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A Tale of Two Transitions
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Q: What do you do with a quantum
state once you've prepared one?

A: You measure its excitations.
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Angle-resolved Photoemission Neutron Scattering Time-resolved ARPES
(ARPES)
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Measuring Excitations

Ising Model
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Correlation functions

(A(r,t)B(r', 1))

Given some (observable) operator B at
(r,t’), what is the likelihood of some
(observable) operator A at (r,t)?

Optical conductivity, y/X-ray scattering,
photoemission, neutron scattering, Raman,
IR absorption, etc.
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Ancillaries
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A-Z quantum simulation

. Classical post-processing

techniques
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Singular Value Transform Algorithm

Calculating the Single-Particle Many-body Green’s Functions via the Quantum 0
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‘5@ ’ sists of the following steps: (1) A spin system prepared in its

E 05 % 10 ground state is locally excited by /2 rotation; (2) the system
-0. 10-10

\ Quantum evolves in time; (3) a global 77/2 rotation is applied, followed by
computer the measurement of the spin state. This protocol provides the
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L. Del Re, B. Rost, M. Foss-Feig, AFK, J.K. Freericks
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Linear Response
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Ho+ h(t)B Ho

Measure

(A(t))

A linear response framework for simulating bosonic and fermionic correlation
functions illustrated on quantum computers
Efekan Kékcii ©@,! Heba A. Labib ®,' J. K. Freericks ©,2 and A. F. Kemper ®'>*
! Department of Physics, North Carolina State University, Raleigh, North Carolina 27695, USA

2 Department of Physics, Georgetown University, 37th and O Sts. NW, Washington, DC 20057 USA
(Dated: February 22, 2023)

1. Make the excitation part of the quantum simulation

2. Post-process the data to get the response functions

= Energy w
=

]
~
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ud ud n ud
Momentum k Momentum k Momentum k Momentum k Momentum k
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A linear response framework for simulating bosonic and fermionic correlation
functions illustrated on quantum computers

Efekan Kékcii ©@,! Heba A. Labib ®,' J. K. Freericks ©,2 and A. F. Kemper ®'>*

! Department of Physics, North Carolina State University, Raleigh, North Carolina 27695, USA
2 Department of Physics, Georgetown University, 37th and O Sts. NW, Washington, DC 20057 USA
(Dated: February 22, 2023)

¥
h()B Benefits
// /K ////@ ///@ 4 « Any operator A,B you desire (as long as it is
/ ~_ ~_ / Hermitian®)

* No ancillas/controlled operations needed

« Many correlation functions at the same time

Initiate Excite Evolve Measure
RS N _ . .
v e it =l AW) Less post-processing (less noise)
N )
— » Frequency/momentum selective

evolve with evolve with

Ho+ h(t)B Ho 15
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The time evolution operator satisfies

i0,U(t) = V(HU(t)

Which is formally solved by

U(t) = Tewp (—z /_ ; V(z)df)

Or approximately(for small V) by

Ult) ~ 1 —i/t V(D) dE

Thus the wave function is given by

(1)) ~ |tho) — i / V(D)) di

Some Mathematics...

We now pick an operator A to evaluate
WOIA@)]Y(@) = (Po|A(t)|30) =
“i [ ol A0,V o)t

Putting the time dependence outside via 'V (t) = h(t)B

SA(t) = —i / ([A(t), B))h(F)dE

— 0

SA(L) = [ TR (LD AT

oo

16
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A simple example: single spin with energy level difference = 2

HO — O_Z 0.20 1

0.15 A

A_ p— B p— X 0.10

0.05 A

0.00
-0.05
-0.10 n=0

—0.15 A

>
I
2
o
o

—0.20 T
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Linear Response

A simple example: single spin with energy level difference = 2

0.04

0.02 -

—0.02 A

HO =
A=B=0"
n h(t)
—_— wWw=1
—_— W=2
—_ w=275

—0.04 A

13

Frequency

5< 0.00

—_— w=1
—_—w=2
—_— wWw=2.75

,,.‘4

T
T

Tlme
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Linear Response

A simple example: single spin with energy level difference = 2

HOZO'Z

A=B=7"

[h(w)[*

Frequency

0.04

0.02 -

0.00 A

—0.02 A

—0.04 A

—_— w=1
—_—w=2
—_— wWw=2.75

,,.‘4

T
T

Tlme
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Fermionic Linear Response

= =il =) wl[A W) BE)] v

"

Notice this is a commutator...

.. we might also want to have an anti-commutator

l

G(t,') = —if(t — ') (o[ {A(t), B(t') }o)

Why?

GR(Tia t; Tjs t/) -

—i0(t — t') (ol {cs(t), cl(t') o)
V4

Fermionic creation/
annihilation operators

Binding Energy

21
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/ Option 1: Auxiliary operator \ / Option 2: Post-selection :
dA(t)

— —i0(t — ') (4| [A (1), B(t))]|1bp)

Find an operator P such that:
{B(t),P} =0
[Ho,P] =0
Plipg) = s|vy)
Then:
G(t,1) = —i6(t — ) ([ {A(L), B(t') }|vp)
=~ 0t — ) (% l[A(DP(), B)] 44

Example: parity
\ P=72,7,.27, / \ J
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Option 1: Auxiliary operator \ / Option 2: Post-selection :

5h(t’) o = —i@(t - t/) <¢0‘ [A(t), B(t/)] ‘?7[)0> Initiate Excite Evolve ) Measure
Find an operator P such that: |‘I’> “’\/W\/\” g ot %2 (A(t))
{B(t),P} =0 ’
[Ho,P] =0
Plipg) = slthy) N {N, N+1, N-1}
Then: v {N, N+1, N-1}
N o in( 4 / B:n(c+cT)
G(t,t') = —if(t — ') (o { A (L), B(t') }|3hy)
v / /
- gé(t ~ ) Wl AP (), B(t)][v) Post-selection on particle number gives us

Example: parity Gz'<j (t)=1 <¢0|C;r' (0)ei(t)|4o)
\ P=27.27, / \ G7(t) = —i (olei(t)ck (0)[wo) /
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Linear Response -> Green’s function
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Su-Schrieffer-Heeger model for polyacetylene Energy
Vin = 8/2 Vy + /2 I

O OO - \ | /

Ho=— [Vm+(—1)i5/2] cle; = e, R \/ ——+ Momentum
(i,5) i B
§ =

Initiate Excite Evolve Measure
P . A
_ —iHt : —
@) s | et = (A() “\\/‘\/
1
R R R ——————— Momentum

G (ri, t;rj,t') = =i0(t — ') (Yol{es (1), <] (') }tbo) )

o>0

24
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Linear Response -> Green’s function
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Su-Schrieffer-Heeger model for polyacetylene
Vnn - 6/2 Vnn + 8/2

OO OO

Ho = — Z [Vnn + (—1)i6/2] c,}Lcj — ,ch,}Lci

(4,9)

Compressed circuit run on ibm_auckland

R, [ncos(0k)]

R [ cos(1k)]
R, [ncos(2k)]
R, [n cos(3k)]

R, [ncos(4k)]
R, [n cos(5k)]

<: B = Z 2 cos(kr;) [Ci + c”

BBIRBIR

Choose B to create a momentum eigenstate

GR(t) = —i0(t) (ol {en(t), ¢k (0)}|wbo)
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Su-Schrieffer-Heeger model for polyacetylene
Vnn_5/2 Vnn+8/2 620 6204 6208
O=0-0=0 O_é é/‘_@ 0 : AN
/4 TATAR A LAY
—2n/4 1 MAWAAMAA AN
i —3n/4
Ho= =3 [V + (=) 6/2] e, — > e, - - Drvrmiminsn
(i,5) i
" 0 .1I0 20 O .ZIO 40 O .2I0 40
Compressed circuit run on ibm_auckland et et rimet
R, [ cos(0k)] ﬁ Fourier
R, [ncos(1k)]
R, [ncos(2k)] — — —
B rosGH] = 6=0 6=04 6 =0.8
) | |
£ ° ' |
5 /A -
i —2wa- ] _ﬂj_ﬂ[_
-3m/4 I I
Choose B to create a momentum eigenstate T , , | , ,  — , ,
-5 0 5 -5 0 5 -5 0 5
Energy w

GER(t) = —i0(t) (Yol {ex(t), ch (O wo) "

26
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Su-Schrieffer-Heeger model for polyacetylene

Voy — 8/2 V,, +6/2 =0 6=04 6=0.8
/4 1 VAR AAYAAAY
~2m/4 ] TR A AW
: ~3m/4 1 AWM
Ho ==Y [Van+ (=1)"6/2| cle, =D le, " | _
(3,7) ( : , ,
0 10 20 O 20 40 O 20 40
Ti t Ti t Ti t
Compressed circuit run on ibm_auckland me me me
R, [ cos(0)] ﬁ Fourier
R [ cos(1k)]

R, [ncos(2k)]
R, [n cos(3k)]
1Rz [n cos(5k)]
:
:

di

BBIRBIR

Choose B to create a momentum eigenstate

GR(t) = —i0(t) (ol {en(t), ¢k (0)}|wbo)

“n 0
Momentum k Momentum k Momentum k
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e Ancilla free

e Momentum and frequency selectivity

Both bosonic and fermionic correlators

More noise robust compared to existing methods

60=0 6=04 60 =038
di —— d3
u+2Vy, —c |1 RO B
S —-——— 40
g ] | S— : ' '
i j— . | ¥ --- =6
Initiate Excite Evolve Measure -_¥—
”_zvnn_ . 00 . PR -
] —
R A T T T T T T
"MW\{"‘ —iHpt &= - 0 -n 0 -n 0
‘\II> | € - <A(t)> Momentum k Momentum k Momentum k
evolve with evolve with
Ho + h(t)B Ho

E. Kokcl, H.Labib, J.K. Freericks, AFK., arXiv:2302.10219
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* |t turns out that these are positive 5
semi-definite functions:

(AT A(L))

G(t), normalized and offset

Spec

Raw data Frequency

0 20 40 60 80 100 120 140
Time
31

Kemper, Yang, Gull, arXiv:2309.02566



Further improvements via mathematics
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* |t turns out that these are positive 5
semi-definite functions:

(AT A(L))

« We can project the noisy data onto
the nearest PSD function

PSD denoised data

G(t), normalized and offset

Spectral functiol

Raw data Frequency

0 20 40 60 80 100 120 140
Time
32

Kemper, Yang, Gull, arXiv:2309.02566
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* |t turns out that these are positive
semi-definite functions:

(AT A(L))

« We can project the noisy data onto
the nearest PSD function

 Given sufficiently dense data, a

unique extension exists* and we can
extend the data to longer times

Kemper, Yang, Gull, arXiv:2309.02566

G(t), normalized and offset

Further improvements via mathematics

PSD denoised+extended data

PSD denoised data

Raw data

. 11 il (IR A il

0

-6—-u +6—u

Spectral function, offset

PSD denoised
+extended

PSD denoised

Frequency

0 20 40 60

80 100 120 140

Time

33
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A-Z quantum simulation

. Classical post-processing

techniques

4 0) (H] A )
0) ®" Us U4 e U
\ ” ?’ \ /
Prepare state of interest Time evolve

( Physics-Informed \

Subspace Expansions

time evolution

\

/Lie—algebraic methods m

Open quantum system
evolution

Dynamical response functions

K Neutron scattering \

(magnon) spectra

Open quantum system
Green’s functions

Dynamical Mean Field
Theory
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Time evolution Dynamical Lie algebras

Given a set of operators g; (either in the operator pool or Hamiltonian)

Uxy Uxz Their Dynamical Lie Algebra expresses all the operators that can be
generated by this set
Uxy Uxz
Usy Usy DLA := span{[ai,, [ai,, [ -~ [ai,. a;] - - ]]] }
—
. . Cartan decomposition for exact Unified Framework for Barren
Variational ansatze : : :
time evolution plateaus in VQA
________ Kékcei, PRL 2022 Ragone, arXiv:2309.09342
U . (/] S
Us |preeeee ‘—‘\_\ Circuit compression
3 = - — .o .
Uso U o Complete (DLA) classification of
- fnf. 5—'\/\ Koked, PRA 2022 1-d nearest neighbor spin models
_ Us U, U @:@ Camps, SIMAX 2022
= ! \ KékCU, arXiv:2303.09538 Wiersema, arXiv:2309.05690
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® Cartan decomposition found its application in generic unitary synthesis for quantum circuits (*,*%)

su (2")
g=mo>¢t
I"'e X "'y I"'eZ
] £, (4
[E7 E C ¢ su(2"HeX |su2 )@Y | su(2) ez su(2nH el
- En, En7
[m’ Bl = m !
- U U
m,m] C ¢ il In
J I e - =T {
n—1
® |t is optimal for SU(4) (2 qubits)! (***)
— — —u; u, u; Uy —
U _
] — Va U  Ver U | V3 U Ve
(*) N. Khaneja and S. J. Glaser, Chemical Physics 267, 11 (2001). (**) H. N. Sa Earp and J. K. Pachos, Journal of Mathematical Physics 46, 082108 (2005), doi.org/10.1063/1.2008210.

(***) G. Vidal and C. M. Dawson, Physical Review A 69, 010301 (2004). 37
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Exact simulation of a time independent spin Hamiltonian: H = Z th'j
J

H=a XXIIT+bIYYI]I+clIXXI+dIIIYY
U(E) _ e—ieH _ 6—756& XXIIIe—ieb IYYIIe—z'ec IIXXIe—z'ed IT1YY + 0(62)

X X X X X
X X_ X_ _X_ _ X
Y Y Y Y Y H E_
U(t)_- -Y- -Y- _Y_ _Y_,,,_ _Y_ OIXZYI =
— "X X X X X i ] -
X X_ X_  _X_ _ X
Y Y Y Y Y

38



Main Problem
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Exact simulation of a time independent spin Hamiltonian: H = Z th'j
J

U(t) _ e—z't?-t _ H eimc_fi

=7

F'eg(H) DLA = span{[az'la [%2, [ o [air, aj] o ]H}

n
su(2™)
( \ 106'
105 ;
— /"ﬁeisenberg
T 104 2%
H .
103_
TFIM/TEXY
107 R I ey
\ ) - e ,—” .................................... XY
g(H) 0]
4 5 6 7 8 9 10 41

Number of spins/qubits (n) 39
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Definition 1 Consider a compact semi-simple Lie subgroup
G C SU(2™), which has a corresponding Lie subalgebra g.
A Cartan decomposition on g is defined as an orthogonal split
g = € D m satisfying

Bt C® [m,m] C ¢ [E,m]=m 4)

and is referred as (g, t). Cartan subalgebra of this decompo-
sition is defined as one of the maximal Abelian subalgebras of
m, and denoted as b.

Theorem 1 Given a Cartan decomposition g = €®m, for any
element H € m there exist a K € e and h € b such that

—itH — —1k —1ith ik
H=KhK' (5)

40



Main Problem
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Exact simulation of a time independent spin Hamiltonian: H = Z th'j
J

U(t) _ 6—z’t7—t _ H eimc‘ri

=7

F'eg(H)

—itH — —ik —ith ik

41



Cartan Decomposition and KHK Theorem
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g S
su(2™) U(t) — o UH _ H ol
[ s
¢ o= , cal
g'eg(H)
Have H € m, and consider the following function
| J(K) = (KoK'H)
\
where
K = efikreleka  oOnykon,
v="hy+7mhy + 7T2h3 + i F th_lhnh
] — ] i B — Then for any[local minimum or maximum] of the function
o—itH _ o—ik o—ith ik f denoted by Ky wittsatisty

— I — H H - KJHK, € b

42
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Generate Hamiltonian algebra g(H)

Find a Cartan decomposition where H is in m
Obtain parameters via local minimum of /{(K)
Build the circuit using K and #

Then simulate for any t

T
2
3
4
5

N N N N N’

—1tH —

43
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DMFT Convergence on Noisy Quantum Hardware

1.0

K omvnted Vae 2
2 . .

e O(n*) circuit for TFIM, TFXY, XY s
e Applicable for any model i
e Optimize only once for any time t
e Obtained 15t ever self-consistent DMFT

Hubbard phase diagram on IBM QC. | |

3 1 2 3 4 7 t_ -
Cartan Based Simulation on IBM Lagos
1.0 A \ < r\ Y

. \x 'I \ ~ I'\ / \. \ I\ R
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https://www.physics.ncsu.edu/kemperlab/papers/Steckmann_DMFT/

NC STATE 2 Algebraic methods for circuit compression

UNIVERSITY

Cartan Decomposition Algebraic Compression

® Produces exact, fixed depth time evolution unitaries for
any model.

® Produces unitaries for linear combinations of (anti)-
Hermitian operators (UCC factors).

® We have code available!
https://github.com/kemperlab/cartan-quantum-synthesizer
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NC STATE

2 Algebraic methods for circuit generation

UNIVERSITY

Cartan Decomposition Algebraic Compression
su(2") . “
¢ 2 2 2 )
3 3 3 ?;
4 4 4 4 :
' 5 |5 5 5 |5
® Produces exact, fixed depth time evolution unitaries for ® Compressed Trotter circuits down to a shallow fixed depth
any model. circuit for 1-D nearest neighbor TFXY, TFIM, XY and

Kitaev models.

® Produces unitaries for linear combinations of (anti)-

Hermitian operators (UCC factors). ® Based on 3 easy to check, local properties.
® We have code available! ® \We have code available! Check F3C, F3C++ and F3Cpy
https://github.com/kemperlab/cartan-quantum-synthesizer at https://github.com/QuantumComputingLab
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Digital version of
this talk

UN|\(|:|VSEE§}5 Quantum Matter meets Quantum Computing
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