Structured sparsity-inducing norms
through submodular functions
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Outline

e Introduction: Sparse methods for machine learning

— Need for structured sparsity: Going beyond the ¢;-norm

e Structured sparsity through submodular functions

— Relaxation of the penalization of supports
— Unified algorithms and analysis
— Applications to signal processing and machine learning

e Extensions

— Shaping level sets through symmetric submodular functions
— fo-norm relaxation of combinatorial penalties



Sparsity in supervised machine learning

e Observed data (x;,y4,) € RP xR, i =1,...,n

— Response vector y = (y1,...,vy,) € R"
— Design matrix X = (xq,...,x,) € R"¥P

e Regularized empirical risk minimization:

min — Zﬁ(yi, w'z;) + AQw) =| min Ly, Xw) + A\Q(w)

wERP

e Norm () to promote sparsity

— square loss + £1-norm = basis pursuit in signal processing (Chen
et al., 2001), Lasso in statistics/machine learning (Tibshirani, 1996)
— Proxy for interpretability

— Allow high-dimensional inference: | logp = O(n)




Sparsity in unsupervised machine learning

e Multiple responses/signals y = (y!, ..., y*) € R"¥*



Sparsity in unsupervised machine learning

e Multiple responses/signals y = (y!, ..., y*) € R"¥*

k

min Z{L(yj,ij) —I—)\Q(wj)}

wl ... wkeRpr “

e Only responses are observed = Dictionary learning
— Learn X = (x!,...,2P) € R™*? such that Vj, ||z7|]> <1

min min Ek: {L(yj, Xw?) + )\Q(wj)}

X=(z!,...,2P) wl,.. . wkeRpr *

— Olshausen and Field (1997); Elad and Aharon (2006); Mairal et al.
(2009a)

e sparse PCA: replace ||z7|| < 1 by ©(27) < 1



Sparsity in signal processing

e Multiple responses/signals = = (z!,...,z%) € R"*k

k

min Z {L(CIZ‘j, Da?) + Aﬂ(ozj)}

e Only responses are observed = Dictionary learning
— Learn D = (d',...,dP) € R"™P such that Vj, ||d?|]2 <1

min min i {L(a;j, Da’) + )\Q(ozj)}

D=(d,....dr) al,....akeRpr “

— Olshausen and Field (1997); Elad and Aharon (2006); Mairal et al.
(2009a)

e sparse PCA: replace ||d’||]2 <1 by O(d?) < 1



Why structured sparsity?

e Interpretability

— Structured dictionary elements (Jenatton et al., 2009b)
— Dictionary elements “organized” in a tree or a grid (Kavukcuoglu

et al., 2009; Jenatton et al., 2010; Mairal et al., 2010)



Structured sparse PCA (Jenatton et al., 2009b)
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e Unstructed sparse PCA = many zeros do not lead to better
Interpretability



Structured sparse PCA (Jenatton et al., 2009b)
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e Unstructed sparse PCA = many zeros do not lead to better
Interpretability



Structured sparse PCA (Jenatton et al., 2009b)
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raw data Structured sparse PCA

e Enforce selection of convex nonzero patterns =- robustness to
occlusion in face identification



Structured sparse PCA (Jenatton et al., 2009b)

el N ArBEds
PP EE YA
GIvEvE HEERAY
GEE?HIE SEERER

HEEF DERENE
IEIIEE B

raw data Structured sparse PCA

e Enforce selection of convex nonzero patterns =- robustness to
occlusion in face identification



Why structured sparsity?

e Interpretability

— Structured dictionary elements (Jenatton et al., 2009b)
— Dictionary elements “organized” in a tree or a grid (Kavukcuoglu

et al., 2009; Jenatton et al., 2010; Mairal et al., 2010)



Why structured sparsity?

e Interpretability

— Structured dictionary elements (Jenatton et al., 2009b)
— Dictionary elements “organized” in a tree or a grid (Kavukcuoglu

et al., 2009; Jenatton et al., 2010; Mairal et al., 2010)
e Stability and identifiability

— Optimization problem min,ecrer L(y, Xw) + A||w||1 is unstable
— "“Codes” w’ often used in later processing (Mairal et al., 2009c¢)

e Prediction or estimation performance

— When prior knowledge matches data (Haupt and Nowak, 2006;
Baraniuk et al., 2008; Jenatton et al., 2009a; Huang et al., 2009)

e Numerical efficiency

— Non-linear variable selection with 2P subsets (Bach, 2008)



Different types of structured sparsity

e Enforce specific sets of non-zeros
— e.g., group Lasso (Yuan and Lin, 2006)
— overlapping group Lasso (Jenatton et al., 2009a)

e Enforce specific level sets

— e.g., total variation (Rudin et al., 1992; Chambolle, 2004)

e Enforce specific matrix factorizations

— e.g., nuclear norm (Srebro et al., 2005; Candeés and Recht, 2009)
— Sparse extensions (Bach et al., 2008)



Classical approaches to structured sparsity

e Many application domains

— Computer vision (Cevher et al., 2008; Mairal et al., 2009b)
— Neuro-imaging (Gramfort and Kowalski, 2009; Jenatton et al.,

2011)
— Bio-informatics (Rapaport et al., 2008; Kim and Xing, 2010)

e Non-convex approaches

— Haupt and Nowak (2006); Baraniuk et al. (2008); Huang et al.
(2009)

e Convex approaches

— Design of sparsity-inducing norms



Unit norm balls
Geometric interpretation

w2 lw]x Vwi+ w3+ |ws
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¢1-norm = convex envelope of cardinality of support
o Let we RP. Let V ={1,...,p} and Supp(w) ={5 €V, w; #0}
e Cardinality of support: ||w|o = Card(Supp(w))

e Convex envelope = largest convex lower bound (see, e.g., Boyd and
Vandenberghe, 2004)

AN A S
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e /1-norm = convex envelope of {y-quasi-norm on the ¢ -ball [—1, 1P



Convex envelopes of general functions of the support
(Bach, 2010)

e Let I': 2V — R be a set-function

— Assume F' is non-decreasing (i.e., AC B= F(A) < F'(B))
— Explicit prior knowledge on supports (Haupt and Nowak, 2006;
Baraniuk et al., 2008; Huang et al., 2009)

e Define ©(w) = F(Supp(w)): How to get its convex envelope?

1. Possible if F'is also submodular
2. Allows unified theory and algorithm
3. Provides new regularizers



Submodular functions (Fujishige, 2005; Bach, 2011)

o [':2Y — R is submodular if and only if

VA,BCV, F(A)+F(B)>F(ANnB)+ F(AUB)
& VekeV, Aw— F(AU{k})— F(A) is non-increasing



Submodular functions (Fujishige, 2005; Bach, 2010)

o [':2Y — R is submodular if and only if

VA,BCV, F(A)+F(B)>FAnB)+ F(AUDB)
& VekeV, Aw— F(AU{k})— F(A) is non-increasing

e Intuition 1: defined like concave functions ( “diminishing returns”)

— Example: F: A~ g(Card(A)) is submodular if g is concave
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Submodular functions (Fujishige, 2005; Bach, 2010)

o [':2V — R is submodular if and only if

VA,BCV, F(A)+F(B)>F(AnB)+ F(AUB)
& VekeV, Aw— F(AU{k})— F(A) is non-increasing

e Intuition 1: defined like concave functions ( “diminishing returns”)

— Example: F: A~ g(Card(A)) is submodular if g is concave

e Intuition 2: behave like convex functions

— Polynomial-time minimization, conjugacy theory

e Used in several areas of signal processing and machine learning

— Total variation/graph cuts (Chambolle, 2005; Boykov et al., 2001)
— Optimal design (Krause and Guestrin, 2005)



Submodular functions - Examples

e Concave functions of the cardinality: g(|A|)
e Cuts

e Entropies

— H((X%)rea) from p random variables X1, ..., X,
— Gaussian variables H ((Xg)rea) o< logdet ¥ 44
— Functions of eigenvalues of sub-matrices

e Network flows

— Efficient representation for set covers

e Rank functions of matroids



Submodular functions - Lovasz extension

e Subsets may be identified with elements of {0, 1}?

e Given any set-function I’ and w such that w;, > --- > Wi, define:
f(UJ) — ijk[F({]lv SRR 7]k}) _ F({]lv SR 7j7€—1})]

— If w=14, f(w) = F(A) = extension from {0,1}? to RP
— f is piecewise affine and positively homogeneous

(1,0, 1)~? (1,1, D)~{1, 2, 3}
0,0, )3, <<f

(1,0,0~{1} | — (0,1, 1)~{2, 3}
\ ______

L

(0,0,0~{}" 0, 1, 0~{2}

(1,1, 0)~{1, 2}




Submodular functions - Lovasz extension

e Subsets may be identified with elements of {0, 1}?

e Given any set-function F' and w such that w;, > --- > w;,, define:
f(w) — ijk[F({]lv SRR 7]k}) _ F({]lv SR 7j7€—1})]
—Ifw=1,4, f(w) = F(A) = extension from {0,1}? to RP

— f is piecewise affine and positively homogeneous

e F'is submodular if and only if f is convex (Lovdsz, 1982)

— Minimizing f(w) on w € [0, 1]” equivalent to minimizing F on 2"
— Minimizing submodular functions in polynomial time



Submodular functions and structured sparsity

o Let I': 2" — R be a non-decreasing submodular set-function

e Proposition: the convex envelope of © : w — F(Supp(w)) on the
lso-ball is 0 : w — f(|lw]) where f is the Lovasz extension of F



Submodular functions and structured sparsity

o Let I': 2" — R be a non-decreasing submodular set-function

e Proposition: the convex envelope of © : w — F(Supp(w)) on the
lso-ball is © : w — f(|lw]) where f is the Lovasz extension of F

e Sparsity-inducing properties: () is a polyhedral norm

>

(0,1)/F({2}) (1,1)/F({1,2})

Y
Y

>

(1,0)/F({1})

— Aifstableif forall B> A B# A= F(B) > F(A)
— With probability one, stable sets are the only allowed active sets



Polyhedral unit balls

F(A) = [4] F(A) = min{|A|, 1} F(A) = |A]\/?
Q(w) = [Jwly Q(w) = ||w||so all possible extreme points

F(A) = 1ian{1,2,3) 20}
+1ran{2,3120} T 1{an(3}£0}
Q(w) = ||[w||oo + [[wiz,3y]]cc + |ws]

F(A) = 1ianiy2oy + liange,3120)
Q(w) = |wi] + w2330



Submodular functions and structured sparsity
Examples

e From Q(w) to F(A): provides new insights into existing norms

— Grouped norms with overlapping groups (Jenatton et al., 2009a)

Qw) = ) wallo

GeH

— {1-f~, Nnorm = sparsity at the group level
— Some w¢'s are set to zero for some groups G

(Supp(w))” = U G for some H C H
GeH’



Submodular functions and structured sparsity
Examples

e From Q(w) to F(A): provides new insights into existing norms

— Grouped norms with overlapping groups (Jenatton et al., 2009a)

Qw) = |lwuglle = F(A) =Card({G € H, GN A # o})
GeH

— {1-f~, Nnorm = sparsity at the group level
— Some w¢'s are set to zero for some groups G

(Supp(w))” = U G forsome H C H
GeH’

— Justification not only limited to allowed sparsity patterns



Selection of contiguous patterns in a sequence

e Selection of contiguous patterns in a sequence

in

e H is the set of blue groups: any union of blue groups set to zero
leads to the selection of a contiguous pattern




Selection of contiguous patterns in a sequence

e Selection of contiguous patterns in a sequence

in

e H is the set of blue groups: any union of blue groups set to zero
leads to the selection of a contiguous pattern

o Yoenllwclle = F(A) =p—2+ Range(4) if A# @



Other examples of set of groups H

e Selection of rectangles on a 2-D grids, p = 25

— H is the set of blue/green groups (with their not displayed
complements)

— Any union of blue/green groups set to zero leads to the selection
of a rectangle



Other examples of set of groups H

e Selection of diamond-shaped patterns on a 2-D grids, p = 25.
— It is possible to extend such settings to 3-D space, or more complex
topologies




Sparse Structured PCA
(Jenatton, Obozinski, and Bach, 2009b)

e Learning sparse and structured dictionary elements:

min ZHy — Xw' ][2—1—)\29 (z7) s.t. Vi, [|[w']s < 1

WEkan XERpXk n !
Jj=



Application to face databases (1/3)
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raw data (unstructured) NMF

e NMF obtains partially local features



Application to face databases (2/3)
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(unstructured) sparse PCA  Structured sparse PCA

e Enforce selection of convex nonzero patterns =- robustness to
occlusion



Application to face databases (2/3)

(unstructured) sparse PCA  Structured sparse PCA

e Enforce selection of convex nonzero patterns =- robustness to
occlusion



Application to face databases (3/3)

e Quantitative performance evaluation on classification task

45

''''' raw data
~—=PCA

| == NMF
40 —SPCA
%shared—SPCA
35+ éSSPCA
shared-SSPCA

et L

% Correct classification

20 40 60 80 100 120 140
Dictionary size



Dictionary learning vs. sparse structured PCA
Exchange roles of X and w

e Sparse structured PCA (structured dictionary elements):

min ZHy — X' H2+)\ZQ (9) s.t. Vi, |wi]s < 1.

W eRkXn X cRPXE T "
Jj=

e Dictionary learning with structured sparsity for codes w:

M1 — Xw'||3 + AL s.t. Vj, ||2]]2 < 1.
WERWXERPMZH@/ 12 + AQ(w') s.t. V5, |27



Hierarchical dictionary learning
(Jenatton, Mairal, Obozinski, and Bach, 2010)

e Structure on codes w (not on dictionary X)

e Hierarchical penalization: Q(w) = ) ~cqllwal|l, where groups G
in H are equal to set of descendants of some nodes in a tree

e Variable selected after its ancestors (Zhao et al., 2009; Bach, 2008)

— Corresponds to F'(A) = cardinality of set of ancestors of A



Hierarchical dictionary learning
Modelling of text corpora

e Each document is modelled through word counts
e Low-rank matrix factorization of word-document matrix

e Probabilistic topic models (Blei et al., 2003)

— Similar structures based on non parametric Bayesian methods (Blei
et al., 2004)

— Can we achieve similar performance with simple matrix
factorization formulation?



Modelling of text corpora - Dictionary tree

hidden
units theorem
layer proof
training let
trained class
bounded
cells connection 1
cell patterns an would state
firing pattern on way states
response neurons \ be |—1 What control
stimulus system the do current
x does reinforcement
probability matrix
likelihood n performance circuit
distribution t test analog
~models vector experiments chip
distributions r table implemented
| performed implementation
optimal |
error images
objects




Application to background subtraction
(Mairal, Jenatton, Obozinski, and Bach, 2010)

/1-norm Structured norm




Application to background subtraction
(Mairal, Jenatton, Obozinski, and Bach, 2010)

Background ¢1-norm Structured norm




Submodular functions and structured sparsity
Examples

e From Q(w) to F(A): provides new insights into existing norms

— Grouped norms with overlapping groups (Jenatton et al., 2009a)

Qw) =Y |wglle = F(A)=Card({G € H, GNA# 2})
GeH

— Justification not only limited to allowed sparsity patterns



Submodular functions and structured sparsity
Examples

e From Q(w) to F(A): provides new insights into existing norms

— Grouped norms with overlapping groups (Jenatton et al., 2009a)

Q(w) = Z lwellwe = F(A) =Card({G € H, GNA # o})

— Justification not only limited to allowed sparsity patterns

e From F(A) to Q(w): provides new sparsity-inducing norms

— F(A) = g(Card(A)) = € is a combination of order statistics
— Non-factorial priors for supervised learning: () depends on the
eigenvalues of X ; X4 and not simply on the cardinality of A



Non-factorial priors for supervised learning

e Joint variable selection and regularization. Given support A C V,

1 A
o e 121 Ml 12
wTEIEA nHy AW A|l5 + 2HwAH2

— Minimizing with respect to A will always lead to A =V

¢ Information/model selection criterion F'(A)

] A
min min ooy = Xawally + Gllwallz + F(A)

.1 A
& min |y — Xuw| + w3 + F(Supp(w)



Non-factorial priors for supervised learning

e Selection of subset A from design X € R"*P with f>-penalization

e Frequentist analysis (Mallow's Cr1): tr X ; X A(X 1 X4+ X))~}

— Not submodular

e Bayesian analysis (marginal likelihood): logdet(X ; X 4 + A\I)

— Submodular (also true for tr(X | X 4)'/?)

P n k submod. | ¢5 vs. submod. /; vs. submod. greedy vs. submod.
120 120 80 | 40.8 = 0.8 26 £ 0.5 0.6 = 0.0 21.8 £ 0.9
120 120 40 | 35.9 = 0.8 24 £ 0.4 0.3 0.0 15.8 = 1.0
120 120 20 | 29.0 = 1.0 9.4 + 0.5 -0.1 £ 0.0 6.7 £ 0.9
120 120 10 | 204 = 1.0 17.5 = 0.5 -0.2 £0.0 -2.8 0.8
120 20 20| 494+ 2.0 0.4 £+ 0.5 2.2 £ 0.8 23.5 £ 2.1
120 20 10 | 49.2 £ 2.0 0.0 £0.6 1.0 £ 0.8 20.3 + 2.6
120 20 6 | 435+ 2.0 3.5+ 0.8 0.9 +£ 0.6 24.4 + 3.0
120 20 4 |410=x21 4.8 + 0.7 -1.3+05 25.1 £ 3.5




Unified optimization algorithms

e Polyhedral norm with up to O(2Pp!) faces and O(3P) extreme points

— Not suitable to linear programming toolboxes

e Subgradient (w — Q(w) non-differentiable)

— subgradient may be obtained in polynomial time =- too slow



Unified optimization algorithms

e Polyhedral norm with up to O(2Pp!) faces and O(3P) extreme points

— Not suitable to linear programming toolboxes

e Subgradient (w — Q(w) non-differentiable)

— subgradient may be obtained in polynomial time =- too slow

e Proximal methods

— mingere L(y, Xw) + AQ(w): differentiable 4+ non-differentiable
— Efficient when proximal operator is easy to compute

.1 2
min —fjw — 2]jz + AQ(w)
— See, e.g., Beck and Teboulle (2009); Combettes and Pesquet

(2010); Bach et al. (2011) and references therein



Proximal methods for Lovasz extensions

e Proposition (Chambolle and Darbon, 2009): let w* be the solution
of minyere5/|lw — 2||3 + Af(w). Then the minimal and maximal

solutions of
min AF(A) + Z(Oé — 2j)
jEA
are {w* > a} and {w* > a}.

— May be extended to penalization by f(|w]|) (Bach, 2011)

e Parametric submodular function optimization

— General divide-and-conquer strategy (Groenevelt, 1991)
— Efficient only when submodular minimization is efficient (see, e.g.,

Mairal et al., 2010)
— Otherwise, minimum-norm-point algorithm (a.k.a. Frank Wolfe)



Comparison of optimization algorithms
e Synthetic example with p = 1000 and F(A) = |A|'/?
e ISTA: proximal method

e FISTA: accelerated variant (Beck and Teboulle, 2009)

10° @ . —»— fista
—O—ista

—B— subgradient

f(w)—min(f)

0 20 40 60
time (seconds)



Comparison of optimization algorithms
(Mairal, Jenatton, Obozinski, and Bach, 2010)
Small scale

e Specific norms which can be implemented through network flows

n=100, p=1000, one—-dimensional DCT

2 ~ | =%=ProxFlox
—SG
= Of - = = ADMM
> -©-Lin-ADMM
£ QP
o
CP CP
T
£
a
(@)]
!
4

log(Seconds)



Comparison of optimization algorithms
(Mairal, Jenatton, Obozinski, and Bach, 2010)
Large scale

e Specific norms which can be implemented through network flows

n=1024, p=10000, one—dimensional DCT n=1024, p=100000, one—-dimensional DCT

s ‘s
= S ~ V-V S
E -2 ‘ = £
o o
@ @)
T -4 T
© ®
g 6 =3¢ ProxFlox g I
Q — SG * a =3 ProxFlox
= - = = ADMM = —SG
= ~8]| -©~Lin-ADMM = ~8[|---ADMM
CP -©-Lin—-ADMM
-10 ‘ ‘ -10 ‘ ‘
-2 0 2 4 -2 0 2 4

log(Seconds) log(Seconds)



Unified theoretical analysis

e Decomposability

— Key to theoretical analysis (Negahban et al., 2009)
— Property: Vw € R?, and VJ C V, if min ey |w;| = max,e e |w,|,
then Q(w) = Qs (wy) + Q7 (wye)
e Support recovery
— Extension of known sufficient condition (Zhao and Yu, 2006;
Negahban and Wainwright, 2008)

e High-dimensional inference

— Extension of known sufficient condition (Bickel et al., 2009)
— Matches with analysis of Negahban et al. (2009) for common cases



Support recovery - min,ere 5-[ly — Xwl3 + A2 (w)

e Notation

— p(J) = mingc e “ESIT € (0,1] (for J stable)

— c(J) = supycpr Qs (wy)/|wyll2 < [TV ? maxpev F({k})

e Proposition

— Assume y = Xw* + o¢, with e ~ N (0, 1)

— J = smallest stable set containing the support of w*
— Assume v = min x4 wi| >0

— Let ) = %XTX € RP*P. Assume kK = Apin(Qy7) > 0

— Assume that for n > 0, | (Q7)*[(2,(Q;;Q1;))jes] <1 -7
—If A<

w has support equal to J, with probability larger than
— z Is a multivariate normal with covariance matrix ()

X 26 (J)




Consistency - min,crr 5-|ly — Xwl||3 + A2 (w)

e Proposition

— Assume y = Xw* + o¢, with e ~ N (0, 1)

— J = smallest stable set containing the support of w*
— Let Q) = %XTX c RP*P,
— Assume that VA s.t. Q7(Aje) <3Q5(A)), ATQA > k||Ay|3

— Then | Q(w — w™) <

24c(J)*\

rp(J)?

and

1
|| X - X} <

36¢(J)2 N\

kp(J)?

with probability larger than 1 — P(Q*(z) > /\p(iz\/ﬁ)
— 2z iIs a multivariate normal with covariance matrix ()

e Concentration inequality (z normal with covariance matrix Q):

— T set of stable inseparable sets

— Then P(Q*(z) > t) < ZA6T2|A| exp ( _ 75217(14)2/2)




Outline

e Introduction: Sparse methods for machine learning

— Need for structured sparsity: Going beyond the ¢;-norm

e Structured sparsity through submodular functions

— Relaxation of the penalization of supports
— Unified algorithms and analysis
— Applications to signal processing and machine learning

e Extensions

— Shaping level sets through symmetric submodular functions
— fo-norm relaxation of combinatorial penalties



Symmetric submodular functions (Bach, 2011)

o Let F: 2V — R be a symmetric submodular set-function

e Proposition: The Lovasz extension f(w) is the convex envelope of
the function w — max,ecr F({w > a}) on the set [0,1]” + R1ly =
{w e RP, maxpcy wi — mingey wi < 1}



Symmetric submodular functions (Bach, 2011)

o Let F:2Y — R be a symmetric submodular set-function

e Proposition: The Lovasz extension f(w) is the convex envelope of
the function w — max,ecr F({w > a}) on the set [0,1]P + R1y =
{w € RP, maxgecy wr — mingey wg < 1},

(0,0,1)/F({3})

Wa=> W >\W
(1,0,1)/F({1,3} (0,1,1)/F({2,3})

WS> W SW———= = wW> w>wy (1,0,1)/

(0,1,0)/F({2}) 0,1,0)/2

0,0)/
(1,0,0)/F({1}) (1,0,0)

Wo=\\5

(1.1,0)/F({1,2})
F(A) = 1Laeq1,2 F(A) = |lica—1aca|+|laca—13e 4

(1,1,0)



Symmetric submodular functions - Examples

e From Q(w) to F(A): provides new insights into existing norms

— Cuts - total variation

FA) = Y dkj) = flw)= > dkj)(w—wj)s
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Symmetric submodular functions - Examples

From F'(A) to Q(w): provides new sparsity-inducing norms

— F(A) = g(Card(A)) = priors on the size and numbers of clusters

10 | | T
5, |
k
of ~ .
-5
-10 | | ] ‘ ‘ ] | |
0 0.01 0.02 0.03 0 1 2 3 0 0.2 0.4
A A A
|Al(p — |A]) Ly a1e0,p) max{|Al,p — |A]}

— Convex formulations for clustering (Hocking, Joulin, Bach, and
Vert, 2011)



Symmetric submodular functions - Examples

e From F(A) to Q(w): provides new sparsity-inducing norms

— Regular functions (Boykov et al., 2001; Chambolle and Darbon,
2009)

F(A)= min > d(k,j)+AAAB] W

S P2 28




/>-relaxation of combinatorial penalties
(Obozinski and Bach, 2012)

e Main result of Bach (2010):
— f(|w]) is the convex envelope of F'(Supp(w)) on [—1,1]?

e Problems:

— Limited to submodular functions
— Limited to /,.-relaxation: undesired artefacts

F'(A) = min{|A|, 1} F(A) = Lian(iy2e) + Lian(2 3120}
Qw) = [Jwl|e Q(w) = wi] + [[wiz2,33[loc



/>-relaxation of submodular penalties
(Obozinski and Bach, 2012)

e [’ a nondecreasing submodular function with Lovasz extension f

Define (s (w) in - Z wil 1f( )
o | w) = min — —
’ nERﬁ 2 — T 2 7

— NB: general formulation (Micchelli et al., 2011; Bach et al., 2011)
e Proposition 1: (), is the convex envelope of w — F(Supp(w))||w]|2

e Proposition 2: (), is the homogeneous convex envelope of
w = 5 F(Supp(w)) + 3lwl|3

e Jointly penalizing and regularizing

— Extension possible to ¢,, ¢ > 1



From /. to /5
Removal of undesired artefacts

F(A) = liangzyzey + lian{i.2)20) F(A) = 1{an(1,2,3} 20}

+1 +1
Qo (w) = |wz| + Hw{1,2}H2 {AN{2,3}#o} {AN{2}#£2}



Tightness of relaxation
What information of F' is kept after the relaxation?

e Extension to any set-function F

— Can always be defined

e Does it always do anything useful?

— Lower-combinatorial envelope GG (Obozinski and Bach, 2012)

e Some functions are not attainable

— Many set-functions lead to G(A) = |A| and the £;-norm
— Example: F(A) = |Allaca
— Convexification is not always useful



Conclusion

e Structured sparsity for machine learning and statistics

— Many applications (image, audio, text, etc.)

— May be achieved through structured sparsity-inducing norms

— Link with submodular functions: unified analysis and algorithms
Submodular functions to encode discrete structures



Conclusion

e Structured sparsity for machine learning and statistics

— Many applications (image, audio, text, etc.)

— May be achieved through structured sparsity-inducing norms

— Link with submodular functions: unified analysis and algorithms
Submodular functions to encode discrete structures

e On-going work on structured sparsity

— Norm design beyond submodular functions

— Instance of general framework of Chandrasekaran et al. (2010)

— Links with greedy methods (Haupt and Nowak, 2006; Baraniuk
et al., 2008; Huang et al., 2009)

— Achieving log p = O(n) algorithmically (Bach, 2008)
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