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Enstrophy-constrained optimization

natural from the point of view of a power budget

oou+u-Vu=Vp+rAu+f in ()
V-u=0 in €2
u=2~0 at 0f)

v {|Vul?) = (f - u)

Energy dissipation balances
power input to sustain flow
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min (|VT|?) ~ Pe %/?

u(x,t)

Both scaling laws hold up to log corrections for Pe > 1.
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How do optimal flows behave?



Variational bounds on cooling

(VT < (Vnl* + VAT (8 +u- V)n —1)|?)

if n=0 at 91

cool
a heated disc

(IVT|%) = (26 = [VE]* = [VATH(O; +u- V)E[*)

if € =0 at 00

(sharp in case of steady flows)
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Variational bounds on cooling

T +u-VI =AT+1

cool
a heated disc

proof by “symmetrization”

(9tT+ + u - VT_|_ — AT_|_ + 1
—8tT_ —u-V71_ =AT_ 1

1 1
1=5(Ty—T) &= (Ty +T)

(O +u-V)n=A¢+1
(O +u-V)§ = An

(Vn-VE& =0 = (VIP) = (VL) = (|Vnl* + |VEF)

2 <{(Vnl? + VAT (8 +u-V)n—1) )
Y > (26 — |[VE)? = [VATH (O +u- V)E]P)
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A test function with a
0 boundary layer yields

(IVTP) Z ([Va]?)~/3

Very reminiscent of the background method...

...regardless of how you prove it, is it optimal?
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Search for steady optimal flows

1
min VT2 = min ][VA_l u-vn—1 2—|——][ Vu2][ Vnl?
i f VTP = min o VAT (@ Vi D)+ 55 f V£ |V

(fo IVuf?)"P<Pe =0 at 89
u=0 at 912 non-convex regularizing
lower order term, higher order terms,
prefers patterns sets a lengthscale

Together, the terms compete to determine optimal flows.

Reminds of problems in elasticity, micromagnetics, ...
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Building a branching ansatz
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Optimal branching
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