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� = ⌫/

<latexit sha1_base64="HMbJ0mU2ZJoJE/gG7VSZBrCT4Hs="></latexit>

Nu(Ra,�) :=
total heat flux

conductive heat flux
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Nu(Ra,�) :=
total heat flux

conductive heat flux
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⇡ const⇥Ra↵



Kraichnan (1962), Speigel (1963)


Upper bounding: Malkus (1954), Howard (1963), Busse (1969) - classical 
                            Doering & Constantin (1996)                          - background method 
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Nu ⇠ Ra1/3

Iyer et al. (2020)

Ahlers et al. (2017), He et al. (2012)

Classical

Ultimate

Malkus (1954), Priestley (1954), Howard (1964)

Waleffe et al. (2015)



Kraichnan (1962), Speigel (1963)


Upper bounding: Malkus (1954), Howard (1963), Busse (1969) - classical 
                            Doering & Constantin (1996)                          - background method 
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Nu ⇠ Ra1/3

Iyer et al. (2020)

Ahlers et al. (2017), He et al. (2012)

Classical

Ultimate

Malkus (1954), Priestley (1954), Howard (1964)

`add more constraints’

Waleffe et al. (2015)



Simple 2D roll solutions

Waleffe et al (2015)
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Simple 2D roll solutions

Waleffe et al (2015)
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Could 2D rolls solutions  
be an upper bound?



Key Questions

1. Can the upper bound be lowered from `ultimate’ to `classical’ scaling by incorporating more 
constraints?


 




Key Questions

1. Can the upper bound be lowered from `ultimate’ to `classical’ scaling by incorporating more 
constraints?


2.  If all (steady) dynamical constraints imposed, could the optimal be a steady Boussinesq solution?

        

       - i.e could 2D rolls `satisfy’ the spectral constraint? 




Simplest problem: 


consider 2D Rayleigh Benard Convection with stress-free b.c.s 


Wall-to-Wall problem (Hassanzadeh et al. 2014

                                    Tobasco & Doering 2017 


                           Souza et al. 2020)





Background Approach

<latexit sha1_base64="01YJz+qAXPROp7YqyFJWUTmsNF4=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQILdSSiKIIQtGNywq9QRPKZDpth04uzJyINXTtxldx40IRtz6BO9/GSZuFtv4w8PGfczhzfjfkTIJpfmuZhcWl5ZXsam5tfWNzS9/eacggEoTWScAD0XKxpJz5tA4MOG2FgmLP5bTpDq+TevOOCskCvwajkDoe7vusxwgGZXX0fRsGFHDhvvRQguLFZS2lIxtwlHCxo+fNsjmRMQ9WCnmUqtrRv+xuQCKP+kA4lrJtmSE4MRbACKfjnB1JGmIyxH3aVuhjj0onnpwyNg6V0zV6gVDPB2Pi/p6IsSflyHNVp4dhIGdriflfrR1B79yJmR9GQH0yXdSLuAGBkeRidJmgBPhIASaCqb8aZIAFJqDSy6kQrNmT56FxXLZOy+btSb5ylcaRRXvoABWQhc5QBd2gKqojgh7RM3pFb9qT9qK9ax/T1oyWzuyiP9I+fwASoJiW</latexit>

✓(x, z, t) := T (x, z, t)� ⌧(x, z)

<latexit sha1_base64="NlQOYD6UCjCEPxtW9i2sKkrOI6c=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVSklEUQSh6MZlBfuAJpTJZNIOnUzCzESsob/gxl9x40IRt+7c+TdO2iDaemCYwzn3cu89XsyoVJb1ZczNLywuLRdWiqtr6xub5tZ2U0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre4DLzW7dESBrxGzWMiRuiHqcBxUhpqWuWHS9ivhyG+ksdnozKd5X7ijo4O4ep4wXwR+iaJatqjQFniZ2TEshR75qfjh/hJCRcYYak7NhWrNwUCUUxI6Oik0gSIzxAPdLRlKOQSDcdXzSC+1rxYRAJ/biCY/V3R4pCmS2tK0Ok+nLay8T/vE6iglM3pTxOFOF4MihIGFQRzOKBPhUEKzbUBGFB9a4Q95FAWOkQizoEe/rkWdI8rNrHVev6qFS7yOMogF2wB8rABiegBq5AHTQABg/gCbyAV+PReDbejPdJ6ZyR9+yAPzA+vgH7Jpxv</latexit>

⌫(x, z, t) := u(x, z, t)

Background field




Background Approach

<latexit sha1_base64="01YJz+qAXPROp7YqyFJWUTmsNF4=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQILdSSiKIIQtGNywq9QRPKZDpth04uzJyINXTtxldx40IRtz6BO9/GSZuFtv4w8PGfczhzfjfkTIJpfmuZhcWl5ZXsam5tfWNzS9/eacggEoTWScAD0XKxpJz5tA4MOG2FgmLP5bTpDq+TevOOCskCvwajkDoe7vusxwgGZXX0fRsGFHDhvvRQguLFZS2lIxtwlHCxo+fNsjmRMQ9WCnmUqtrRv+xuQCKP+kA4lrJtmSE4MRbACKfjnB1JGmIyxH3aVuhjj0onnpwyNg6V0zV6gVDPB2Pi/p6IsSflyHNVp4dhIGdriflfrR1B79yJmR9GQH0yXdSLuAGBkeRidJmgBPhIASaCqb8aZIAFJqDSy6kQrNmT56FxXLZOy+btSb5ylcaRRXvoABWQhc5QBd2gKqojgh7RM3pFb9qT9qK9ax/T1oyWzuyiP9I+fwASoJiW</latexit>

✓(x, z, t) := T (x, z, t)� ⌧(x, z)

<latexit sha1_base64="NlQOYD6UCjCEPxtW9i2sKkrOI6c=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVSklEUQSh6MZlBfuAJpTJZNIOnUzCzESsob/gxl9x40IRt+7c+TdO2iDaemCYwzn3cu89XsyoVJb1ZczNLywuLRdWiqtr6xub5tZ2U0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre4DLzW7dESBrxGzWMiRuiHqcBxUhpqWuWHS9ivhyG+ksdnozKd5X7ijo4O4ep4wXwR+iaJatqjQFniZ2TEshR75qfjh/hJCRcYYak7NhWrNwUCUUxI6Oik0gSIzxAPdLRlKOQSDcdXzSC+1rxYRAJ/biCY/V3R4pCmS2tK0Ok+nLay8T/vE6iglM3pTxOFOF4MihIGFQRzOKBPhUEKzbUBGFB9a4Q95FAWOkQizoEe/rkWdI8rNrHVev6qFS7yOMogF2wB8rABiegBq5AHTQABg/gCbyAV+PReDbejPdJ6ZyR9+yAPzA+vgH7Jpxv</latexit>

⌫(x, z, t) := u(x, z, t)

<latexit sha1_base64="EFOm5Ja8g+8uqAIcqQVVX4O5JCI="></latexit>

) L = h|rT |2i � ahu.(N )i| {z }
power

�

entropyz }| {
bhT (H)i+ bh⌧H)i| {z }

heat eqn



<latexit sha1_base64="wrzgejzIPo/JU2Zyz/3K8YwMbKE="></latexit>

where G := h a

Ra
|ru|2 + |r✓|2 + 2✓u.r⌧i

<latexit sha1_base64="cvWyBw9bKKaSRu0MH5FkiFka7Ww="></latexit>

) L = h|r⌧ |2i � G(u, ✓; ⌧)



<latexit sha1_base64="wrzgejzIPo/JU2Zyz/3K8YwMbKE="></latexit>

where G := h a

Ra
|ru|2 + |r✓|2 + 2✓u.r⌧i

<latexit sha1_base64="cvWyBw9bKKaSRu0MH5FkiFka7Ww="></latexit>

) L = h|r⌧ |2i � G(u, ✓; ⌧)

<latexit sha1_base64="143Rqb9KwOQ7oOYuBu7zb1eYwNE="></latexit>

minG =

(
0 ⌧ 2 ⌦

⇢
(u, ✓) = (0, 0)
(u, ✓) 6= (0, 0)

�1 ⌧ /2 ⌦
marginal modes



<latexit sha1_base64="wrzgejzIPo/JU2Zyz/3K8YwMbKE="></latexit>

where G := h a

Ra
|ru|2 + |r✓|2 + 2✓u.r⌧i

<latexit sha1_base64="cvWyBw9bKKaSRu0MH5FkiFka7Ww="></latexit>

) L = h|r⌧ |2i � G(u, ✓; ⌧)

<latexit sha1_base64="143Rqb9KwOQ7oOYuBu7zb1eYwNE="></latexit>

minG =

(
0 ⌧ 2 ⌦

⇢
(u, ✓) = (0, 0)
(u, ✓) 6= (0, 0)

�1 ⌧ /2 ⌦
marginal modes

<latexit sha1_base64="/8QW8xNJFMpEKa4z52JOo8/bV64="></latexit>

�L
�⌧

= �2r2⌧ � �G(u, ✓)
�⌧



<latexit sha1_base64="wrzgejzIPo/JU2Zyz/3K8YwMbKE="></latexit>

where G := h a

Ra
|ru|2 + |r✓|2 + 2✓u.r⌧i

<latexit sha1_base64="cvWyBw9bKKaSRu0MH5FkiFka7Ww="></latexit>

) L = h|r⌧ |2i � G(u, ✓; ⌧)

<latexit sha1_base64="RfEuaZY34fGKCjAq5DAOzIIWD7U="></latexit>

problem : Nu  min
⌧2⌦

max
u,✓

L

<latexit sha1_base64="143Rqb9KwOQ7oOYuBu7zb1eYwNE="></latexit>

minG =

(
0 ⌧ 2 ⌦

⇢
(u, ✓) = (0, 0)
(u, ✓) 6= (0, 0)

�1 ⌧ /2 ⌦
marginal modes

<latexit sha1_base64="/8QW8xNJFMpEKa4z52JOo8/bV64="></latexit>

�L
�⌧

= �2r2⌧ � �G(u, ✓)
�⌧



<latexit sha1_base64="ctZrG2mSD9c9ICmEIwTGyzh9Kjg="></latexit>

�u = �G
�u = �✓r⌧ �rp+ a

Rar
2u

�✓ = �G
�✓ = �u.r⌧ +r2✓

<latexit sha1_base64="yGmDQYBcndBiN6LQsywcKPasv+I="></latexit>

with 0 = �0  �1  �2 . . .



<latexit sha1_base64="588D6FUuPEjYCKvYI6zR+ZmpJQQ=">AAACAHicbVDLSgMxFL1TX3V8jbpw4SZYhBakzAiiG6HgRncV7APaoWTSTBuayQxJRqilIP6KGxeKuPUz3Pk3ZtoutPWEXA7n3EtyT5BwprTrflu5peWV1bX8ur2xubW94+zu1VWcSkJrJOaxbAZYUc4ErWmmOW0mkuIo4LQRDK4yv3FPpWKxuNPDhPoR7gkWMoK1kTrOQRGXUPvEHI3Ty6wUH0q2bXecglt2J0CLxJuRQqX0CBmqHeer3Y1JGlGhCcdKtTw30f4IS80Ip2O7nSqaYDLAPdoyVOCIKn80WWCMjo3SRWEszRUaTdTfEyMcKTWMAtMZYd1X814m/ue1Uh1e+CMmklRTQaYPhSlHOkZZGqjLJCWaDw3BRDLzV0T6WGKiTWZZCN78youkflr2zsrurUnjBqbIwyEcQRE8OIcKXEMVakBgDM/wCm/Wk/VivVsf09acNZvZhz+wPn8A9WqU1Q==</latexit>

(a) ⌧ = ⌧(z)

Marginal modes are Fourier modes  in x       
<latexit sha1_base64="yX22Ycg3r5A9S+wu31ihepknIjQ=">AAACD3icbVBNS8NAEJ34WetX1KOXRVEslJIURC+C4EXxUsFqoQlls9m222426e5GKEHwB3jxr3jxoIhXr978N25aD1p9MPB4b4aZeUHCmdKO82lNTc/Mzs0XFoqLS8srq/ba+pWKU0loncQ8lo0AK8qZoHXNNKeNRFIcBZxeB/2T3L++oVKxWFzqYUL9CHcEazOCtZFa9m5/r1dCHhPoHHmDQYpD1Dtyy9Uy8ngYa4XKomjQsredijMC+kvcb7J9XLqDHLWW/eGFMUkjKjThWKmm6yTaz7DUjHB6W/RSRRNM+rhDm4YKHFHlZ6N/btGOUULUjqUpodFI/TmR4UipYRSYzgjrrpr0cvE/r5nq9qGfMZGkmgoyXtROOdIxysNBIZOUaD40BBPJzK2IdLHERJsI8xDcyZf/kqtqxd2vOBcmjTMYowCbsAV74MIBHMMp1KAOBO7hEZ7hxXqwnqxX623cOmV9z2zAL1jvXwNimZk=</latexit>

k(j) 2 K j = 1, 2, . . . , n

<latexit sha1_base64="RquQKPz5IalndkQeJhw8lE08mjU="></latexit>

(u⇤, ✓⇤) =
nX

j=1

(uj , ✓j)e
ik(j)x + c.c.

<latexit sha1_base64="LlOEYo00sBrzuwYS00XVw/W/5b4="></latexit>

G(u⇤, ✓⇤) =
X

j

⇢
Gj := h a

Ra
|ruj |2 + |r✓j |2 + 2✓juj .r⌧i

�

<latexit sha1_base64="5CfNngFrb3cx1lUSrU0mbjALTGE="></latexit>

�Gj = 0) �G(u⇤, ✓⇤) = 0



<latexit sha1_base64="588D6FUuPEjYCKvYI6zR+ZmpJQQ=">AAACAHicbVDLSgMxFL1TX3V8jbpw4SZYhBakzAiiG6HgRncV7APaoWTSTBuayQxJRqilIP6KGxeKuPUz3Pk3ZtoutPWEXA7n3EtyT5BwprTrflu5peWV1bX8ur2xubW94+zu1VWcSkJrJOaxbAZYUc4ErWmmOW0mkuIo4LQRDK4yv3FPpWKxuNPDhPoR7gkWMoK1kTrOQRGXUPvEHI3Ty6wUH0q2bXecglt2J0CLxJuRQqX0CBmqHeer3Y1JGlGhCcdKtTw30f4IS80Ip2O7nSqaYDLAPdoyVOCIKn80WWCMjo3SRWEszRUaTdTfEyMcKTWMAtMZYd1X814m/ue1Uh1e+CMmklRTQaYPhSlHOkZZGqjLJCWaDw3BRDLzV0T6WGKiTWZZCN78youkflr2zsrurUnjBqbIwyEcQRE8OIcKXEMVakBgDM/wCm/Wk/VivVsf09acNZvZhz+wPn8A9WqU1Q==</latexit>

(a) ⌧ = ⌧(z)

Marginal modes are Fourier modes  in x       
<latexit sha1_base64="yX22Ycg3r5A9S+wu31ihepknIjQ=">AAACD3icbVBNS8NAEJ34WetX1KOXRVEslJIURC+C4EXxUsFqoQlls9m222426e5GKEHwB3jxr3jxoIhXr978N25aD1p9MPB4b4aZeUHCmdKO82lNTc/Mzs0XFoqLS8srq/ba+pWKU0loncQ8lo0AK8qZoHXNNKeNRFIcBZxeB/2T3L++oVKxWFzqYUL9CHcEazOCtZFa9m5/r1dCHhPoHHmDQYpD1Dtyy9Uy8ngYa4XKomjQsredijMC+kvcb7J9XLqDHLWW/eGFMUkjKjThWKmm6yTaz7DUjHB6W/RSRRNM+rhDm4YKHFHlZ6N/btGOUULUjqUpodFI/TmR4UipYRSYzgjrrpr0cvE/r5nq9qGfMZGkmgoyXtROOdIxysNBIZOUaD40BBPJzK2IdLHERJsI8xDcyZf/kqtqxd2vOBcmjTMYowCbsAV74MIBHMMp1KAOBO7hEZ7hxXqwnqxX623cOmV9z2zAL1jvXwNimZk=</latexit>

k(j) 2 K j = 1, 2, . . . , n

<latexit sha1_base64="RquQKPz5IalndkQeJhw8lE08mjU="></latexit>

(u⇤, ✓⇤) =
nX

j=1

(uj , ✓j)e
ik(j)x + c.c.

<latexit sha1_base64="LlOEYo00sBrzuwYS00XVw/W/5b4="></latexit>

G(u⇤, ✓⇤) =
X

j

⇢
Gj := h a

Ra
|ruj |2 + |r✓j |2 + 2✓juj .r⌧i

�

Optimal satisfies constraining equations
<latexit sha1_base64="5CfNngFrb3cx1lUSrU0mbjALTGE="></latexit>

�Gj = 0) �G(u⇤, ✓⇤) = 0



<latexit sha1_base64="myZnIjsL5n8DARSvMUnkvdoWvZo=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjCC6EQpudFfBPqAdSibNtKGZzJBkxFoL+ituXCji1t9w59+YabvQ1gP3cjjnXnJz/JgzpR3n28osLC4tr2RXc2vrG5tb9vZOTUWJJLRKIh7Jho8V5UzQqmaa00YsKQ59Tut+/yL167dUKhaJGz2IqRfirmABI1gbqW3vFfwiammcnKetcHd0X8wZtO28U3LGQPPEnZJ8ufgIKSpt+6vViUgSUqEJx0o1XSfW3hBLzQino1wrUTTGpI+7tGmowCFV3nB8/wgdGqWDgkiaEhqN1d8bQxwqNQh9Mxli3VOzXir+5zUTHZx5QybiRFNBJg8FCUc6QmkYqMMkJZoPDMFEMnMrIj0sMdEmsjQEd/bL86R2XHJPSs61SeMKJsjCPhxAAVw4hTJcQgWqQOABnuEV3qwn68V6tz4moxlrurMLf2B9/gA655Rq</latexit>

(b)⌧ = ⌧(x, z)

<latexit sha1_base64="oSmwwUIym5jJ1YJpVhDlIsKIKxk="></latexit>

marginal modes (uj , ✓j)(x, z)

<latexit sha1_base64="gY7Zj16d85J0vFvYxkj5xejIJ5o="></latexit>

(u⇤, ✓⇤) =
nX

j=1

(uj , ✓j)(x, z)

<latexit sha1_base64="QMYRzFs8+sBxdi+EcWjQvUaHJ/M="></latexit>

G(u⇤, ✓⇤) = h a
Ra |ru⇤|2 + |r✓⇤|2 + 2✓⇤u⇤.r⌧i

6=
P

j

⇢
Gj := h a

Ra |ruj |2 + |r✓j |2 + 2✓juj .r⌧i
�

<latexit sha1_base64="4Eu46yoJuCndkghDtAR38b48WGI="></latexit>

�Gj = 0 ; �G(u⇤, ✓⇤) = 0



<latexit sha1_base64="myZnIjsL5n8DARSvMUnkvdoWvZo=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjCC6EQpudFfBPqAdSibNtKGZzJBkxFoL+ituXCji1t9w59+YabvQ1gP3cjjnXnJz/JgzpR3n28osLC4tr2RXc2vrG5tb9vZOTUWJJLRKIh7Jho8V5UzQqmaa00YsKQ59Tut+/yL167dUKhaJGz2IqRfirmABI1gbqW3vFfwiammcnKetcHd0X8wZtO28U3LGQPPEnZJ8ufgIKSpt+6vViUgSUqEJx0o1XSfW3hBLzQino1wrUTTGpI+7tGmowCFV3nB8/wgdGqWDgkiaEhqN1d8bQxwqNQh9Mxli3VOzXir+5zUTHZx5QybiRFNBJg8FCUc6QmkYqMMkJZoPDMFEMnMrIj0sMdEmsjQEd/bL86R2XHJPSs61SeMKJsjCPhxAAVw4hTJcQgWqQOABnuEV3qwn68V6tz4moxlrurMLf2B9/gA655Rq</latexit>

(b)⌧ = ⌧(x, z)

<latexit sha1_base64="oSmwwUIym5jJ1YJpVhDlIsKIKxk="></latexit>

marginal modes (uj , ✓j)(x, z)

<latexit sha1_base64="gY7Zj16d85J0vFvYxkj5xejIJ5o="></latexit>

(u⇤, ✓⇤) =
nX

j=1

(uj , ✓j)(x, z)

<latexit sha1_base64="QMYRzFs8+sBxdi+EcWjQvUaHJ/M="></latexit>

G(u⇤, ✓⇤) = h a
Ra |ru⇤|2 + |r✓⇤|2 + 2✓⇤u⇤.r⌧i

6=
P

j

⇢
Gj := h a

Ra |ruj |2 + |r✓j |2 + 2✓juj .r⌧i
�

Optimal does not satisfy constraining equations
<latexit sha1_base64="4Eu46yoJuCndkghDtAR38b48WGI="></latexit>

�Gj = 0 ; �G(u⇤, ✓⇤) = 0

Souza et al. 2020



<latexit sha1_base64="myZnIjsL5n8DARSvMUnkvdoWvZo=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjCC6EQpudFfBPqAdSibNtKGZzJBkxFoL+ituXCji1t9w59+YabvQ1gP3cjjnXnJz/JgzpR3n28osLC4tr2RXc2vrG5tb9vZOTUWJJLRKIh7Jho8V5UzQqmaa00YsKQ59Tut+/yL167dUKhaJGz2IqRfirmABI1gbqW3vFfwiammcnKetcHd0X8wZtO28U3LGQPPEnZJ8ufgIKSpt+6vViUgSUqEJx0o1XSfW3hBLzQino1wrUTTGpI+7tGmowCFV3nB8/wgdGqWDgkiaEhqN1d8bQxwqNQh9Mxli3VOzXir+5zUTHZx5QybiRFNBJg8FCUc6QmkYqMMkJZoPDMFEMnMrIj0sMdEmsjQEd/bL86R2XHJPSs61SeMKJsjCPhxAAVw4hTJcQgWqQOABnuEV3qwn68V6tz4moxlrurMLf2B9/gA655Rq</latexit>

(b)⌧ = ⌧(x, z)

<latexit sha1_base64="oSmwwUIym5jJ1YJpVhDlIsKIKxk="></latexit>

marginal modes (uj , ✓j)(x, z)

<latexit sha1_base64="gY7Zj16d85J0vFvYxkj5xejIJ5o="></latexit>

(u⇤, ✓⇤) =
nX

j=1

(uj , ✓j)(x, z)

<latexit sha1_base64="QMYRzFs8+sBxdi+EcWjQvUaHJ/M="></latexit>

G(u⇤, ✓⇤) = h a
Ra |ru⇤|2 + |r✓⇤|2 + 2✓⇤u⇤.r⌧i

6=
P

j

⇢
Gj := h a

Ra |ruj |2 + |r✓j |2 + 2✓juj .r⌧i
�

Optimal does not satisfy constraining equations

A steady Boussinesq solution cannot be optimal  - 2D rolls not upper (background) bound

<latexit sha1_base64="4Eu46yoJuCndkghDtAR38b48WGI="></latexit>

�Gj = 0 ; �G(u⇤, ✓⇤) = 0



<latexit sha1_base64="JTv40qgiIQ11NhQc21E72U85QGQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiRStcuCG91VsA9oQ5lMJu3QySTMTJQS8yluXCji1i9x5984TbPQ1gMXDufcO3fu8WJGpbLtb6O0tr6xuVXeruzs7u0fmNXDrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS86fXc7z0QIWnE79UsJm6IxpwGFCOlpZFZTYf5I6kgftZoXDazkVmz63YOa5U4BalBgfbI/Br6EU5CwhVmSMqBY8fKTZFQFDOSVYaJJDHCUzQmA005Col003xrZp1qxbeCSOjiysrV3xMpCqWchZ7uDJGayGVvLv7nDRIVNN2U8jhRhOPFoiBhloqseQ6WTwXBis00QVhQ/VcLT5BAWOm0KjoEZ/nkVdI9rzsXdfuuUWvdFnGU4RhO4AwcuIIW3EAbOoDhEZ7hFd6MJ+PFeDc+Fq0lo5g5gj8wPn8AB4WT3A==</latexit>

4468

<latexit sha1_base64="EHV73pmhgfnxVq6wRonHpNhx3qY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSSi6LHgRW8V7Ae0oWy2k3bpZhN2N5VS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD28xvjlBpHstHM07Qj2hf8pAzaqzU9M6f6AiL3VLZrbgzkGXi5aQMOWrd0lenF7M0QmmYoFq3PTcx/oQqw5nAabGTakwoG9I+ti2VNELtT2bnTsmpVXokjJUtachM/T0xoZHW4yiwnRE1A73oZeJ/Xjs14Y0/4TJJDUo2XxSmgpiYZL+THlfIjBhbQpni9lbCBlRRZmxCWQje4svLpHFR8a4q7sNluXqfx1GAYziBM/DgGqpwBzWoA4MhPMMrvDmJ8+K8Ox/z1hUnnzmCP3A+fwBIu47m</latexit>

1�
wa

ve

<latexit sha1_base64="zyf+ehPht4ZbyTCq/m6Qr6NBxj0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbFD0GvOgtgnlAsoTZSW8yZPbBzGwkLPkILx4U8er3ePNvnE32oIkFDUVVN91dXiy40rb9bRXW1jc2t4rbpZ3dvf2D8uFRS0WJZNhkkYhkx6MKBQ+xqbkW2Ikl0sAT2PbGt5nfnqBUPAof9TRGN6DDkPucUW2kdu3iiU6w1C9X7Ko9B1klTk4qkKPRL3/1BhFLAgw1E1SprmPH2k2p1JwJnJV6icKYsjEdYtfQkAao3HR+7oycGWVA/EiaCjWZq78nUhooNQ080xlQPVLLXib+53UT7d+4KQ/jRGPIFov8RBAdkex3MuASmRZTQyiT3NxK2IhKyrRJKAvBWX55lbRqVeeqaj9cVur3eRxFOIFTOAcHrqEOd9CAJjAYwzO8wpsVWy/Wu/WxaC1Y+cwx/IH1+QNKRY7n</latexit>

2�
wa

ve
<latexit sha1_base64="ij8+8Av+8PQELbhueBGYL9FPRsk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyXxAz0WvOitgv2ANpTNdtIu3WzC7qZSQn+EFw+KePX3ePPfmLQ5aOuDgcd7M8zM8yLBtbHtb6uwsrq2vlHcLG1t7+zulfcPmjqMFcMGC0Wo2h7VKLjEhuFGYDtSSANPYMsb3WZ+a4xK81A+mkmEbkAHkvucUZNKrYuzJzrGUq9csav2DGSZODmpQI56r/zV7YcsDlAaJqjWHceOjJtQZTgTOC11Y40RZSM6wE5KJQ1Qu8ns3Ck5SZU+8UOVljRkpv6eSGig9STw0s6AmqFe9DLxP68TG//GTbiMYoOSzRf5sSAmJNnvpM8VMiMmKaFM8fRWwoZUUWbShLIQnMWXl0nzvOpcVe2Hy0rtPo+jCEdwDKfgwDXU4A7q0AAGI3iGV3izIuvFerc+5q0FK585hD+wPn8AS8+O6A==</latexit>

3�
wa

ve
1/2



<latexit sha1_base64="SHn9tFc1Tmi8NeuV9j5rD7SlwQc=">AAACMnicbVBNS8NAEN34bf2qevSyWASFUhJR9FjwouChgq1CU8pku2mXbjZhd6LW0N/kxV8ieNCDIl79ESY1B2t9y8LbN2+YnedFUhi07Rdranpmdm5+YbGwtLyyulZc32iYMNaM11koQ33tgeFSKF5HgZJfR5pD4El+5fVPsvrVDddGhOoSBxFvBdBVwhcMMJXaxTMXId69K9/vUVeLbg9B6/CWjtRMK2eHJq4OKJhh/jwf9wrl46DQLpbsij0CnSROTkokR61dfHI7IYsDrpBJMKbp2BG2EtAomOTDghsbHgHrQ5c3U6og4KaVjFYe0p1U6VA/1OlVSEfq744EAmMGgZc6A8Ce+VvLxP9qzRj941YiVBQjV+xnkB9LiiHN8qMdoTlDOUgJMC3Sv1LWAw0M05SzEJy/K0+Sxn7FOazYFwel6lkexwLZIttklzjkiFTJKamROmHkgTyTN/JuPVqv1of1+WOdsvKeTTIG6+sbYguocw==</latexit>

⌧(x, z) ! ⌧(z) as L ! 1

Convexity: Doering & Constantin (1996)


…..no Improvement on Bound…



What about a background velocity field?

<latexit sha1_base64="01YJz+qAXPROp7YqyFJWUTmsNF4=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQILdSSiKIIQtGNywq9QRPKZDpth04uzJyINXTtxldx40IRtz6BO9/GSZuFtv4w8PGfczhzfjfkTIJpfmuZhcWl5ZXsam5tfWNzS9/eacggEoTWScAD0XKxpJz5tA4MOG2FgmLP5bTpDq+TevOOCskCvwajkDoe7vusxwgGZXX0fRsGFHDhvvRQguLFZS2lIxtwlHCxo+fNsjmRMQ9WCnmUqtrRv+xuQCKP+kA4lrJtmSE4MRbACKfjnB1JGmIyxH3aVuhjj0onnpwyNg6V0zV6gVDPB2Pi/p6IsSflyHNVp4dhIGdriflfrR1B79yJmR9GQH0yXdSLuAGBkeRidJmgBPhIASaCqb8aZIAFJqDSy6kQrNmT56FxXLZOy+btSb5ylcaRRXvoABWQhc5QBd2gKqojgh7RM3pFb9qT9qK9ax/T1oyWzuyiP9I+fwASoJiW</latexit>

✓(x, z, t) := T (x, z, t)� ⌧(x, z)

<latexit sha1_base64="NlQOYD6UCjCEPxtW9i2sKkrOI6c=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVSklEUQSh6MZlBfuAJpTJZNIOnUzCzESsob/gxl9x40IRt+7c+TdO2iDaemCYwzn3cu89XsyoVJb1ZczNLywuLRdWiqtr6xub5tZ2U0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre4DLzW7dESBrxGzWMiRuiHqcBxUhpqWuWHS9ivhyG+ksdnozKd5X7ijo4O4ep4wXwR+iaJatqjQFniZ2TEshR75qfjh/hJCRcYYak7NhWrNwUCUUxI6Oik0gSIzxAPdLRlKOQSDcdXzSC+1rxYRAJ/biCY/V3R4pCmS2tK0Ok+nLay8T/vE6iglM3pTxOFOF4MihIGFQRzOKBPhUEKzbUBGFB9a4Q95FAWOkQizoEe/rkWdI8rNrHVev6qFS7yOMogF2wB8rABiegBq5AHTQABg/gCbyAV+PReDbejPdJ6ZyR9+yAPzA+vgH7Jpxv</latexit>

⌫(x, z, t) := u(x, z, t)

<latexit sha1_base64="/5Rn9Zn2mqsfdxbzorhwmwn+z9o=">AAACH3icbVDLSgMxFM34rPVVdekmWIQWapkRXwhCwY3uKtgHdIaSyWTa0ExmSDJiHfonbvwVNy4UEXf9GzPtLLT1QMjJOfeSe48bMSqVaY6NhcWl5ZXV3Fp+fWNza7uws9uUYSwwaeCQhaLtIkkY5aShqGKkHQmCApeRlju4Tv3WAxGShvxeDSPiBKjHqU8xUlrqFs5sHpceK08VVb68gont+jAeZcKRfobMk8NAX9CO+nTilCHMdwtFs2pOAOeJlZEiyFDvFr5tL8RxQLjCDEnZscxIOQkSimJGRnk7liRCeIB6pKMpRwGRTjLZbwQPteJBPxT6cAUn6u+OBAUynVJXBkj15ayXiv95nVj5F05CeRQrwvH0Iz9mUIUwDQt6VBCs2FAThAXVs0LcRwJhpSNNQ7BmV54nzeOqdVo1706KtdssjhzYBwegBCxwDmrgBtRBA2DwDF7BO/gwXow349P4mpYuGFnPHvgDY/wDRNygpQ==</latexit>

⌫(x, z, t) := u(x, z, t)� �(x, z)
<latexit sha1_base64="01YJz+qAXPROp7YqyFJWUTmsNF4=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQILdSSiKIIQtGNywq9QRPKZDpth04uzJyINXTtxldx40IRtz6BO9/GSZuFtv4w8PGfczhzfjfkTIJpfmuZhcWl5ZXsam5tfWNzS9/eacggEoTWScAD0XKxpJz5tA4MOG2FgmLP5bTpDq+TevOOCskCvwajkDoe7vusxwgGZXX0fRsGFHDhvvRQguLFZS2lIxtwlHCxo+fNsjmRMQ9WCnmUqtrRv+xuQCKP+kA4lrJtmSE4MRbACKfjnB1JGmIyxH3aVuhjj0onnpwyNg6V0zV6gVDPB2Pi/p6IsSflyHNVp4dhIGdriflfrR1B79yJmR9GQH0yXdSLuAGBkeRidJmgBPhIASaCqb8aZIAFJqDSy6kQrNmT56FxXLZOy+btSb5ylcaRRXvoABWQhc5QBd2gKqojgh7RM3pFb9qT9qK9ax/T1oyWzuyiP9I+fwASoJiW</latexit>

✓(x, z, t) := T (x, z, t)� ⌧(x, z)

Now

Attempt an inductive bifurcation analysis:

If
<latexit sha1_base64="SKTmB/GeuqszSuEjWyeyNGmgS8A=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0Y1QcKO7CvYBTSiTyaQdOpmEmYlYQ/Zu/BU3LhRx6w+482+ctFlo64FhDufcy733eDGjUlnWt7GwuLS8slpaK69vbG5tmzu7bRklApMWjlgkuh6ShFFOWooqRrqxICj0GOl4o8vc79wRIWnEb9U4Jm6IBpwGFCOlpb5ZSR0vYr4ch/qDTjykWe3+6OHwQusBtDIIy32zatWtCeA8sQtSBQWaffPL8SOchIQrzJCUPduKlZsioShmJCs7iSQxwiM0ID1NOQqJdNPJLRk80IoPg0joxxWcqL87UhTKfFtdGSI1lLNeLv7n9RIVnLsp5XGiCMfTQUHCoIpgHgz0qSBYsbEmCAuqd4V4iATCSseXh2DPnjxP2sd1+7Ru3ZxUG9dFHCWwDyqgBmxwBhrgCjRBC2DwCJ7BK3gznowX4934mJYuGEXPHvgD4/MH+euZtA==</latexit>

�(x, z) = 0
<latexit sha1_base64="SKTmB/GeuqszSuEjWyeyNGmgS8A=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0Y1QcKO7CvYBTSiTyaQdOpmEmYlYQ/Zu/BU3LhRx6w+482+ctFlo64FhDufcy733eDGjUlnWt7GwuLS8slpaK69vbG5tmzu7bRklApMWjlgkuh6ShFFOWooqRrqxICj0GOl4o8vc79wRIWnEb9U4Jm6IBpwGFCOlpb5ZSR0vYr4ch/qDTjykWe3+6OHwQusBtDIIy32zatWtCeA8sQtSBQWaffPL8SOchIQrzJCUPduKlZsioShmJCs7iSQxwiM0ID1NOQqJdNPJLRk80IoPg0joxxWcqL87UhTKfFtdGSI1lLNeLv7n9RIVnLsp5XGiCMfTQUHCoIpgHgz0qSBYsbEmCAuqd4V4iATCSseXh2DPnjxP2sd1+7Ru3ZxUG9dFHCWwDyqgBmxwBhrgCjRBC2DwCJ7BK3gznowX4934mJYuGEXPHvgD4/MH+euZtA==</latexit>

�(x, z) = 0

before the bifurcation then
afterwards



1. Extending definitions of background fields in the background method does not improve bound 
(definitely for temperature, probably for velocity)*


<latexit sha1_base64="y4Q9dWBfJE3QNJoUkCjdL6EdQcM=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTECncRHyWJjTYGjTwSWMnscIEJsw9nZk3IhsbGX7Gx0Bhb/8HOv3EWtlDwJDc5Oefe3HuPG3ImlWV9G5m5+YXFpexybmV1bX3D3NyqySASFKo04IFouEQCZz5UFVMcGqEA4rkc6u7gPPHrDyAkC/xbNQzB8UjPZ11GidJS29y9inCLwz22Clbx5KiEb8hdbB8WRxjjXNvMa3kMPEvslORRikrb/Gp1Ahp54CvKiZRN2wqVExOhGOUwyrUiCSGhA9KDpqY+8UA68fiLEd7XSgd3A6HLV3is/p6IiSfl0HN1p0dUX057ifif14xU98yJmR9GCnw6WdSNOFYBTiLBHSaAKj7UhFDB9K2Y9okgVOngkhDs6ZdnSa1YsI8L1nUpX75M48iiHbSHDpCNTlEZXaAKqiKKHtEzekVvxpPxYrwbH5PWjJHObKM/MD5/AM+RlPE=</latexit>

Nu  0.02634Ra1/2

Conclusions



1. Extending definitions of background fields in the background method does not improve bound 
(definitely for temperature, probably for velocity)*


<latexit sha1_base64="y4Q9dWBfJE3QNJoUkCjdL6EdQcM=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTECncRHyWJjTYGjTwSWMnscIEJsw9nZk3IhsbGX7Gx0Bhb/8HOv3EWtlDwJDc5Oefe3HuPG3ImlWV9G5m5+YXFpexybmV1bX3D3NyqySASFKo04IFouEQCZz5UFVMcGqEA4rkc6u7gPPHrDyAkC/xbNQzB8UjPZ11GidJS29y9inCLwz22Clbx5KiEb8hdbB8WRxjjXNvMa3kMPEvslORRikrb/Gp1Ahp54CvKiZRN2wqVExOhGOUwyrUiCSGhA9KDpqY+8UA68fiLEd7XSgd3A6HLV3is/p6IiSfl0HN1p0dUX057ifif14xU98yJmR9GCnw6WdSNOFYBTiLBHSaAKj7UhFDB9K2Y9okgVOngkhDs6ZdnSa1YsI8L1nUpX75M48iiHbSHDpCNTlEZXaAKqiKKHtEzekVvxpPxYrwbH5PWjJHObKM/MD5/AM+RlPE=</latexit>

Nu  0.02634Ra1/2

2. Steady solution of Boussinesq equations is not a Background optimal.  

Conclusions



1. Extending definitions of background fields in the background method does not improve bound 
(definitely for temperature, probably for velocity)*


<latexit sha1_base64="y4Q9dWBfJE3QNJoUkCjdL6EdQcM=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTECncRHyWJjTYGjTwSWMnscIEJsw9nZk3IhsbGX7Gx0Bhb/8HOv3EWtlDwJDc5Oefe3HuPG3ImlWV9G5m5+YXFpexybmV1bX3D3NyqySASFKo04IFouEQCZz5UFVMcGqEA4rkc6u7gPPHrDyAkC/xbNQzB8UjPZ11GidJS29y9inCLwz22Clbx5KiEb8hdbB8WRxjjXNvMa3kMPEvslORRikrb/Gp1Ahp54CvKiZRN2wqVExOhGOUwyrUiCSGhA9KDpqY+8UA68fiLEd7XSgd3A6HLV3is/p6IiSfl0HN1p0dUX057ifif14xU98yJmR9GCnw6WdSNOFYBTiLBHSaAKj7UhFDB9K2Y9okgVOngkhDs6ZdnSa1YsI8L1nUpX75M48iiHbSHDpCNTlEZXaAKqiKKHtEzekVvxpPxYrwbH5PWjJHObKM/MD5/AM+RlPE=</latexit>

Nu  0.02634Ra1/2

2. Steady solution of Boussinesq equations is not a Background optimal.  

3. Background  method confirms Hassanzadeh (2014) for Ra < 4468 

                   but situation beyond unclear in 2D**

Conclusions



1. Extending definitions of background fields in the background method does not improve bound 
(definitely for temperature, probably for velocity)*


<latexit sha1_base64="y4Q9dWBfJE3QNJoUkCjdL6EdQcM=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTECncRHyWJjTYGjTwSWMnscIEJsw9nZk3IhsbGX7Gx0Bhb/8HOv3EWtlDwJDc5Oefe3HuPG3ImlWV9G5m5+YXFpexybmV1bX3D3NyqySASFKo04IFouEQCZz5UFVMcGqEA4rkc6u7gPPHrDyAkC/xbNQzB8UjPZ11GidJS29y9inCLwz22Clbx5KiEb8hdbB8WRxjjXNvMa3kMPEvslORRikrb/Gp1Ahp54CvKiZRN2wqVExOhGOUwyrUiCSGhA9KDpqY+8UA68fiLEd7XSgd3A6HLV3is/p6IiSfl0HN1p0dUX057ifif14xU98yJmR9GCnw6WdSNOFYBTiLBHSaAKj7UhFDB9K2Y9okgVOngkhDs6ZdnSa1YsI8L1nUpX75M48iiHbSHDpCNTlEZXaAKqiKKHtEzekVvxpPxYrwbH5PWjJHObKM/MD5/AM+RlPE=</latexit>

Nu  0.02634Ra1/2

2. Steady solution of Boussinesq equations is not a Background optimal.  

3. Background  method confirms Hassanzadeh (2014) for Ra < 4468 

                   but situation beyond unclear in 2D** 

3D optimal solution found (Motoki et al. 2018) which approaches
<latexit sha1_base64="y4Q9dWBfJE3QNJoUkCjdL6EdQcM=">AAACBXicbVC7TgJBFJ3FF+Jr1VKLicTECncRHyWJjTYGjTwSWMnscIEJsw9nZk3IhsbGX7Gx0Bhb/8HOv3EWtlDwJDc5Oefe3HuPG3ImlWV9G5m5+YXFpexybmV1bX3D3NyqySASFKo04IFouEQCZz5UFVMcGqEA4rkc6u7gPPHrDyAkC/xbNQzB8UjPZ11GidJS29y9inCLwz22Clbx5KiEb8hdbB8WRxjjXNvMa3kMPEvslORRikrb/Gp1Ahp54CvKiZRN2wqVExOhGOUwyrUiCSGhA9KDpqY+8UA68fiLEd7XSgd3A6HLV3is/p6IiSfl0HN1p0dUX057ifif14xU98yJmR9GCnw6WdSNOFYBTiLBHSaAKj7UhFDB9K2Y9okgVOngkhDs6ZdnSa1YsI8L1nUpX75M48iiHbSHDpCNTlEZXaAKqiKKHtEzekVvxpPxYrwbH5PWjJHObKM/MD5/AM+RlPE=</latexit>

Nu  0.02634Ra1/2

3D Boussinesq multiscale solution  (Motoki et al. 2021) 
<latexit sha1_base64="Dv6pLPgeMfSitEqE5SvaGHZo77c=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVzXxgS4LbnQjVewD2lgm02k7dDIJMxOhhuKvuHGhiFv/w51/46TNQlsPXDiccy/33uNHnCntON9Wbm5+YXEpv1xYWV1b37A3t2oqjCWhVRLyUDZ8rChnglY105w2Iklx4HNa9wcXqV9/oFKxUNzpYUS9APcE6zKCtZHa9s51jFqKBegW3yfu4fEIIVRo20Wn5IyBZombkSJkqLTtr1YnJHFAhSYcK9V0nUh7CZaaEU5HhVasaITJAPdo01CBA6q8ZHz9CO0bpYO6oTQlNBqrvycSHCg1DHzTGWDdV9NeKv7nNWPdPfcSJqJYU0Emi7oxRzpEaRSowyQlmg8NwUQycysifSwx0SawNAR3+uVZUjsquacl5+akWL7K4sjDLuzBAbhwBmW4hApUgcAjPMMrvFlP1ov1bn1MWnNWNrMNf2B9/gBExpMs</latexit>

Nu ⇠ Ra1/3

**

Conclusions





Extra enstrophy constraint possible for 2D stress-free convection
<latexit sha1_base64="B8ERy51IBkJLZZKxKFDgLDj/9EI="></latexit>

Nu  0.106Ra5/12 Wen et al. (2015)

<latexit sha1_base64="kL6W7+ZpmbXp8TII6j1nsEFbP+s="></latexit>

⌫(x, z, t) := u(x, z, t) + cr⇥r⇥ u(x, z, t)

Inverse engineering…

*



Hassanzadeh et al. 2014
<latexit sha1_base64="3sinmWS4ganXmnnPhYoGTRQhFoY=">AAACA3icbVDLSgMxFM34rPU16k43wSK0YMuMKIogFN24rNAXtEPJpJk2NJMZkozYDgU3/oobF4q49Sfc+Tem01lo64HLPZxzL8k9bsioVJb1bSwsLi2vrGbWsusbm1vb5s5uXQaRwKSGAxaIposkYZSTmqKKkWYoCPJdRhru4GbiN+6JkDTgVTUMieOjHqcexUhpqWPuw3a1TxTKPxyPCpdX1aQX83ZxVOiYOatkJYDzxE5JDqSodMyvdjfAkU+4wgxJ2bKtUDkxEopiRsbZdiRJiPAA9UhLU458Ip04uWEMj7TShV4gdHEFE/X3Rox8KYe+qyd9pPpy1puI/3mtSHkXTkx5GCnC8fQhL2JQBXASCOxSQbBiQ00QFlT/FeI+EggrHVtWh2DPnjxP6icl+6xk3Z3mytdpHBlwAA5BHtjgHJTBLaiAGsDgETyDV/BmPBkvxrvxMR1dMNKdPfAHxucP8vCVJA==</latexit>

⇥(x, z) := T (x, z)� (1� z)

<latexit sha1_base64="GfcfH/7wUXla2fyWHe2jYShAvwA="></latexit>

LH := hw⇥i � h�(x, z)(H)si � µh|rv|2 � Pe2i

<latexit sha1_base64="Oyg0wKdAMc9D05XE0FN7bjbqRPo="></latexit>

problem : max
v,⇥,�,µ

LH


