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Method Problem

Optimized signal fitting for Quantum phase
estimation on a early fault-tolerant
quantum computer
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Main problem:

CdXd

Given a Hamiltonian H € , we estimate the smallest eigenvalue A,

d>1 Ground state energy

Assume: Ay € [—7, 7]

o] =

Corresponding eigenvector: |¢0> e CY,
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Input:

1. Initial state: |1//0> e C¢, H |y/0> =1

2
<1 Initial overlap

0<py= ‘<l//0|¢0>




Input:

2
1. Initial state: |y/0> e C, H |1//0> ‘ =1 Po = ‘<W0|¢0>
2. Quantum oracle: Givenanyt € R
0
treR —>» Quantum|computer —> Z =% 1+1i
9 ——eer]

d—1
E(Z) = <1//0| exp(—itH) | 1//0> = Zpk exp(—itd;) Signal in t
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General Algorithm:

{tn}fqul ER —»

|0)

%)

Quantum|computer

1

Classical computer

EEE— {Zzn}

N
n=1



Complexity:

L

Quantum|computer

9 —— ]

(2},

{t,}"_ eR

_ o N How large our quantum
. Maximal running time: 7, = max{ 7, }'_, computer needs to be?
n
, Total running time: 7, ,, = 2 [ How long we need to run?

n

Berkeley

UNIVERSITY OF CALIFORNIA




Complexity:

0

Quantum|computer

9 —— ]

{t,}"_ eR

. . . N How large our quantum
o Maximal running time: 7., = max{ 7, 1 computer needs to be?
n
. Total running time: Ttotal — z tn Early fault-tolerant quantum
computer

n
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Complexity:

0) —{H}——
(t)V eR Quantum|computer Z }favzl
] 9 ——er] :
Classical result: To ensure /To — 4y L€
e Whenp,=1,T,.. = 01), T, = O(/c?) Hadamard test
o Anypo, Tmax > 71-/6, TZOZCll @(1/6) QPEI QET—UI

Heisenberg-limited scaling
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Complexity:

o) —[i}——
(L, eR Quantum|computer Z }fqul
] 9 ——e] "
Classical result: To ensure /To — 4y L€
e Whenp,=1,T,.. = 01), T, = O(/c?) Hadamard test
(] Anypo, Tmax > 71-/6, Ttotal @(1/6) QPEI QET—UI

Reduce
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Complexity:

0) —{H }——

Quantum|computer

9 —— ]

(Z

{t,}"_ eR

Classical result: Toensure 45— 4, <€

e Whenpy=1,T,.. = 01),T,,; = O(/c?) Hadamard test
0>05T,.,<<xle,T,,,= 0/e) Our method
o Any po, Tox > 7le, T,,,,, = O(1/€) QPE, QET-U,
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Informal theorem:

[Ding, Lin, 2023] Assume p, > 0.5. There exists an algorithm(QCELS) such that, with
high probability, it outputs

‘/fo — /10‘ <e,
with
Tmax =0\ —— ’ Ttotal =0\—
€ €

T
e Whenpyr 1, T ., < -

[1]. Zhiyan Ding, Lin Lin, Even shorter quantum circuit for phase estimation on early fault-tolerant quantum computers with applications to ground-state

energy estimation, PRX Quantum, 2023. (/1 — p,/€)
[2]. Zhiyan Ding, Lin Lin, Simultaneous estimation of multiple eigenvalues with short-depth quantum circuit on early fault-tolerant quantum computers,

to appear, Quantum, 2023.
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1.0{ = po=0.71
V¥ Hadmard test
0.51 --*- QPE type (lower bound)
QCELS (old upper bound)
0.01 —®- QCELS (new upper bound)
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[1]. Zhiyan Ding, Lin Lin, Even shorter quantum circuit for phase estimation on early fault-tolerant quantum computers with applications to ground-state

energy estimation, PRX Quantum, 2023. (/1 — p,/€)

[2]. Zhiyan Ding, Lin Lin, Simultaneous estimation of multiple eigenvalues with short-depth quantum circuit on early fault-tolerant quantum computers,
to appear, Quantum, 2023.
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Numerical evidence:

Transverse field Ising model (IFIM):

10!
~e - error of QCELS p_0=0.6
<~ error of QPE p_0=0.6
N ~e- error of QCELS p_0=0.8
100 *~ error of QPE p_0=0.8
0.06/T scaling
- 6n/T scaling
—_ -
-1 *
L1107
— N \\ “*
8 \\ /*\ ! \\
E . oy x\ I x
1072 SR
.
o R
103 ) e
[ L A
10! 10 10°
Tmax

error(e)

10!

10°

o error of QCELS p_0=0.6
error of QPE p_0=0.6

-o— error of QCELS p_0=0.8
-+ error of QPE p_0=0.8

107! i\
Y \
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103 104 10°
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e Two order of magnitude reduction of maximal running time
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Rough algorithm:

Step 1: Draw N independent samples {tn}zlzlfrom a truncated Gaussian with

o) = 1 12 I
a = —¢€X
Z;, P\ a2 ) st

Step 2: For each {tn}fg\;p using quantum computer to generate one sample Z,
such that

density:

d—1
E(Z) = (yo| exp(—iHD |wp) = D prexp(—ik)
k=0

Step 3: Solve optimization problem and Zo = 0%

2

(r*, 0%) = ) (QCELS)

Ztn — rexp(—i n
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Rough algorithm:

1 & 2
(r*,Q*)zminNZ Z, —rexp(—ift)| (QCELS)
V,g n
0) — H I WHHF"> n=1
%) nH
Signal
- Data
Fitting L
- Fitting:
-l d—1

|| ooms. L rexp(—iff) ¥ Z,~ ). pyexp(—ikt)

m i > - . o o )

When p, > 0.5, 6* =~ 4.




Informal proof:

1 < 2
r¥, 0*) = min — Z, — rexp(—ifr, QCELS
(%,0%) = min— B |Z, = rexp(=ih,) | (QCELS)

n=1

How?

0> 05,7, = 01 —pyle), Ty = O(1/¢)

7~ max

Note: 7, ., = max ¢, <yTl

n
1 t?

Berkeley

UNIVERSITY OF CALIFORNIA



Informal proof:

1 < 2
r¥, 0*) = min — Z, — rexp(—ifr, QCELS
(%,0%) = min— B |Z, = rexp(=ih,) | (QCELS)

n=1

N > 1 Recall: 7, ~ a(?)

yT 5
(r*,0%) =min |  a(?) | E(Z) — r exp(—i0f) | dt
r,0
Vo Jd T
yT 5
=min | a()|E@Z)exp(i0n)-r | dr
o J_,r

Explicitly solve r
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Informal proof:

N 2

% O%) — 3 l _ —
(r*, 0%) mmN Z, —rexp(—ift)
r,0 "

(QCELS)

n=1

l

yT o)
(r*, 0%) = min[ a(t)|Z,— r exp(~i0n) | " dr
r,0
5 —yT

d—1
l E(Z) = Zpk exp(—id;1)

k=0
d—1
Z Pk <

k=0

2

0* = max

yT
J a(t)exp(i(d — Ak)t)dt>
—yT

Y

IIIIIIIIIIIIIIIIIIIIII



2

d—1 yT d—1 2
0% = max | Y p, [ a(exp(i(0 — A)ndt || =max | Y pF©O—4)
k=0 —rT T k=0
yT
IFT: Fl(x) = [ a(t)exp(ixt)dt
—yT
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2

d—1 yT d—1
0% = max | Y p, [ a(®exp(i(0 = 4)ndt | | = max Y pFO - 2)
0 k=0 —]/T k=0

1 tz Y = 6(1) T2x2
a(r) = —  CXP <——> | P » F(x) mexp| — > ) € R.,

Ty 217 /

—

Highly concentrated
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d-1 2 2
70— 1
Q*zmaprkexp< ( 5 k)>

k=0

Step 1:

h = py>0.5
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d-1 2 2
70— 1
Q*zmaprkexp< ( 5 k)>

k=0

Step 1: Zoom in

c C
|6 10|s7

T,

max

h=p,>0.5 How to show C < 17
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d—1
0* ~ max Z Di €Xp
k=0
Step 2
Notice:
where
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d—1 TZQ_;LZ T20_/12
Zpk exp <—% = pp €Xp —% + Error(0)

|Err0r(0)| <1-py

Focus on the region: 0 ~ 4,



+ Error(0)

TXO — 4)*
0* ~ max pyexp | — 5
0

Step 2:

Error(8) =0

9* :/10
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T%(0 — A)*
0* ~ max ppexp | — 5 + Error(0)
0

Step 2:

Py~ 1

|Err0r(9)| <1-pg
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Informal theorem:

[Ding, Lin, 2023] Assume p, > 0.5. There exists an algorithm(QCELS) such that, with
high probability, it outputs

‘/fo—/lo‘ <e,

1 — 1
T, ax — @( p0> ’ Ttotalz O (_>
€ €

Uniformly bound the effect of random error (in Z,) for all &

with

(%, 0%) =

(QCELS)
r,0 N -
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Informal theorem:

[Ding, Lin, 2023] Assume p, > 0.5. There exists an algorithm(QCELS) such that, with
high probability, it outputs

‘/fo—/lo‘ <e,

1 — 1
T, ax — @( p0> ’ Ttotalz O (_>
€ €

e To achieve O(1/¢) scaling, (theoretically) multi-level QCELS is needed:

with

OneT ——» Anincreasingsequence: 7, = 2"T,
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Informal theorem:

[Ding, Lin, 2023] Assume p, > 0.5. There exists an algorithm(QCELS) such that, with
high probability, it outputs

‘/fo—/lo‘ <e,

1 — 1
T, ax — @( p0> ’ Ttotalz O (_>
€ €

e To achieve O(1/¢) scaling, (theoretically) multi-level QCELS is needed:

with

1 & 2
.Or (r¥,0*%) = min —Z Ztn—rexp(—' .

r,0€[—n,x], N

(Discrete QCELS)

Berkeley

UNIVERSITY OF CALIFORNIA




Multiple eigenvalue estimation:

Consider K dominant eigenvalues {(/1nk,pnk)}kK=1 such that

we want estimate {ﬂnk}szl.
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Multiple eigenvalue estimation:

Consider K dominant eigenvalues {(/1nk,pnk)}kK=1 such that

we want estimate {ﬂnk}szl.

Multi-QCELS:
2

(rj,@j) = mm— Z Z, - 2 1, exp(—i6t,)

k=1
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Multiple eigenvalue estimation:

[Ding, Lin, 2023] Define A = mkin Ay ~ Mg Pp = ank. There exists an
k
algorithm(Multi-QCELS) such that, with high probability, it outputs

‘/Tk—ﬂnk <e,

with 7, = Q(A™h

1 —pp T —0 l
(mink pnk)e ’ total c

Ensure 4, are separated by different Gaussian filters

T = 0

[2]. Zhiyan Ding, Lin Lin, Simultaneous estimation of multiple eigenvalues with short-depth quantum circuit on early fault-tolerant quantum
computers, to appear, Quantum, 2023.
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Multiple eigenvalue estimation:

[Ding, Lin, 2023] Define A = mkin Ay — Mg PD = ank. There exists an
k
algorithm(Multi-QCELS) such that, with high probability, it outputs

‘Zk_/lnk S€,

with 7, = Q(A™h

Improve Tmax =0 (mink D e , Ttotal =0 z
ny

If /1%] — ﬂnk < €, we approximately see /1%1, A

as one eigenvalue and solve

s
2
| & K-1
(r*,0%) = min ~ E Z, - Z 1, exp(—i6,t,)
A k=1
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Numerical evidence:

Transverse field Ising model (IFIM): p,, p; large

10! 10!
-%- error of QPE p_1=0.4 -%- error of QPE p_1=0.4
10° ‘ error of MM-QCELS p_1=0.4, p_2=0.4 10° error of MM-QCELS p_1=0.4, p_2=0.4
0.06/T scaling R
10-1 * §n/T scaling 10-1 *
W 10-2 * ~ wi0-2| ¥
| . —
(®] I *e e P N S
IGCJ 10_3 D * * GLJ 10—3 b , *\\
- Tk o *k
10~ 107 ®. o
103 10-3
102 103 104 104 10° 10° 10’ 108
Tmax Ttota/

e Two order of magnitude reduction of maximal running time
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Depolarizing noise:

Noisy quantum oracle:

reR  ——>»

|0)

l9)

Quantum|computer

—itn H

d—1
E(Z) = exp(—at)<w0| exp(—itH) | 1//0> = exp(—at) Zpk exp(—ith;)
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k=0




Depolarizing noise:

Noisy quantum oracle:

|0)
reR  ——>»

l9)

Quantum|computer

e

—itn H

d—1
E(Z) = exp(—at)<w0| exp(—itH) | 1//0> = exp(—at) Zpk exp(—ith;)

k=0

Difficulty: Assume we know [/ ~ a, we recover the signal using Zﬂ,t = exp(fnZ,

E(Z;,) ~ Z D €Xp(—ithy),

Berkeley
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Var(Z;,) = Q(exp(f1))




Depolarizing noise:

Noisy quantum oracle:

|0)
teER  ——>»
%)

Quantum|computer

e

—itn H

d—1
E(Z,) = exp(—at)<w0| exp(—itH) | 1//0> = exp(—at) Zpk exp(—itdy)

k=0

Difficulty: Assume we know 8 = a, we recover the signal using Zy, = exp(pr)Z,

Var(Z;,) = Q(exp(pr)) —>» N = Q(exp(2fr)) Number of repetitions
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Depolarizing noise:

Noisy quantum oracle:

|0)
teER  ——>»
%)

Quantum|computer

e

—itn H

d—1
E(Z,) = exp(—at)<w0| exp(—itH) | 1//0> = exp(—at) Zpk exp(—itdy)

k=0

Difficulty: Assume we know 8 = a, we recover the signal using Zy, = exp(pr)Z,

Var(Zﬂ’t) = Q(exp(ft)) ——» N = Q(exp(2ft)) Number of repetitions
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— 1,

otal

= Q(exp(ale)) if T, = O(/e)

Previous method is expensive



Depolarizing noise:

Noisy quantum oracle:

|0)
teER  ——>»
%)

Quantum|computer

e

—itn H

d—1
E(Z,) = exp(—at)<w0| exp(—itH) | 1//0> = exp(—at) Zpk exp(—itdy)

k=0

Difficulty: Assume we know 8 = a, we recover the signal using Zy, = exp(pr)Z,

Var(Zﬂ’t) = Q(exp(ft)) ——» N = Q(exp(2ft)) Number of repetitions
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Need to find an algorithm such that 7, ,, = O(log(1/¢))




Depolarizing noise:

[Ding, Dong, Tong, Lin, 2023] Define A = 4, — 4, and assume p, > 0.5. Given
p —a = 0(e), there exists an algorithm(Noisy-QCELS) such that, with high
probability, it outputs

‘[O—ﬂo‘ <€,

1 1 1\ 5"
Tmax =0\ — lOg — > Ttotal =0 e
A € €

No Heisenberg-limited scaling

with

Some lower bound result: 7., = €(1/¢)

[3]. Zhiyan Ding, Yulong Dong, Lin Lin, Yu Tong, Robust ground-state energy estimation in the presence of global deplorazing noise, arXiv/2307.11257
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Depolarizing noise:

[Ding, Dong, Tong, Lin, 2023] Define A = 4, — 4, and assume p, > 0.5. Given
p —a = 0(e), there exists an algorithm(Noisy-QCELS) such that, with high
probability, it outputs

‘}TO — /10‘ <€,
1 1 1\
Tmax =0\ — lOg - s Ttotal =0 Bl
A € €

1 &
r¥,0%) = min —
( ) r,0 N};

with

Noisy-QCELS:

exp(ﬁtn)Ztn — rexp(—i6t,)
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Why even smaller 1. ?:

T%(0 — y)*
Recall: 6* ~ max p,exp (— ( > 0 )+Err0r((9)
0

Do > 1

T?A?
|Err0r(9)| < exp <— 2 >

po=1




Conclusion:

Quantum phase estimation » Signal processing problem
Optimized signal fitting (QCELS)
e Ground state energy estimation

e Multiple eigenvalue estimation

e Depolarizing noise
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Conclusion:

Quantum phase estimation » Signal processing problem

e Other signal processing method: RMPE, ESPRIT, SPF

[1]. G. Wang, D. Stilck-Fran ca, R. Zhang, S. Zhu, and P. D. Johnson. Quantum algorithm for
ground state energy estimation using circuit depth with exponentially improved dependence on
precision. arXiv/2209.06811, 2022.

[2]. Hongkang Ni, Haoya Li, Lexing Ying, On low-depth algorithms for quantum phase
estimation. arxiv/2302.02454, 2023.

[3]. Haoya Li, Hongkang Ni, Lexing Ying, On adaptive low-depth quantum algorithms for robust
multiple-phase estimation. arxiv/2303.08099, 2023.

Berkeley

UNIVERSITY OF CALIFORNIA




Conclusion:

Quantum phase estimation » Signal processing problem

0y —[A—— Optimized signal fitting (QCELS)

) [ o=ttt |
Signal oata |11 Zhiyan Ding, Lin Lin, Even shorter quantum circuit for phase estimation on early fault-tolerant
Fitting duantum computers with applications to ground-state energy estimation, PRX Quantum, 2023.
{7 [2]. Zhiyan Ding, Lin Lin, Simultaneous estimation of multiple eigenvalues with short-depth
V4 _EEE_LS_’ ' quantum circuit on early fault-tolerant quantum computers, to appear, Quantum, 2023.
[ T=T—] : ¢
] L AT [3]. Zhiyan Ding, Yulong Dong, Lin Lin, Yu Tong, Robust ground-state energy estimation in the

presence of global depolarizing noise, arxiv/2307.11257, 2023.

Questions?

Berkeley

UNIVERSITY OF CALIFORNIA



