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natural from the point of view of a power budget
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Fig. 4. Streamline pattern for m = 8, Pe2 = 1000 (numerical solution of (28), obtained with bvp5c). The di↵erent flow
regions are: SZ = internal boundary layer or “stagnation zone,” BULK = main flow, PBL = peripheral boundary layer.

where s := (2m2)1/3 ln(r/r⇥). This equation does admit a particular solution—namely the Hastings–
McLeod solution bHM (see [9], up to a change of sign x ! �x)—which asymptotically satisfies
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to which the bulk solution (39) is also equivalent as r ! r⇥. Nevertheless, the calculation of the asymptotic
integrated mean exit time in section 5.2 will be made considerably simpler by ignoring this last refinement
and adopting the expression (48).

A composite solution. In the following, let us approximate the full solution by the composite solution

(48) B ⇡
(q

2 (r2/r2⇥ � 1) tanh
⇥
k"

�1(1� r)
⇤
, r > r⇥;

0 , 0 < r < r⇥.

Indeed, comparison with the numerical solution of (28) in Figure 5 (obtained with MATLAB’s bvp5c using
the continuation method described in section 4.2) shows excellent agreement, except for the small region
restricted to the vicinity of r⇥ (inset), which we shall neglect in what follows.

5.2. Optimal exit time at large Pe. Inserting (48) into the energy constraint (28b) and retaining
only the leading order terms yields a compact expression as a function of m and �:

(49) 2Pe2/⇡ ⇠ �+ 2

3

p
2�3/m4.
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How do optimal flows behave?



Variational bounds on cooling
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Together, the terms compete to determine optimal flows.



Search for steady optimal flows

Reminds of problems in elasticity, micromagnetics, …

3805DomainObservationandInterpretation

branchingmodeinthebulkagreeswiththatofhigh-anisotropymaterials.The
surfacedomainwidthissmallerbecauseofthesmallerwallenergyaccordingto
(3.227).Butthefinesurfacepatternalsodisplaysamorejaggedappearance,
thatisevenmoreclearlyvisibleinitsdetailsindomainobservationwith
higherresolutionasshowninFig.2.7.Thiscontrastswiththeroundedshape
ofthebranchingprotrusionsinhigh-anisotropysamplessuchasinFig.5.5.

Thereasonforthisdifferencewasnotunderstoodbeforehigh-resolution
imagingwithelectronpolarizationmethods[890]concentratedonthein-
planecomponentsofthesurfacemagnetizationratherthanontheconven-
tionalpolarcomponents(Fig.2.39b).Similarresultswerethenalsoobtained
bymagneto-opticalmeans[180].Thebasicreasonforthedifferentpatternof
cobaltappearstobethepresenceofclosuredomainsintheuppermostlevel
ofbranching(seeFig.3.121b).Obviouslytheseclosuredomainsaremodulated
inadensestripedomainpattern,inanalogytothestresspatternsinmetal-
licglasses,shownandinterpretedinFig.3.142.Accordingtothesefindings,
cobaltwithitsintermediateanisotropyformsakindofhybrid,followingthe
high-anisotropytwo-phasebranchingschemeinthebulk,andalow-anisotropy
multiaxialbranchingschemeatthesurface.

Onthesideplaneofauniaxialcrystalthebranchingmechanismcan
beimmediatelyobserved(Fig.5.6).Althoughsuchpicturesseemtobeintu-
itivelyconvincing,oneshouldnotconsiderthemasundisturbedcross-sections
throughabranchingpattern.Thepresenceofthefreesidesurfacechangesthe
energeticsoftheinternalstrayfield,whichwillcausesomerelaxationofthe

Fig.5.6.Domainsonthesideplaneofacobaltcrystal(a)andofaslightlymisori-
entedNdFeBcrystal(b)demonstratingtheprocessofdomainbranchingtowards
thesampleedge.ANdFeBtwincrystaldisplaysthebranchingprocess(c),wherethe
twinboundaryactslikeamirrorforthedomainpattern(asinFig.2.7).Themisori-
entationsofthetwinsare13◦and52◦,respectively.(Sample:courtesyA.Handstein,
IFWDresden)
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A smooth cascade of wrinkles at the edge of a floating elastic film

Jiangshui Huang1,2, Benny Davidovitch1, Christian Santangelo1, Thomas P. Russell2, and Narayanan Menon*1

1Department of Physics, University of Massachusetts, Amherst, Massachusetts 01003 and
2Polymer Science and Engineering Department, University of Massachusetts, Amherst, Massachusetts 01003

(Dated: January 19, 2009)

The mechanism by which a patterned state ac-
commodates the breaking of translational symme-
try by a phase boundary or a sample wall has been
addressed in the context of Landau branching in
type-I superconductors [1], refinement of mag-
netic domains [2], and compressed elastic sheets
[3]. We explore this issue by studying an ultra-
thin polymer sheet floating on the surface of a
fluid, decorated with a pattern of parallel wrin-
kles. At the edge of the sheet, this corrugated
profile meets the fluid meniscus. Rather than
branching of wrinkles into generations of ever-
smaller sharp folds [3], we discover a smooth cas-
cade in which the coarse pattern in the bulk is
matched to fine structure at the edge by the con-
tinuous introduction of discrete, higher wavenum-
ber Fourier modes. The observed multiscale mor-
phology is controlled by a dimensionless param-
eter that quantifies the relative strength of the
edge forces and the rigidity of the bulk pattern.

When a thin rectangular sheet floating on the surface
of a pool of liquid is compressed along two opposing
edges, it forms a pattern of wrinkles parallel to these
edges. Unlike the Euler buckling of an unsupported piece
of a paper, where the largest possible wavelength is se-
lected, the wrinkles form at a wavelength λ ! W , the
width of the rectangle in the direction of the compression.
Two principles are essential to understanding the ampli-
tude and wavelength of this pattern: first, a thin sheet
can, to a first approximation, be treated as inextensible,
so that the length of a line in the compression direction is
preserved. Consequently, the wavelength and amplitude
of the wrinkles are related. Second, the bending energy
of the sheet favours long wavelengths (and therefore large
amplitudes) whereas the gravitational energy of the liq-
uid subphase favours small amplitudes (and hence small
wavelengths). Thus, the wavelength is selected by a com-
promise [5] between the bending energy of the sheet and
gravitational energy (or more generally, any mechanism
by which the subphase resists distortion).

We show in Fig.1 a controlled experimental realisa-
tion of this situation with a polystyrene (PS) sheet of
dimensions W × L = 3cm × 2cm, and thickness t float-
ing on the surface of water, and initially experiencing an
isotropic tension ≈ γ, the liquid-vapour surface tension.
As the sheet is compressed by a distance ∆ (such that
∆̃ ≡ ∆/W ! 1), parallel wrinkles develop in the bulk.
The one-dimensional pattern of wrinkles in the bulk of
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FIG. 1: (A) Image of a wrinkled PS sheet floating on the sur-
face of water, compressed along its length between two razor
blades. (B) Sketch of geometry. (C) Bulk wavelength of wrin-
kles, λ = 2π/qo as a function of film thickness, t. The solid
line is a fit to t3/4, showing agreement with the prediction of
qo =(ρg/B)1/4

the sheet, characterised by a height field ζ(y), has for
small amplitudes, an energy per unit surface area:

u =
1

2

(

B(
∂2ζ

∂2y
)2+ρgζ2+σ[(

∂ζ

∂y
)2−2∆̃]

)

(1)

The first two terms in u(y) represent bending energy of
the sheet and the gravitational energy of the fluid, re-
spectively, while the third term enforces the constraint
of inextensibility in the limit of small amplitudes, with
the Lagrange multiplier σ being the stress σyy that must
be applied in the y-direction at the compressed edges. ρ
is the density of the fluid, and the bending modulus is
denoted by B = Et3/(12(1 − Λ2)) [6], where E is the
Young’s modulus and Λ is the Poisson ratio. The sur-
face tension does not appear in the energy functional
shown above due to the fact that the bulk pattern has
translational symmetry in the x̂-direction. However, it is
important to note that the sheet still experiences a ten-
sion σxx ≈ γ. Minimising this energy density leads to a
pattern

ζ(y)=
2

q

√

∆̃ sin(qy) (a); σyy =(Bq2+ρg/q2) (b) (2)

where the wavenumber q = qo =(ρg/B)1/4. With q = qo,

6. (a) SiC;Si blister reported by ARGON cf trl. (198921). (b) Mtxnbrane solution by upper cnw 
construction. (c) Solution aflcr balding correction. 
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Building a branching ansatz
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Figure 4. Optimal states at Péclet number (a) Pe = 508, (b) Pe = 1006, (c) Pe = 5041 and
(d) Pe = 10009. The orange objects show the isosurfaces of T = 0.75. The white tube-like
structures are the isosurfaces of (a) Q = 8.0× 104, (b) Q = 4.8× 104, (c) Q = 1.6× 107 and (d)
Q = 1.6× 108 (note that only those in the lower half of the domain are shown for visualisation
of the near-wall structures). The contours represent temperature field in the planes x = π/2 and
y = 0.
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Figure 5. Energy spectra of the wall-normal velocity w, kxEw, as a function of the distance to
the wall, z and the wavelength in the x-direction, λx. The dashed diagonal indicates λx = Lxz.
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