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ANY SUFFICIENTLY ADVANCED TECHNOLOGY 
IS INDISTINGUISHABLE FROM MAGIC. 

Arthur C. Clarke
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Figure 2: Applications of closed-loop turbulence control. For details, see text.

• Transition delay. The transition of a laminar into a tur-
bulent boundary layer is associated in a dramatic rise of
skin friction. Hence, engineering applications include
transition delay with closed-loop control. The laminar
state may still be stabilized based on a linearized model.
Evidently, stabilization of a laminar flow has benefits for
numerous other configurations.

• Drag reduction in wall turbulence. At high Reynolds num-
bers, active control at the wall has not the authority to
stabilize the the laminar boundary layer. Yet, up to 11%
drag reduction can be achieved with stationary riblets
which mitigate sweeps in the viscous sublayer [4]. Over
20% drag reduction can be obtained with linear active
control [38]. Arguably, linear control is applicable be-
cause the sweep prevention in the viscous sublayer is
an effectively laminar process, like transition control.

• The in-time actuation response to large scale coherent struc-

tures may be described a linear model — extending the
examples of drag reduction in wall turbulence. Physi-
cally, such a (locally) linear model may be derived un-
der similar conditions as URANS simulations, i.e. if
the effect of the unresolved stochastic velocity compo-
nent on the dynamically resolved coherent structures is
roughly represented by a temporally constant eddy vis-
cosity. An example is the mean-field model for oscilla-
tory fluctuations of turbulence (see Sec. 5.3).

• Adaptive control may be subject to a (limited) linear con-
trol. For instance, the change of cost function may re-
spond linearly to the small changes of the amplitude
and frequency of periodic forcing. This is an implicit
working assumption of extremum seeking control (see
Sec. 6.1). Thus, tracking may be based on locally linear
dynamics.

• Another recently discovered example of linear dynam-

5

  MACHINE LEARNING:  
  MODELS FROM DATA VIA OPTIMIZATION

  Optimization problems:

High-dimensional
Nonlinear
Non-convex
Multiscale

 Fluid dynamics tasks:

Reduction
Modeling
Control
Sensing
Closure



Experiments

Theory

Simulations

FLUIDS

Model Control

OptimizeReduce

Tasks Aided by 
Machine Learning 

FLOW 
DATA



 Taira et al., AIAA J. 2017

 PATTERNS EXIST



Candes et al., J. ACM, 2011
Scherl et al., Phys Rev Fluids, 2020

+=
X L S

Robust Proper Orthogonal Decomposition 

min
L,S

rank(L) + ∥S∥0 subject to L + S = X

min
L,S

∥L∥* + λ0∥S∥1 subject to L + S = X
Convex Relaxation



Candes et al., J. ACM, 2011
Scherl et al., Phys Rev Fluids, 2020

m
od

e
1

3

5

7

true modes POD RPCA

+=
X L S

Robust Proper Orthogonal Decomposition 



Candes et al., J. ACM, 2011
Scherl et al., Phys Rev Fluids, 2020

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

DMD Before DMD After RPCA

+=
X L S

Robust Proper Orthogonal Decomposition 



SUPER RESOLUTION



Erichson et al, Proc. Roy. Soc. A, 2020

SUPER RESOLUTION



Erichson et al, Proc. Roy. Soc. A, 2020

SUPER RESOLUTION



Reduced Order Models



There is a need for  
INTERPRETABLE and GENERALIZABLE  

Machine Learning

F = ma



There is a need for  
INTERPRETABLE and GENERALIZABLE  

Machine Learning

EVERYTHING SHOULD BE MADE  
AS SIMPLE AS POSSIBLE,  
BUT NOT SIMPLER. 

Albert Einstein
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Chaotic Thermal Convection

Lorenz, Fetter, Hamilton, 1963
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III.  Identified System

4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
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Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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ẋ = ⇥(xT )�1

ẏ = ⇥(xT )�2

ż = ⇥(xT )�3

II.  Sparse Regression to Solve for Active Terms in the Dynamics

4.2 Example 2: Lorenz system (Nonlinear ODE)
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ẋ = �(y � x) (18)
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ẋ = �(y � x) (18)
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I.  True Lorenz System

M
odel O

ut

Figure 1: Schematic of our algorithm for sparse identification of nonlinear dynamics, demonstrated on
the Lorenz equations. Data is collected from measurements of the system, including a time history of the
states X and derivatives Ẋ. Next, a library of nonlinear functions of the states, ⇥(X), is constructed. This
nonlinear feature library is used to find the fewest terms needed to satisfy Ẋ = ⇥(X)⌅. The few entries
in the vectors of ⌅, solved for by sparse regression, denote the relevant terms in the right-hand side of the
dynamics. Parameter values are � = 10, � = 8/3, ⇢ = 28, (x0, y0, z0)T = (�8, 7, 27)T . The trajectory on the
Lorenz attractor is colored by the adaptive time-step required, with red requiring a smaller tilmestep.

Each column of ⇥(X) represents a candidate function for the right hand side of Eq. (3). There
is tremendous freedom of choice in constructing the entries in this matrix of nonlinearities. Since
we believe that only a few of these nonlinearities are active in each row of f , we may set up a
sparse regression problem to determine the sparse vectors of coefficients ⌅ =

⇥
⇠1 ⇠2 · · · ⇠n

⇤

that determine which nonlinearities are active, as illustrated in Fig. 1.

Ẋ = ⇥(X)⌅. (7)

Each column ⇠k of ⌅ represents a sparse vector of coefficients determining which terms are
active in the right hand side for one of the row equations ẋk = fk(x) in Eq. (3). Once ⌅ has been
determined, a model of each row of the governing equations may be constructed as follows:

ẋk = fk(x) = ⇥(xT )⇠k. (8)

Note that ⇥(xT ) is a vector of symbolic functions of elements of x, as opposed to ⇥(X), which is
a data matrix. This results in the overall model

ẋ = f(x) = ⌅T (⇥(xT ))T . (9)

We may solve for ⌅ in Eq. (7) using sparse regression.
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Sparse Identification of Nonlinear Dynamics (SINDy)
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III.  Identified System

4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
x y z

⇤T
=

⇥
�8 7 27

⇤T .

2
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Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
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and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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I.  True Lorenz System

M
odel O

ut

Figure 1: Schematic of our algorithm for sparse identification of nonlinear dynamics, demonstrated on
the Lorenz equations. Data is collected from measurements of the system, including a time history of the
states X and derivatives Ẋ. Next, a library of nonlinear functions of the states, ⇥(X), is constructed. This
nonlinear feature library is used to find the fewest terms needed to satisfy Ẋ = ⇥(X)⌅. The few entries
in the vectors of ⌅, solved for by sparse regression, denote the relevant terms in the right-hand side of the
dynamics. Parameter values are � = 10, � = 8/3, ⇢ = 28, (x0, y0, z0)T = (�8, 7, 27)T . The trajectory on the
Lorenz attractor is colored by the adaptive time-step required, with red requiring a smaller tilmestep.

Each column of ⇥(X) represents a candidate function for the right hand side of Eq. (3). There
is tremendous freedom of choice in constructing the entries in this matrix of nonlinearities. Since
we believe that only a few of these nonlinearities are active in each row of f , we may set up a
sparse regression problem to determine the sparse vectors of coefficients ⌅ =

⇥
⇠1 ⇠2 · · · ⇠n

⇤

that determine which nonlinearities are active, as illustrated in Fig. 1.

Ẋ = ⇥(X)⌅. (7)

Each column ⇠k of ⌅ represents a sparse vector of coefficients determining which terms are
active in the right hand side for one of the row equations ẋk = fk(x) in Eq. (3). Once ⌅ has been
determined, a model of each row of the governing equations may be constructed as follows:

ẋk = fk(x) = ⇥(xT )⇠k. (8)

Note that ⇥(xT ) is a vector of symbolic functions of elements of x, as opposed to ⇥(X), which is
a data matrix. This results in the overall model

ẋ = f(x) = ⌅T (⇥(xT ))T . (9)

We may solve for ⌅ in Eq. (7) using sparse regression.

5

Data

SLB, Proctor, Kutz, PNAS 2016.
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    'x'      [-9.9996]  [27.9980]  [      0]
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ẋ = �(y � x) (18)
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Figure 1: Schematic of our algorithm for sparse identification of nonlinear dynamics, demonstrated on
the Lorenz equations. Data is collected from measurements of the system, including a time history of the
states X and derivatives Ẋ. Next, a library of nonlinear functions of the states, ⇥(X), is constructed. This
nonlinear feature library is used to find the fewest terms needed to satisfy Ẋ = ⇥(X)⌅. The few entries
in the vectors of ⌅, solved for by sparse regression, denote the relevant terms in the right-hand side of the
dynamics. Parameter values are � = 10, � = 8/3, ⇢ = 28, (x0, y0, z0)T = (�8, 7, 27)T . The trajectory on the
Lorenz attractor is colored by the adaptive time-step required, with red requiring a smaller tilmestep.

Each column of ⇥(X) represents a candidate function for the right hand side of Eq. (3). There
is tremendous freedom of choice in constructing the entries in this matrix of nonlinearities. Since
we believe that only a few of these nonlinearities are active in each row of f , we may set up a
sparse regression problem to determine the sparse vectors of coefficients ⌅ =

⇥
⇠1 ⇠2 · · · ⇠n

⇤

that determine which nonlinearities are active, as illustrated in Fig. 1.

Ẋ = ⇥(X)⌅. (7)

Each column ⇠k of ⌅ represents a sparse vector of coefficients determining which terms are
active in the right hand side for one of the row equations ẋk = fk(x) in Eq. (3). Once ⌅ has been
determined, a model of each row of the governing equations may be constructed as follows:

ẋk = fk(x) = ⇥(xT )⇠k. (8)

Note that ⇥(xT ) is a vector of symbolic functions of elements of x, as opposed to ⇥(X), which is
a data matrix. This results in the overall model

ẋ = f(x) = ⌅T (⇥(xT ))T . (9)

We may solve for ⌅ in Eq. (7) using sparse regression.

5

Data
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III.  Identified System

4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
x y z

⇤T
=

⇥
�8 7 27

⇤T .
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Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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ẋ = �(y � x) (18)
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Figure 1: Schematic of our algorithm for sparse identification of nonlinear dynamics, demonstrated on
the Lorenz equations. Data is collected from measurements of the system, including a time history of the
states X and derivatives Ẋ. Next, a library of nonlinear functions of the states, ⇥(X), is constructed. This
nonlinear feature library is used to find the fewest terms needed to satisfy Ẋ = ⇥(X)⌅. The few entries
in the vectors of ⌅, solved for by sparse regression, denote the relevant terms in the right-hand side of the
dynamics. Parameter values are � = 10, � = 8/3, ⇢ = 28, (x0, y0, z0)T = (�8, 7, 27)T . The trajectory on the
Lorenz attractor is colored by the adaptive time-step required, with red requiring a smaller tilmestep.

Each column of ⇥(X) represents a candidate function for the right hand side of Eq. (3). There
is tremendous freedom of choice in constructing the entries in this matrix of nonlinearities. Since
we believe that only a few of these nonlinearities are active in each row of f , we may set up a
sparse regression problem to determine the sparse vectors of coefficients ⌅ =

⇥
⇠1 ⇠2 · · · ⇠n

⇤

that determine which nonlinearities are active, as illustrated in Fig. 1.

Ẋ = ⇥(X)⌅. (7)

Each column ⇠k of ⌅ represents a sparse vector of coefficients determining which terms are
active in the right hand side for one of the row equations ẋk = fk(x) in Eq. (3). Once ⌅ has been
determined, a model of each row of the governing equations may be constructed as follows:

ẋk = fk(x) = ⇥(xT )⇠k. (8)

Note that ⇥(xT ) is a vector of symbolic functions of elements of x, as opposed to ⇥(X), which is
a data matrix. This results in the overall model

ẋ = f(x) = ⌅T (⇥(xT ))T . (9)

We may solve for ⌅ in Eq. (7) using sparse regression.
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III.  Identified System

4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
x y z

⇤T
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⇥
�8 7 27
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Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
x y z

⇤T
=

⇥
�8 7 27

⇤T .

2

4x(t) y(t) z(t) x(t)2 x(t)y(t) x(t)z(t) y(t)2 y(t)z(t) z(t)2 · · ·

3

5 (21)

Full Simulation

0

25

50

z

-20 0 20x -50
0

50
y

Identified System, ⌘ = 0.01

0

25

50

z

-20 0 20x -50
0

50
y

Identified System, ⌘ = 10

0

25

50

z

-20 0 20x -50
0

50
y

0

25

50

z

-20 0 20x -50
0

50
y

0

25

50

z

-20 0 20x -50
0

50
y

0

25

50

z

-20 0 20x -50
0

50
y

Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.

10

4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:
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I.  True Lorenz System

M
odel O

ut

Figure 1: Schematic of our algorithm for sparse identification of nonlinear dynamics, demonstrated on
the Lorenz equations. Data is collected from measurements of the system, including a time history of the
states X and derivatives Ẋ. Next, a library of nonlinear functions of the states, ⇥(X), is constructed. This
nonlinear feature library is used to find the fewest terms needed to satisfy Ẋ = ⇥(X)⌅. The few entries
in the vectors of ⌅, solved for by sparse regression, denote the relevant terms in the right-hand side of the
dynamics. Parameter values are � = 10, � = 8/3, ⇢ = 28, (x0, y0, z0)T = (�8, 7, 27)T . The trajectory on the
Lorenz attractor is colored by the adaptive time-step required, with red requiring a smaller tilmestep.

Each column of ⇥(X) represents a candidate function for the right hand side of Eq. (3). There
is tremendous freedom of choice in constructing the entries in this matrix of nonlinearities. Since
we believe that only a few of these nonlinearities are active in each row of f , we may set up a
sparse regression problem to determine the sparse vectors of coefficients ⌅ =

⇥
⇠1 ⇠2 · · · ⇠n

⇤

that determine which nonlinearities are active, as illustrated in Fig. 1.

Ẋ = ⇥(X)⌅. (7)

Each column ⇠k of ⌅ represents a sparse vector of coefficients determining which terms are
active in the right hand side for one of the row equations ẋk = fk(x) in Eq. (3). Once ⌅ has been
determined, a model of each row of the governing equations may be constructed as follows:

ẋk = fk(x) = ⇥(xT )⇠k. (8)

Note that ⇥(xT ) is a vector of symbolic functions of elements of x, as opposed to ⇥(X), which is
a data matrix. This results in the overall model

ẋ = f(x) = ⌅T (⇥(xT ))T . (9)

We may solve for ⌅ in Eq. (7) using sparse regression.

5
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x y xyż z ⇠3

...

Data

tim
e

SLB, Proctor, Kutz, PNAS 2016.

  OPEN-SOURCE SOFTWARE



Science Advances, 2017
Rudy, SLB, Proctor, Kutz

 
t

1a.  Data Collection
2

1

0

1

2

2

1

0

1

2

2

1

0

1

2

2

1

0

1

2

2

1

0

1

2

d.  Identified Dynamics
!t + 0.9931u!x + 0.9910v!y

= 0.0099!xx + 0.0099!yy

!t + (u ·r)! =
1

Re
r2!

Compare to True 
Navier Stokes (Re = 100)

Fu
ll 

D
at

a

(!, u, v)1

(!, u, v)2

(!, u, v)3

1b.  Build Nonlinear 
Library of Data and 

Derivatives

…= !t = ⇥(!, u, v)⇠!
t ! !
x

1 u v !
y

u
v!

y
y

u
v!

x
y

⇠

1c.  Solve Sparse 
Regression

argmin
⇠

k⇥⇠ � !tk22 + �k⇠k0

2c.  Solve Compressed 
Sparse Regression

Sampling

2

1

0

1

2

2a.  Subsample Data 2b.  Compressed library!t = ⇥(!, u, v)⇠

=

C!t = C⇥(!, u, v)⇠

= C⇥

C
om

pr
es

se
d 

 D
at

a

C
argmin

⇠
kC⇥⇠ � C!tk22 + �k⇠k0

PDES



Reduced Order Models

 
Noack et al., JFM 2003.

-1 0 1 2 3 4 5 6 7 8

2

1

0

-1

-2

-1 0 1 2 3 4 5 6 7 8

2

1

0

-1

-2

POD 1

POD 2

-1 0 1 2 3 4 5 6 7 8

2

1

0

-1

-2
-1 0 1 2 3 4 5 6 7 8

2

1

0

-1

-2

= -
Shift Mode MeanUnstable Steady

This example provides a compelling test-case for the proposed algorithm, since the under-
lying form of the dynamics took nearly three decades to uncover. Indeed, the sparse dynamics
algorithm correctly identifies the on-attractor and off-attractor dynamics using quadratic nonlin-
earities and preserves the correct slow-manifold dynamics. It is interesting to note that when the
off-attractor trajectories are not included in the system identification, the algorithm incorrectly
identifies the dynamics using cubic nonlinearities, and fails to correctly identify the dynamics
associated with the shift mode, which connects the mean flow to the unstable steady state.

4.3.1 Direct numerical simulation

The direct numerical simulation involves a fast multi-domain immersed boundary projection
method [41, 11]. Four grids are used, each with a resolution of 450 ⇥ 200, with the finest grid
having dimensions of 9 ⇥ 4 cylinder diameters and the largest grid having dimensions of 72 ⇥ 32
diameters. The finest grid has 90,000 points, and each subsequent coarser grid has 67,500 distinct
points. Thus, if the state includes the vorticity at each grid point, then the state dimension is
292,500. The vorticity field on the finest grid is shown in Fig. 7. The code is non-dimensionalized
so that the cylinder diameter and free-stream velocity are both equal to one: D = 1 and U1 = 1,
respectively. The simulation time-step is �t = 0.02 non dimensional time units.

4.3.2 Mean field model

To develop a mean-field model for the cylinder wake, first we must reduce the dimension of
the system. The proper orthogonal decomposition (POD) [16], provides a low-rank basis that is
optimal in the L2 sense, resulting in a hierarchy of orthonormal modes that are ordered by mode
energy. The first two most energetic POD modes capture a significant portion of the energy; the
steady-state vortex shedding is a limit cycle in these coordinates. An additional mode, called the
shift mode, is included to capture the transient dynamics connecting the unstable steady state
with the mean of the limit cycle [31] (i.e., the direction connecting point ‘C’ to point ‘B’ in Fig. 7).

In the three-dimensional coordinate system described above, the mean-field model for the
cylinder dynamics are given by:

ẋ = µx � !y + Axz (24a)
ẏ = !x + µy + Ayz (24b)
ż = ��(z � x2 � y2). (24c)

If � is large, so that the z-dynamics are fast, then the mean flow rapidly corrects to be on the (slow)
manifold z = x2 +y2 given by the amplitude of vortex shedding. When substituting this algebraic
relationship into Eqs. 24a and 24b, we recover the Hopf normal form on the slow manifold.

Remarkably, similar dynamics are discovered by the sparse dynamics algorithm, purely from
data collected from simulations. The identified model coefficients, shown in Table 5, only include
quadratic nonlinearities, consistent with the Navier-Stokes equations. Moreover, the transient
behavior, shown in Figs. 9 and 10, is captured qualitatively for solutions that do not start on the
slow manifold. When the off-attractor dynamics in Fig. 9 are not included in the training data, the
model incorrectly identifies a simple Hopf normal form in x and y with cubic nonlinearities.

The data from Fig. 10 was not included in the training data, and although qualitatively similar,
the identified model does not exactly reproduce the transients. Since this initial condition had
twice the fluctuation energy in the x and y directions, the slow manifold approximation may not
be valid here. Relaxing the sparsity condition, it is possible to obtain models that agree almost
perfectly with the data in Figs. 8-10, although the model includes higher order nonlinearities.
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This example provides a compelling test-case for the proposed algorithm, since the under-
lying form of the dynamics took nearly three decades to uncover. Indeed, the sparse dynamics
algorithm correctly identifies the on-attractor and off-attractor dynamics using quadratic nonlin-
earities and preserves the correct slow-manifold dynamics. It is interesting to note that when the
off-attractor trajectories are not included in the system identification, the algorithm incorrectly
identifies the dynamics using cubic nonlinearities, and fails to correctly identify the dynamics
associated with the shift mode, which connects the mean flow to the unstable steady state.

4.3.1 Direct numerical simulation

The direct numerical simulation involves a fast multi-domain immersed boundary projection
method [41, 11]. Four grids are used, each with a resolution of 450 ⇥ 200, with the finest grid
having dimensions of 9 ⇥ 4 cylinder diameters and the largest grid having dimensions of 72 ⇥ 32
diameters. The finest grid has 90,000 points, and each subsequent coarser grid has 67,500 distinct
points. Thus, if the state includes the vorticity at each grid point, then the state dimension is
292,500. The vorticity field on the finest grid is shown in Fig. 7. The code is non-dimensionalized
so that the cylinder diameter and free-stream velocity are both equal to one: D = 1 and U1 = 1,
respectively. The simulation time-step is �t = 0.02 non dimensional time units.

4.3.2 Mean field model

To develop a mean-field model for the cylinder wake, first we must reduce the dimension of
the system. The proper orthogonal decomposition (POD) [16], provides a low-rank basis that is
optimal in the L2 sense, resulting in a hierarchy of orthonormal modes that are ordered by mode
energy. The first two most energetic POD modes capture a significant portion of the energy; the
steady-state vortex shedding is a limit cycle in these coordinates. An additional mode, called the
shift mode, is included to capture the transient dynamics connecting the unstable steady state
with the mean of the limit cycle [31] (i.e., the direction connecting point ‘C’ to point ‘B’ in Fig. 7).

In the three-dimensional coordinate system described above, the mean-field model for the
cylinder dynamics are given by:

ẋ = µx � !y + Axz (24a)
ẏ = !x + µy + Ayz (24b)
ż = ��(z � x2 � y2). (24c)

If � is large, so that the z-dynamics are fast, then the mean flow rapidly corrects to be on the (slow)
manifold z = x2 +y2 given by the amplitude of vortex shedding. When substituting this algebraic
relationship into Eqs. 24a and 24b, we recover the Hopf normal form on the slow manifold.

Remarkably, similar dynamics are discovered by the sparse dynamics algorithm, purely from
data collected from simulations. The identified model coefficients, shown in Table 5, only include
quadratic nonlinearities, consistent with the Navier-Stokes equations. Moreover, the transient
behavior, shown in Figs. 9 and 10, is captured qualitatively for solutions that do not start on the
slow manifold. When the off-attractor dynamics in Fig. 9 are not included in the training data, the
model incorrectly identifies a simple Hopf normal form in x and y with cubic nonlinearities.

The data from Fig. 10 was not included in the training data, and although qualitatively similar,
the identified model does not exactly reproduce the transients. Since this initial condition had
twice the fluctuation energy in the x and y directions, the slow manifold approximation may not
be valid here. Relaxing the sparsity condition, it is possible to obtain models that agree almost
perfectly with the data in Figs. 8-10, although the model includes higher order nonlinearities.
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This example provides a compelling test-case for the proposed algorithm, since the under-
lying form of the dynamics took nearly three decades to uncover. Indeed, the sparse dynamics
algorithm correctly identifies the on-attractor and off-attractor dynamics using quadratic nonlin-
earities and preserves the correct slow-manifold dynamics. It is interesting to note that when the
off-attractor trajectories are not included in the system identification, the algorithm incorrectly
identifies the dynamics using cubic nonlinearities, and fails to correctly identify the dynamics
associated with the shift mode, which connects the mean flow to the unstable steady state.

4.3.1 Direct numerical simulation

The direct numerical simulation involves a fast multi-domain immersed boundary projection
method [41, 11]. Four grids are used, each with a resolution of 450 ⇥ 200, with the finest grid
having dimensions of 9 ⇥ 4 cylinder diameters and the largest grid having dimensions of 72 ⇥ 32
diameters. The finest grid has 90,000 points, and each subsequent coarser grid has 67,500 distinct
points. Thus, if the state includes the vorticity at each grid point, then the state dimension is
292,500. The vorticity field on the finest grid is shown in Fig. 7. The code is non-dimensionalized
so that the cylinder diameter and free-stream velocity are both equal to one: D = 1 and U1 = 1,
respectively. The simulation time-step is �t = 0.02 non dimensional time units.

4.3.2 Mean field model

To develop a mean-field model for the cylinder wake, first we must reduce the dimension of
the system. The proper orthogonal decomposition (POD) [16], provides a low-rank basis that is
optimal in the L2 sense, resulting in a hierarchy of orthonormal modes that are ordered by mode
energy. The first two most energetic POD modes capture a significant portion of the energy; the
steady-state vortex shedding is a limit cycle in these coordinates. An additional mode, called the
shift mode, is included to capture the transient dynamics connecting the unstable steady state
with the mean of the limit cycle [31] (i.e., the direction connecting point ‘C’ to point ‘B’ in Fig. 7).

In the three-dimensional coordinate system described above, the mean-field model for the
cylinder dynamics are given by:

ẋ = µx � !y + Axz (24a)
ẏ = !x + µy + Ayz (24b)
ż = ��(z � x2 � y2). (24c)

If � is large, so that the z-dynamics are fast, then the mean flow rapidly corrects to be on the (slow)
manifold z = x2 +y2 given by the amplitude of vortex shedding. When substituting this algebraic
relationship into Eqs. 24a and 24b, we recover the Hopf normal form on the slow manifold.

Remarkably, similar dynamics are discovered by the sparse dynamics algorithm, purely from
data collected from simulations. The identified model coefficients, shown in Table 5, only include
quadratic nonlinearities, consistent with the Navier-Stokes equations. Moreover, the transient
behavior, shown in Figs. 9 and 10, is captured qualitatively for solutions that do not start on the
slow manifold. When the off-attractor dynamics in Fig. 9 are not included in the training data, the
model incorrectly identifies a simple Hopf normal form in x and y with cubic nonlinearities.

The data from Fig. 10 was not included in the training data, and although qualitatively similar,
the identified model does not exactly reproduce the transients. Since this initial condition had
twice the fluctuation energy in the x and y directions, the slow manifold approximation may not
be valid here. Relaxing the sparsity condition, it is possible to obtain models that agree almost
perfectly with the data in Figs. 8-10, although the model includes higher order nonlinearities.
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This example provides a compelling test-case for the proposed algorithm, since the under-
lying form of the dynamics took nearly three decades to uncover. Indeed, the sparse dynamics
algorithm correctly identifies the on-attractor and off-attractor dynamics using quadratic nonlin-
earities and preserves the correct slow-manifold dynamics. It is interesting to note that when the
off-attractor trajectories are not included in the system identification, the algorithm incorrectly
identifies the dynamics using cubic nonlinearities, and fails to correctly identify the dynamics
associated with the shift mode, which connects the mean flow to the unstable steady state.

4.3.1 Direct numerical simulation

The direct numerical simulation involves a fast multi-domain immersed boundary projection
method [41, 11]. Four grids are used, each with a resolution of 450 ⇥ 200, with the finest grid
having dimensions of 9 ⇥ 4 cylinder diameters and the largest grid having dimensions of 72 ⇥ 32
diameters. The finest grid has 90,000 points, and each subsequent coarser grid has 67,500 distinct
points. Thus, if the state includes the vorticity at each grid point, then the state dimension is
292,500. The vorticity field on the finest grid is shown in Fig. 7. The code is non-dimensionalized
so that the cylinder diameter and free-stream velocity are both equal to one: D = 1 and U1 = 1,
respectively. The simulation time-step is �t = 0.02 non dimensional time units.

4.3.2 Mean field model

To develop a mean-field model for the cylinder wake, first we must reduce the dimension of
the system. The proper orthogonal decomposition (POD) [16], provides a low-rank basis that is
optimal in the L2 sense, resulting in a hierarchy of orthonormal modes that are ordered by mode
energy. The first two most energetic POD modes capture a significant portion of the energy; the
steady-state vortex shedding is a limit cycle in these coordinates. An additional mode, called the
shift mode, is included to capture the transient dynamics connecting the unstable steady state
with the mean of the limit cycle [31] (i.e., the direction connecting point ‘C’ to point ‘B’ in Fig. 7).

In the three-dimensional coordinate system described above, the mean-field model for the
cylinder dynamics are given by:

ẋ = µx � !y + Axz (24a)
ẏ = !x + µy + Ayz (24b)
ż = ��(z � x2 � y2). (24c)

If � is large, so that the z-dynamics are fast, then the mean flow rapidly corrects to be on the (slow)
manifold z = x2 +y2 given by the amplitude of vortex shedding. When substituting this algebraic
relationship into Eqs. 24a and 24b, we recover the Hopf normal form on the slow manifold.

Remarkably, similar dynamics are discovered by the sparse dynamics algorithm, purely from
data collected from simulations. The identified model coefficients, shown in Table 5, only include
quadratic nonlinearities, consistent with the Navier-Stokes equations. Moreover, the transient
behavior, shown in Figs. 9 and 10, is captured qualitatively for solutions that do not start on the
slow manifold. When the off-attractor dynamics in Fig. 9 are not included in the training data, the
model incorrectly identifies a simple Hopf normal form in x and y with cubic nonlinearities.

The data from Fig. 10 was not included in the training data, and although qualitatively similar,
the identified model does not exactly reproduce the transients. Since this initial condition had
twice the fluctuation energy in the x and y directions, the slow manifold approximation may not
be valid here. Relaxing the sparsity condition, it is possible to obtain models that agree almost
perfectly with the data in Figs. 8-10, although the model includes higher order nonlinearities.
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Chaotic Thermal Convection
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  ''        'xi_1'     'xi_2'     'xi_3'   
    '1'      [      0]  [      0]  [      0]
    'x'      [-9.9996]  [27.9980]  [      0]
    'y'      [ 9.9998]  [-0.9997]  [      0]
    'z'      [      0]  [      0]  [-2.6665]
    'xx'     [      0]  [      0]  [      0]
    'xy'     [      0]  [      0]  [ 1.0000]
    'xz'     [      0]  [-0.9999]  [      0]
    'yy'     [      0]  [      0]  [      0]
    'yz'     [      0]  [      0]  [      0]
     ...           ...        ...        ...
    'yzzzz'  [      0]  [      0]  [      0]
    'zzzzz'  [      0]  [      0]  [      0]
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III.  Identified System

4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
x y z

⇤T
=

⇥
�8 7 27
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Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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I.  True Lorenz System

M
odel O

ut

Figure 1: Schematic of our algorithm for sparse identification of nonlinear dynamics, demonstrated on
the Lorenz equations. Data is collected from measurements of the system, including a time history of the
states X and derivatives Ẋ. Next, a library of nonlinear functions of the states, ⇥(X), is constructed. This
nonlinear feature library is used to find the fewest terms needed to satisfy Ẋ = ⇥(X)⌅. The few entries
in the vectors of ⌅, solved for by sparse regression, denote the relevant terms in the right-hand side of the
dynamics. Parameter values are � = 10, � = 8/3, ⇢ = 28, (x0, y0, z0)T = (�8, 7, 27)T . The trajectory on the
Lorenz attractor is colored by the adaptive time-step required, with red requiring a smaller tilmestep.

Each column of ⇥(X) represents a candidate function for the right hand side of Eq. (3). There
is tremendous freedom of choice in constructing the entries in this matrix of nonlinearities. Since
we believe that only a few of these nonlinearities are active in each row of f , we may set up a
sparse regression problem to determine the sparse vectors of coefficients ⌅ =

⇥
⇠1 ⇠2 · · · ⇠n

⇤

that determine which nonlinearities are active, as illustrated in Fig. 1.

Ẋ = ⇥(X)⌅. (7)

Each column ⇠k of ⌅ represents a sparse vector of coefficients determining which terms are
active in the right hand side for one of the row equations ẋk = fk(x) in Eq. (3). Once ⌅ has been
determined, a model of each row of the governing equations may be constructed as follows:

ẋk = fk(x) = ⇥(xT )⇠k. (8)

Note that ⇥(xT ) is a vector of symbolic functions of elements of x, as opposed to ⇥(X), which is
a data matrix. This results in the overall model

ẋ = f(x) = ⌅T (⇥(xT ))T . (9)

We may solve for ⌅ in Eq. (7) using sparse regression.

5
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Data In

  ''        'xi_1'     'xi_2'     'xi_3'   
    '1'      [      0]  [      0]  [      0]
    'x'      [-9.9996]  [27.9980]  [      0]
    'y'      [ 9.9998]  [-0.9997]  [      0]
    'z'      [      0]  [      0]  [-2.6665]
    'xx'     [      0]  [      0]  [      0]
    'xy'     [      0]  [      0]  [ 1.0000]
    'xz'     [      0]  [-0.9999]  [      0]
    'yy'     [      0]  [      0]  [      0]
    'yz'     [      0]  [      0]  [      0]
     ...           ...        ...        ...
    'yzzzz'  [      0]  [      0]  [      0]
    'zzzzz'  [      0]  [      0]  [      0]
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4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
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Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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Figure 3: Trajectories of the Lorenz system for short-time integration from t = 0 to t = 20 (top)
and long-time integration from t = 0 to t = 250 (bottom). The full dynamics (left) are compared
with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.
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4.2 Example 2: Lorenz system (Nonlinear ODE)

Here, we consider the nonlinear Lorenz system to explore the identification of chaotic dynamics:

ẋ = �(y � x) (18)
ẏ = x(⇢ � z) � y (19)
ż = xy � �z. (20)

For this example, we use the standard parameters � = 10, � = 8/3, ⇢ = 28, with an initial condition⇥
x y z

⇤T
=

⇥
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with the sparse identified systems (middle, right) for various additive noise. The trajectories are
colored by �t, the adaptive Runge-Kutta time step. This color is a proxy for local sensitivity.

10

I.  True Lorenz System

M
odel O

ut

Figure 1: Schematic of our algorithm for sparse identification of nonlinear dynamics, demonstrated on
the Lorenz equations. Data is collected from measurements of the system, including a time history of the
states X and derivatives Ẋ. Next, a library of nonlinear functions of the states, ⇥(X), is constructed. This
nonlinear feature library is used to find the fewest terms needed to satisfy Ẋ = ⇥(X)⌅. The few entries
in the vectors of ⌅, solved for by sparse regression, denote the relevant terms in the right-hand side of the
dynamics. Parameter values are � = 10, � = 8/3, ⇢ = 28, (x0, y0, z0)T = (�8, 7, 27)T . The trajectory on the
Lorenz attractor is colored by the adaptive time-step required, with red requiring a smaller tilmestep.

Each column of ⇥(X) represents a candidate function for the right hand side of Eq. (3). There
is tremendous freedom of choice in constructing the entries in this matrix of nonlinearities. Since
we believe that only a few of these nonlinearities are active in each row of f , we may set up a
sparse regression problem to determine the sparse vectors of coefficients ⌅ =

⇥
⇠1 ⇠2 · · · ⇠n

⇤

that determine which nonlinearities are active, as illustrated in Fig. 1.

Ẋ = ⇥(X)⌅. (7)

Each column ⇠k of ⌅ represents a sparse vector of coefficients determining which terms are
active in the right hand side for one of the row equations ẋk = fk(x) in Eq. (3). Once ⌅ has been
determined, a model of each row of the governing equations may be constructed as follows:

ẋk = fk(x) = ⇥(xT )⇠k. (8)

Note that ⇥(xT ) is a vector of symbolic functions of elements of x, as opposed to ⇥(X), which is
a data matrix. This results in the overall model

ẋ = f(x) = ⌅T (⇥(xT ))T . (9)

We may solve for ⌅ in Eq. (7) using sparse regression.
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