodkQ0E1yyBnAQrJ0qRuJIsFY0upj6rTumNE/kDYxTFsZkIHmfUwJGug0iovIAhgzIpKu7pbJj+17V8SrYsU1zzzxD/KrvVj3s2s4MZbRAvVt6D3oJzWImgQqidcd1UghzooBTwSbFINMsJXREBqxjqCQx02E+u3qCj43Sw/1EmZKAZ+r3jZzEWo/jyEzGBIb6tzcV//I6GfT9MOcyzYBJOn+onwkMCZ5GgHtcMQpibAihiptbMR0SRSiYoIomhK+f4v9J89R2z23nulKuXS7iKKBDdIROkIs8VENXqI4aiCKFHtATerburUfrxXqdjy5Zi50D9APW2yeZb5NC</latexit>

✓̄s



<latexit sha1_base64="q+uHfW+d6Jcdn3YWghO5lG2VBK4="></latexit>

min kzk1 s.t. Az = y
<latexit sha1_base64="7eFFOFP6L7vkaEpn7wn1lvIG030="></latexit>

with A 2 Rn⇥S , Ai,s = hxi, ✓̄si+

BACK TO FINITE-DIMENSIONAL LINEAR PROGRAM 

▸ Overparametrised memorization “hides” an underlying finite-
dimensional linear program: 

▸ What is the nature of this linear program? 

▸ Each datapoint defines a hyperplane in                  . 

▸    datapoints define a hyperplane arrangement in     with                 
cells.  

▸     necessarily concentrates in at most one point     for each cell.  

▸ As a result, minimisers                         are solutions of 

Projective Duality

Datapoints

Neurons

Datapoints

Neurons

<latexit sha1_base64="2HdXTFzLfxs5t5yZYRnk/wxdsTs=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC5bsA9oQ5lMb9qxk0mYmQgl9AvcuFDErZ/kzr9x+hBU9MAwh3Pu5d57wpQzpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVkkkKTJjyRnZAo4ExAUzPNoZNKIHHIoR2Or2Z++x6kYom41ZMUgpgMBYsYJdpIDdEvlR3b96qOV8GObT73wjPEr/pu1cOu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzRaf41CgDHCXSPKHxXP3ekZNYqUkcmsqY6JH67c3Ev7xupiM/yJlIMw2CLgZFGcc6wbOr8YBJoJpPDCFUMrMrpiMiCdUmm6IJ4etS/D9pndvupe00KuXa9TKOAjpGJ+gMuchDNXSD6qiJKAL0gJ7Qs3VnPVov1uuidMVa9hyhH7DePgFvto1h</latexit>n

<latexit sha1_base64="k43NI7wAxk2hKCIhQ1iIeQ37btg="></latexit>

⌦ ⇠= Rd+2

<latexit sha1_base64="1auELWyb/2uTfMVlaDVDjOWbWmk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJamemuIII7K9gHtEPJpJk2mmSGJCOUof/gxoUibv0fd/6N6UNQ0QMhh3Pu5d57opQzbRD6cApLyyura8X10sbm1vZOeXevpZNMEdokCU9UJ8KaciZp0zDDaSdVFIuI03Z0dz712/dUaZbIGzNOaSjwULKYEWys1OpdCTrE/XIFuYFfQ34VItd+3qlvSVALvJoPPRfNUAELNPrl994gIZmg0hCOte56KDVhjpVhhNNJqZdpmmJyh4e0a6nEguown207gUdWGcA4UfZJA2fq944cC63HIrKVApuR/u1Nxb+8bmbiIMyZTDNDJZkPijMOTQKnp8MBU5QYPrYEE8XsrpCMsMLE2IBKNoSvS+H/pHXiemcuuq5W6heLOIrgAByCY+ABH9TBJWiAJiDgFjyAJ/DsJM6j8+K8zksLzqJnH/yA8/YJ98ePag==</latexit>

⌦

<latexit sha1_base64="0Io28fU/yVAOKViQyfydHVVnDIQ="></latexit>

Theorem: [DB’20] Any minimiser µ⇤ of the ReLU Tychonov
memorization problem has atomic support of at most O(n)O(d)

points (after removing the symmetries in the parametrisation).

<latexit sha1_base64="TiUszTzLvre6r1Z02Gwtw+tTT3Q=">AAAB7HicdVDLSgMxFM34rPVVdekmWARxMWS0MtNdQQSXFZy20I4lk2ba0CQzJBmhlH6DGxeKuPWD3Pk3pg9BRQ+EHM65l3vviTPOtEHow1laXlldWy9sFDe3tnd2S3v7DZ3mitCQpDxVrRhrypmkoWGG01amKBYxp814eDn1m/dUaZbKWzPKaCRwX7KEEWysFHZEfnfaLZWRG/hV5Fcgcu3nnfuWBNXAq/rQc9EMZbBAvVt67/RSkgsqDeFY67aHMhONsTKMcDopdnJNM0yGuE/blkosqI7Gs2Un8NgqPZikyj5p4Ez93jHGQuuRiG2lwGagf3tT8S+vnZskiMZMZrmhkswHJTmHJoXTy2GPKUoMH1mCiWJ2V0gGWGFibD5FG8LXpfB/0jhzvQsX3VTKtatFHAVwCI7ACfCAD2rgGtRBCAhg4AE8gWdHOo/Oi/M6L11yFj0H4Aect08Q3o7h</latexit>

µ⇤

<latexit sha1_base64="4haJks6mmq4XntHg8xSlK/VcKLE=">AAAB9HicdVDLSgMxFM34rPVVdekmWIR2M8xoZaYLoSCCu1a0D2jHksmkbWgmMyaZQhn6HW5cKOLWj3Hn35g+BBU9cLmHc+4lN8ePGZXKsj6MpeWV1bX1zEZ2c2t7Zze3t9+QUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+8mPrNERGSRvxWjWPihajPaY9ipLTk3ZxXC7x4l1YLQXHSzeUt03XKllOClqmbfepo4pZdu+xA27RmyIMFat3ceyeIcBISrjBDUrZtK1ZeioSimJFJtpNIEiM8RH3S1pSjkEgvnR09gcdaCWAvErq4gjP1+0aKQinHoa8nQ6QG8rc3Ff/y2onquV5KeZwowvH8oV7CoIrgNAEYUEGwYmNNEBZU3wrxAAmElc4pq0P4+in8nzROTPvMtK5L+crlIo4MOARHoABs4IAKuAI1UAcY3IMH8ASejZHxaLwYr/PRJWOxcwB+wHj7BJ9LkWM=</latexit>

S = O(n)O(d)

<latexit sha1_base64="RdiRVLJfrVFJWMGhvcShVcdYdr0=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC4r2Ac0sUym03boZBJmbpQS+h9uXCji1n9x5984fQgqeuByD+fcy9w5USq4Bsf5sJaWV1bX1gsbxc2t7Z3d0t5+UyeZoqxBE5GodkQ0E1yyBnAQrJ0qRuJIsFY0upj6rTumNE/kDYxTFsZkIHmfUwJGug0iovIAhgzIpKu7pbJj+17V8SrYsU1zzzxD/KrvVj3s2s4MZbRAvVt6D3oJzWImgQqidcd1UghzooBTwSbFINMsJXREBqxjqCQx02E+u3qCj43Sw/1EmZKAZ+r3jZzEWo/jyEzGBIb6tzcV//I6GfT9MOcyzYBJOn+onwkMCZ5GgHtcMQpibAihiptbMR0SRSiYoIomhK+f4v9J89R2z23nulKuXS7iKKBDdIROkIs8VENXqI4aiCKFHtATerburUfrxXqdjy5Zi50D9APW2yeZb5NC</latexit>

✓̄s<latexit sha1_base64="oSQixFZQYkZMz3TtKePtqz1Xunk="></latexit>

µ⇤ =
SX

s=1

zs�✓̄s



CURRENT AND FUTURE QUESTIONS

▸ The sensing matrix     is highly coherent/redundant (          )  

▸ We know a solution exists with support at most    . (Representer 
theorem) 

▸ Open: RIP at level                 ? 

<latexit sha1_base64="q+uHfW+d6Jcdn3YWghO5lG2VBK4="></latexit>

min kzk1 s.t. Az = y
<latexit sha1_base64="7eFFOFP6L7vkaEpn7wn1lvIG030="></latexit>

with A 2 Rn⇥S , Ai,s = hxi, ✓̄si+

Projective Duality

Datapoints

Neurons

Datapoints

Neurons

<latexit sha1_base64="+iOh29fEsaUgZIS5pMv6cpkPqtU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gma0MtNdRQSXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM20FFb0QcjjnXu65J0oZVdpxPqzSyura+kZ5s7K1vbO7V90/6CiRSUzaWDAhexFShFFO2ppqRnqpJCiJGOlGk6tC794Tqajgd3qakjBBI05jipE2VNBPkB5jxPLL2aBac2zfazheHTq2+dxzzwC/4bsND7q2M68aWFZrUH3vDwXOEsI1ZkipwHVSHeZIaooZmVX6mSIpwhM0IoGBHCVEhfnc8gyeGGYIYyHN4xrO2e8TOUqUmiaR6Swsqt9aQf6lBZmO/TCnPM004XixKM4Y1AIW98MhlQRrNjUAYUmNV4jHSCKsTUoVE8LXpfB/0Dmz3Qvbua3XmtfLOMrgCByDU+ACDzTBDWiBNsBAgAfwBJ4tbT1aL9brorVkLWcOwY+y3j4BCPORxg==</latexit>

A <latexit sha1_base64="2A8mqyDHENRAD260YMl9Mdda4aQ=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRaSboriOCyon1AG8pkOk2HTiZhZiKU0I9w40IRt36PO//G6UNQ0QPDHM65l3vvCVPOlHacD6uwsrq2vlHcLG1t7+zulfcPWirJJKFNkvBEdkKsKGeCNjXTnHZSSXEcctoOx5czv31PpWKJuNOTlAYxjgQbMoK1kdq3qBdFSPTLFcf2vZrjVZFjm8899wzxa75b85BrO3NUYIlGv/zeGyQki6nQhGOluq6T6iDHUjPC6bTUyxRNMRnjiHYNFTimKsjn607RiVEGaJhI84RGc/V7R45jpSZxaCpjrEfqtzcT//K6mR76Qc5EmmkqyGLQMONIJ2h2OxowSYnmE0MwkczsisgIS0y0SahkQvi6FP1PWme2e2E7N9VK/WoZRxGO4BhOwQUP6nANDWgCgTE8wBM8W6n1aL1Yr4vSgrXsOYQfsN4+AfXyj1o=</latexit>

S � n

<latexit sha1_base64="2HdXTFzLfxs5t5yZYRnk/wxdsTs=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC5bsA9oQ5lMb9qxk0mYmQgl9AvcuFDErZ/kzr9x+hBU9MAwh3Pu5d57wpQzpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVkkkKTJjyRnZAo4ExAUzPNoZNKIHHIoR2Or2Z++x6kYom41ZMUgpgMBYsYJdpIDdEvlR3b96qOV8GObT73wjPEr/pu1cOu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzRaf41CgDHCXSPKHxXP3ekZNYqUkcmsqY6JH67c3Ev7xupiM/yJlIMw2CLgZFGcc6wbOr8YBJoJpPDCFUMrMrpiMiCdUmm6IJ4etS/D9pndvupe00KuXa9TKOAjpGJ+gMuchDNXSD6qiJKAL0gJ7Qs3VnPVov1uuidMVa9hyhH7DePgFvto1h</latexit>n

<latexit sha1_base64="/F49ER+Ld87SzhKoqoxj1OSFPIg=">AAAB+3icdVBbS8MwGE3nbc7bnI++BIcwQUqrk3ZvAxF8nOAusJWRZukWlqYlScVR+ld88UERX/0jvvlvzLoJKnog5HDO95GT48eMSmVZH0ZhZXVtfaO4Wdra3tndK+9XOjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1p5dzv3tHhKQRv1WzmHghGnMaUIyUloblyiBEaiKDNI7YLKuNTvnJsFy1TNdpWE4dWqa+7HNHE7fh2g0H2qaVowqWaA3L74NRhJOQcIUZkrJvW7HyUiQUxYxkpUEiSYzwFI1JX1OOQiK9NM+ewWOtjGAQCX24grn6fSNFoZSz0NeTedLf3lz8y+snKnC9lPI4UYTjxUNBwqCK4LwIOKKCYMVmmiAsqM4K8QQJhJWuq6RL+Pop/J90zkz7wrRu6tXm1bKOIjgER6AGbOCAJrgGLdAGGNyDB/AEno3MeDRejNfFaMFY7hyAHzDePgFvs5S4</latexit>

poly(d, n)



CURRENT AND FUTURE QUESTIONS

▸ The sensing matrix     is highly coherent/redundant (          )  

▸ We know a solution exists with support at most    . (Representer 
theorem) 

▸ Open: RIP at level                 ?   

▸ Towards gradient Descent Guarantees for finite width: 

▸ We have local curvature of the loss in the measure space [Chizat’19, 
Ge, Jin’21]  

▸ Main technical challenge: lack of smoothness of the training map.

<latexit sha1_base64="q+uHfW+d6Jcdn3YWghO5lG2VBK4="></latexit>

min kzk1 s.t. Az = y
<latexit sha1_base64="7eFFOFP6L7vkaEpn7wn1lvIG030="></latexit>

with A 2 Rn⇥S , Ai,s = hxi, ✓̄si+

Projective Duality

Datapoints

Neurons

Datapoints

Neurons

<latexit sha1_base64="+iOh29fEsaUgZIS5pMv6cpkPqtU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gma0MtNdRQSXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM20FFb0QcjjnXu65J0oZVdpxPqzSyura+kZ5s7K1vbO7V90/6CiRSUzaWDAhexFShFFO2ppqRnqpJCiJGOlGk6tC794Tqajgd3qakjBBI05jipE2VNBPkB5jxPLL2aBac2zfazheHTq2+dxzzwC/4bsND7q2M68aWFZrUH3vDwXOEsI1ZkipwHVSHeZIaooZmVX6mSIpwhM0IoGBHCVEhfnc8gyeGGYIYyHN4xrO2e8TOUqUmiaR6Swsqt9aQf6lBZmO/TCnPM004XixKM4Y1AIW98MhlQRrNjUAYUmNV4jHSCKsTUoVE8LXpfB/0Dmz3Qvbua3XmtfLOMrgCByDU+ACDzTBDWiBNsBAgAfwBJ4tbT1aL9brorVkLWcOwY+y3j4BCPORxg==</latexit>

A <latexit sha1_base64="2A8mqyDHENRAD260YMl9Mdda4aQ=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRaSboriOCyon1AG8pkOk2HTiZhZiKU0I9w40IRt36PO//G6UNQ0QPDHM65l3vvCVPOlHacD6uwsrq2vlHcLG1t7+zulfcPWirJJKFNkvBEdkKsKGeCNjXTnHZSSXEcctoOx5czv31PpWKJuNOTlAYxjgQbMoK1kdq3qBdFSPTLFcf2vZrjVZFjm8899wzxa75b85BrO3NUYIlGv/zeGyQki6nQhGOluq6T6iDHUjPC6bTUyxRNMRnjiHYNFTimKsjn607RiVEGaJhI84RGc/V7R45jpSZxaCpjrEfqtzcT//K6mR76Qc5EmmkqyGLQMONIJ2h2OxowSYnmE0MwkczsisgIS0y0SahkQvi6FP1PWme2e2E7N9VK/WoZRxGO4BhOwQUP6nANDWgCgTE8wBM8W6n1aL1Yr4vSgrXsOYQfsN4+AfXyj1o=</latexit>

S � n

<latexit sha1_base64="2HdXTFzLfxs5t5yZYRnk/wxdsTs=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC5bsA9oQ5lMb9qxk0mYmQgl9AvcuFDErZ/kzr9x+hBU9MAwh3Pu5d57wpQzpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVkkkKTJjyRnZAo4ExAUzPNoZNKIHHIoR2Or2Z++x6kYom41ZMUgpgMBYsYJdpIDdEvlR3b96qOV8GObT73wjPEr/pu1cOu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzRaf41CgDHCXSPKHxXP3ekZNYqUkcmsqY6JH67c3Ev7xupiM/yJlIMw2CLgZFGcc6wbOr8YBJoJpPDCFUMrMrpiMiCdUmm6IJ4etS/D9pndvupe00KuXa9TKOAjpGJ+gMuchDNXSD6qiJKAL0gJ7Qs3VnPVov1uuidMVa9hyhH7DePgFvto1h</latexit>n

<latexit sha1_base64="/F49ER+Ld87SzhKoqoxj1OSFPIg=">AAAB+3icdVBbS8MwGE3nbc7bnI++BIcwQUqrk3ZvAxF8nOAusJWRZukWlqYlScVR+ld88UERX/0jvvlvzLoJKnog5HDO95GT48eMSmVZH0ZhZXVtfaO4Wdra3tndK+9XOjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1p5dzv3tHhKQRv1WzmHghGnMaUIyUloblyiBEaiKDNI7YLKuNTvnJsFy1TNdpWE4dWqa+7HNHE7fh2g0H2qaVowqWaA3L74NRhJOQcIUZkrJvW7HyUiQUxYxkpUEiSYzwFI1JX1OOQiK9NM+ewWOtjGAQCX24grn6fSNFoZSz0NeTedLf3lz8y+snKnC9lPI4UYTjxUNBwqCK4LwIOKKCYMVmmiAsqM4K8QQJhJWuq6RL+Pop/J90zkz7wrRu6tXm1bKOIjgER6AGbOCAJrgGLdAGGNyDB/AEno3MeDRejNfFaMFY7hyAHzDePgFvs5S4</latexit>
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CURRENT AND FUTURE QUESTIONS

▸ The sensing matrix     is highly coherent/redundant (          )  

▸ We know a solution exists with support at most    . (Representer 
theorem) 

▸ Open: RIP at level                 ?   

▸ Towards gradient Descent Guarantees for finite width: 

▸ We have local curvature of the loss in the measure space [Chizat’19, 
Ge, Jin’21]  

▸ Main technical challenge: lack of smoothness of the training map. 

▸ Current/Open: leverage piece-wise smoothness of the map.  

▸ Average-vs-worst case rates (SQ-lower bounds) [Goel et al, Diak.]

<latexit sha1_base64="q+uHfW+d6Jcdn3YWghO5lG2VBK4="></latexit>

min kzk1 s.t. Az = y
<latexit sha1_base64="7eFFOFP6L7vkaEpn7wn1lvIG030="></latexit>

with A 2 Rn⇥S , Ai,s = hxi, ✓̄si+

Projective Duality

Datapoints

Neurons

Datapoints

Neurons

<latexit sha1_base64="+iOh29fEsaUgZIS5pMv6cpkPqtU=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4Gma0MtNdRQSXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM20FFb0QcjjnXu65J0oZVdpxPqzSyura+kZ5s7K1vbO7V90/6CiRSUzaWDAhexFShFFO2ppqRnqpJCiJGOlGk6tC794Tqajgd3qakjBBI05jipE2VNBPkB5jxPLL2aBac2zfazheHTq2+dxzzwC/4bsND7q2M68aWFZrUH3vDwXOEsI1ZkipwHVSHeZIaooZmVX6mSIpwhM0IoGBHCVEhfnc8gyeGGYIYyHN4xrO2e8TOUqUmiaR6Swsqt9aQf6lBZmO/TCnPM004XixKM4Y1AIW98MhlQRrNjUAYUmNV4jHSCKsTUoVE8LXpfB/0Dmz3Qvbua3XmtfLOMrgCByDU+ACDzTBDWiBNsBAgAfwBJ4tbT1aL9brorVkLWcOwY+y3j4BCPORxg==</latexit>

A <latexit sha1_base64="2A8mqyDHENRAD260YMl9Mdda4aQ=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRaSboriOCyon1AG8pkOk2HTiZhZiKU0I9w40IRt36PO//G6UNQ0QPDHM65l3vvCVPOlHacD6uwsrq2vlHcLG1t7+zulfcPWirJJKFNkvBEdkKsKGeCNjXTnHZSSXEcctoOx5czv31PpWKJuNOTlAYxjgQbMoK1kdq3qBdFSPTLFcf2vZrjVZFjm8899wzxa75b85BrO3NUYIlGv/zeGyQki6nQhGOluq6T6iDHUjPC6bTUyxRNMRnjiHYNFTimKsjn607RiVEGaJhI84RGc/V7R45jpSZxaCpjrEfqtzcT//K6mR76Qc5EmmkqyGLQMONIJ2h2OxowSYnmE0MwkczsisgIS0y0SahkQvi6FP1PWme2e2E7N9VK/WoZRxGO4BhOwQUP6nANDWgCgTE8wBM8W6n1aL1Yr4vSgrXsOYQfsN4+AfXyj1o=</latexit>

S � n

<latexit sha1_base64="2HdXTFzLfxs5t5yZYRnk/wxdsTs=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQqKVpLuCCC5bsA9oQ5lMb9qxk0mYmQgl9AvcuFDErZ/kzr9x+hBU9MAwh3Pu5d57wpQzpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVkkkKTJjyRnZAo4ExAUzPNoZNKIHHIoR2Or2Z++x6kYom41ZMUgpgMBYsYJdpIDdEvlR3b96qOV8GObT73wjPEr/pu1cOu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzRaf41CgDHCXSPKHxXP3ekZNYqUkcmsqY6JH67c3Ev7xupiM/yJlIMw2CLgZFGcc6wbOr8YBJoJpPDCFUMrMrpiMiCdUmm6IJ4etS/D9pndvupe00KuXa9TKOAjpGJ+gMuchDNXSD6qiJKAL0gJ7Qs3VnPVov1uuidMVa9hyhH7DePgFvto1h</latexit>n

<latexit sha1_base64="/F49ER+Ld87SzhKoqoxj1OSFPIg=">AAAB+3icdVBbS8MwGE3nbc7bnI++BIcwQUqrk3ZvAxF8nOAusJWRZukWlqYlScVR+ld88UERX/0jvvlvzLoJKnog5HDO95GT48eMSmVZH0ZhZXVtfaO4Wdra3tndK+9XOjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1p5dzv3tHhKQRv1WzmHghGnMaUIyUloblyiBEaiKDNI7YLKuNTvnJsFy1TNdpWE4dWqa+7HNHE7fh2g0H2qaVowqWaA3L74NRhJOQcIUZkrJvW7HyUiQUxYxkpUEiSYzwFI1JX1OOQiK9NM+ewWOtjGAQCX24grn6fSNFoZSz0NeTedLf3lz8y+snKnC9lPI4UYTjxUNBwqCK4LwIOKKCYMVmmiAsqM4K8QQJhJWuq6RL+Pop/J90zkz7wrRu6tXm1bKOIjgER6AGbOCAJrgGLdAGGNyDB/AEno3MeDRejNfFaMFY7hyAHzDePgFvs5S4</latexit>

poly(d, n)



FUNCTION APPROXIMATION OF SPARSE INFERENCE

▸ Recall sparse inference task: given dictionary                                 and               , recover    
by exploiting a sparsity prior.  

▸ Main algorithmic paradigm: relax     to      and consider the penalized quadratic program  

▸ Solved e.g using Iterative Soft-Thresholding Algorithm (ISTA, Proximal Gradient descent).
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FUNCTION APPROXIMATION OF SPARSE INFERENCE

▸ Recall sparse inference task: given dictionary                                 and               , recover    
by exploiting a sparsity prior.  

▸ Main algorithmic paradigm: relax     to      and consider the penalized quadratic program  

▸ Solved e.g using Iterative Soft-Thresholding Algorithm (ISTA, Proximal Gradient descent). 

▸ By unrolling this iterative scheme, [Gregor & LeCun] propose a neural network 
approximation, LISTA:
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Figure 1: Network architecture for ISTA/LISTA. The unfolded version (b) is trainable
through backpropagation and permits to approximate the sparse coding solution e�ciently.

i.e. the sparsity of both z1 and A0(z1). On the other hand, when we reach intermediate
solutions zk such that kz⇤ � zkk is small with respect to LA(zk+1), the upper bound is
minimized by choosing factorizations where A is closer and closer to the identity, leading to
the non-adaptive regime of standard ISTA (A = Id).

This is consistent with the numerical experiments, which show that the gains provided by
learned sparse coding methods are mostly concentrated in the first iterations. Once the
estimates reach a certain energy level, section 3 shows that LISTA enters a steady state in
which the convergence rate matches that of standard ISTA.

The natural follow-up question is to determine how many layers of adaptive splitting are
su�cient before entering the steady regime of convergence. A conservative estimate of this
quantity would require an upper bound of kz⇤ � zkk from the energy bound F (zk)�F (z⇤).
Since in general F is convex but not strongly convex, such bound does not exist unless one
can assume that F is locally strongly convex (for instance for su�ciently small values of F ).

2.3.2 Improving the factorization to particular input distributions

Given an input dataset D = (xi, z
(0)
i , z⇤i )iN , containing examples xi 2 Rn, initial estimates

z(0)i and sparse coding solutions z⇤i , the factorization adapted to D is defined as

min
A,S; ATA=I,ATSA�B�0

1

N

X

iN

1

2
(z(0)i � z⇤i )

T(ATSA�B)(z(0)i � z⇤i )+ �A(z
⇤
i )� �A(z1,i) . (15)

Therefore, adapting the factorization to a particular dataset, as opposed to enforcing it
uniformly over a given ball B(z⇤;R) (where the radius R ensures that the initial value
z0 2 B(z⇤;R)), will always improve the upper bound (9). Studying the gains resulting from
the adaptation to the input distribution will be let for future work.

3 Numerical Experiments

This section provides numerical arguments to analyse adaptive optimization algorithms and
their performances, and relates them to the theoretical properties developed in the previous
section. All the experiments were run using Python and Tensorflow. For all the experiments,
the training is performed using Adagrad (Duchi et al., 2011). The code to reproduce the
figures is available online2.

3.1 Adaptive Optimization Networks Architectures

LISTA/LFISTA In Gregor & Le Cun (2010), the authors introduced LISTA, a neural
network constructed by considering ISTA as a recurrent neural net. At each step, ISTA
performs the following 2-step procedure :

1. uk+1 = zk � 1

L
DT(Dzk � x) = (I� 1

L
DTD)

| {z }
Wg

zk +
1

L
DT

| {z }
We

x ,

2. zk+1 = h �
L
(uk+1) where h✓(u) = sign(u)(|u|� ✓)+ ,

9
>>>>=

>>>>;

step k of ISTA (16)

2
The code can be found at https://github.com/tomMoral/AdaptiveOptim
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through backpropagation and permits to approximate the sparse coding solution e�ciently.

i.e. the sparsity of both z1 and A0(z1). On the other hand, when we reach intermediate
solutions zk such that kz⇤ � zkk is small with respect to LA(zk+1), the upper bound is
minimized by choosing factorizations where A is closer and closer to the identity, leading to
the non-adaptive regime of standard ISTA (A = Id).

This is consistent with the numerical experiments, which show that the gains provided by
learned sparse coding methods are mostly concentrated in the first iterations. Once the
estimates reach a certain energy level, section 3 shows that LISTA enters a steady state in
which the convergence rate matches that of standard ISTA.

The natural follow-up question is to determine how many layers of adaptive splitting are
su�cient before entering the steady regime of convergence. A conservative estimate of this
quantity would require an upper bound of kz⇤ � zkk from the energy bound F (zk)�F (z⇤).
Since in general F is convex but not strongly convex, such bound does not exist unless one
can assume that F is locally strongly convex (for instance for su�ciently small values of F ).

2.3.2 Improving the factorization to particular input distributions

Given an input dataset D = (xi, z
(0)
i , z⇤i )iN , containing examples xi 2 Rn, initial estimates

z(0)i and sparse coding solutions z⇤i , the factorization adapted to D is defined as

min
A,S; ATA=I,ATSA�B�0

1

N

X

iN

1

2
(z(0)i � z⇤i )

T(ATSA�B)(z(0)i � z⇤i )+ �A(z
⇤
i )� �A(z1,i) . (15)

Therefore, adapting the factorization to a particular dataset, as opposed to enforcing it
uniformly over a given ball B(z⇤;R) (where the radius R ensures that the initial value
z0 2 B(z⇤;R)), will always improve the upper bound (9). Studying the gains resulting from
the adaptation to the input distribution will be let for future work.

3 Numerical Experiments

This section provides numerical arguments to analyse adaptive optimization algorithms and
their performances, and relates them to the theoretical properties developed in the previous
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FUNCTION APPROXIMATION OF SPARSE INFERENCE

▸ Recall sparse inference task: given dictionary                                 and               , recover    
by exploiting a sparsity prior.  

▸ Main algorithmic paradigm: relax     to      and consider the penalized quadratic program  

▸ Solved e.g using Iterative Soft-Thresholding Algorithm (ISTA, Proximal Gradient descent). 

▸ By unrolling this iterative scheme, [Gregor & LeCun] propose a neural network 
approximation, LISTA: 

▸ Unrolling iterative algorithm is sufficient. Is it also necessary?  

▸ Depth-width tradeoffs for such sparse inference? 
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Figure 1: Network architecture for ISTA/LISTA. The unfolded version (b) is trainable
through backpropagation and permits to approximate the sparse coding solution e�ciently.

i.e. the sparsity of both z1 and A0(z1). On the other hand, when we reach intermediate
solutions zk such that kz⇤ � zkk is small with respect to LA(zk+1), the upper bound is
minimized by choosing factorizations where A is closer and closer to the identity, leading to
the non-adaptive regime of standard ISTA (A = Id).

This is consistent with the numerical experiments, which show that the gains provided by
learned sparse coding methods are mostly concentrated in the first iterations. Once the
estimates reach a certain energy level, section 3 shows that LISTA enters a steady state in
which the convergence rate matches that of standard ISTA.

The natural follow-up question is to determine how many layers of adaptive splitting are
su�cient before entering the steady regime of convergence. A conservative estimate of this
quantity would require an upper bound of kz⇤ � zkk from the energy bound F (zk)�F (z⇤).
Since in general F is convex but not strongly convex, such bound does not exist unless one
can assume that F is locally strongly convex (for instance for su�ciently small values of F ).

2.3.2 Improving the factorization to particular input distributions

Given an input dataset D = (xi, z
(0)
i , z⇤i )iN , containing examples xi 2 Rn, initial estimates

z(0)i and sparse coding solutions z⇤i , the factorization adapted to D is defined as

min
A,S; ATA=I,ATSA�B�0

1

N

X

iN

1

2
(z(0)i � z⇤i )

T(ATSA�B)(z(0)i � z⇤i )+ �A(z
⇤
i )� �A(z1,i) . (15)

Therefore, adapting the factorization to a particular dataset, as opposed to enforcing it
uniformly over a given ball B(z⇤;R) (where the radius R ensures that the initial value
z0 2 B(z⇤;R)), will always improve the upper bound (9). Studying the gains resulting from
the adaptation to the input distribution will be let for future work.

3 Numerical Experiments

This section provides numerical arguments to analyse adaptive optimization algorithms and
their performances, and relates them to the theoretical properties developed in the previous
section. All the experiments were run using Python and Tensorflow. For all the experiments,
the training is performed using Adagrad (Duchi et al., 2011). The code to reproduce the
figures is available online2.

3.1 Adaptive Optimization Networks Architectures

LISTA/LFISTA In Gregor & Le Cun (2010), the authors introduced LISTA, a neural
network constructed by considering ISTA as a recurrent neural net. At each step, ISTA
performs the following 2-step procedure :

1. uk+1 = zk � 1

L
DT(Dzk � x) = (I� 1

L
DTD)

| {z }
Wg

zk +
1

L
DT

| {z }
We

x ,

2. zk+1 = h �
L
(uk+1) where h✓(u) = sign(u)(|u|� ✓)+ ,

9
>>>>=

>>>>;

step k of ISTA (16)

2
The code can be found at https://github.com/tomMoral/AdaptiveOptim
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DEPTH SEPARATION PRIOR WORK

▸ Rich literature in boolean [Rossman, Hastad’68] or threshold [Hajnal’93] 
circuit lower bounds.  

▸ [Martens et al’13] shows lower bounds for RBMs.  

▸ [Telgarsky’15] Exploits combinatorial limitations of shallow networks 

▸ Refined periodicity analysis in [Chatziafratis et al’20]. 

▸ [Montufar et al.] bound number of linear regions of deep ReLU nets.  

▸ [Eldan, Shamir, Safran, Daniely] construct oscillatory functions with 
depth-separation. Provably require              width for shallow model,  

but               for deeper neural network.  

▸ Constructions are inherently low-dimensional, e.g.  

▸ Depth Separation for sparse inference? 

exp(d)
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f(x) = g(kxk).

[Telgarsky, ’15]

[Shamir, ’18]



DEPTH SEPARATION BEYOND RADIAL FUNCTIONS

▸ Key ingredients for depth separation: functions with oscillatory behavior and heavy-
tailed input data distributions: 

<latexit sha1_base64="ecUX95TKCsi9ZbGexCnSPvjxRUg="></latexit>

(ii) there exists a poly(d, ✏�1) 3-layer ReLU network f such that
Dµ(f, f⇤)  ✏.
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Theorem [BJV’20]: Let f⇤(x) = exp{ih!d, ⇢(Ux+ b)i} with U 2 Rd⇥d,
k!dk = ⌦(d3) and ⇢(t) = max(0, t). Let µ be a heavy-tailed distribution. Then
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(i) f⇤ is not ⌦(1)-approximable by any shallow exp(o(d))-wide network.
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Dµ(f, g) = Eµ|f(x)� g(x)|2



DEPTH SEPARATION BEYOND RADIAL FUNCTIONS

▸ Key ingredients for depth separation: functions with oscillatory behavior and heavy-
tailed input data distributions:  

▸ Deep Piece-wise linear functions over compact domains are easier to approximate with 
shallow models: 

▸ Extends previous results in [Safran, Eldan, Shamir’19] for radial functions. 
▸ Rate is polynomial in    , but exponential in       .
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n �
�
⇥(expL)(1 + ✏�2)poly(d)

�⌦(✏�L)
.
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Theorem [BJV’20]: Let f⇤(x) be a depth-L ReLU network with
weights kWlk1 = ⇥(1) for l  L. Then 8✏ > 0 there is a shallow
ReLU network fn such that DSd,1(f⇤, fn)  ✏ of width
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APPLICATION TO SPARSE INFERENCE

▸ Since ISTA iterations are piece-wise linear, we can leverage this upper bound for sufficiently 
incoherent dictionaries: 

▸ Rate is polynomial in    , but exponential in       . 

▸ Depth can still provide substantial improvements in approximation.  

▸ Data adaptivity: rates may be improved by localizing. 
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Corollary [VB’21]: Let m = ⇢d, k = ↵d with ⇢ > 1,↵ < 1. Let ⌫d be the
uniform measure over k-sparse unit-norm m-dimensional vectors, and assume
W 2 Rd⇥m satisfies RIP �2k(W )  0.6. For each ✏ > 0, there exists a shallow
network fM such that D⌫d(f

⇤
W , fM )  ✏ of width poly(d).
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APPLICATION TO SPARSE INFERENCE

▸ Since ISTA iterations are piece-wise linear, we can leverage this upper bound for sufficiently 
incoherent dictionaries: 

▸ Rate is polynomial in    , but exponential in       . 

▸ Depth can still provide substantial improvements in approximation.  

▸ Data adaptivity: rates may be improved by localizing.  

▸ Current: formalize lower bound in weaker sparsity / coherent assumptions.  

▸ Open: optimization guarantees of learnt sparse coding.  

▸ Open: refined analysis under more stringent sparsity conditions [Liu et al]
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TAKE-HOME

▸ Sparse regression: rich CO problem where data geometry enables efficient algorithms. 

▸ Sparse regression in data memorization using overparametrised shallow models: 

▸ Important tool to establish generic efficient learnability.  

▸ Geometry of hyperplane arrangement sensing matrices.  

▸ Function Approximation of Sparse Regression 

▸ Shallow neural approximation not cursed by dimension. 

▸ Which inverse problems provably require depth? Learnability guarantees? 

▸ Towards structured problems (eg in graphs, grids). 
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