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Classical Random Walk: 

1. Start at origin 

2. Toss a coin 

3. Move left or right accordingly 

4. Repeat

P

Walking on a line
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Quantum Walk: 
1. Start at origin 

2. Toss a quantum coin, e.g.

3. Move left and right simultaneously 
    according to coin state
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i,↑ − i,↓( ) i,↓

4. Repeat
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T = i +1, ↑ i, ↑ + i −1, ↓ i, ↓



Ar!st Impression – classical random walk
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Artist Impression – quantum random walk

Entangled Quantum Walk: 
1. Start at origin 

2. Apply quantum coins

3. Move left and right simultaneously 
    according to coin state

4. Repeat
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T12 = i +1, ↑; j +1, ↑ i, ↑; j, ↑ + i +1, ↑; j −1, ↓ i, ↑; j, ↓

+ i −1, ↓; j +1, ↑ i, ↓; j, ↑ + i −1, ↓; j −1, ↓ i, ↓; j, ↓

Entangled Quantum Walk: 
1. Start at origin 

2. Apply quantum coins

3. Move left and right simultaneously 
    according to coin state

4. Repeat
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Walking on a line
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T12 = i +1, ↑; j +1, ↑ i, ↑; j, ↑ + i +1, ↑; j −1, ↓ i, ↑; j, ↓

+ i −1, ↓; j +1, ↑ i, ↓; j, ↑ + i −1, ↓; j −1, ↓ i, ↓; j, ↓



� 

ψ 0

ϕ
=
1

2
0,↑; 0,↓ + e

iϕ
0,↓; 0,↑( )

Entangled Quantum Walk: 
1. Start at origin 

2. Apply quantum coins

3. Move left and right simultaneously 
    according to coin state

4. Repeat

(with interaction)
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Walking on a line
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T12 = i +1, ↑; j +1, ↑ i, ↑; j, ↑ + i +1, ↑; j −1, ↓ i, ↑; j, ↓

+ i −1, ↓; j +1, ↑ i, ↓; j, ↑ + i −1, ↓; j −1, ↓ i, ↓; j, ↓

Classical :  coin flip and move  (stochastic)

probability
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Walking on a graph

amplitude
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Quantum :  apply coin operator and evolve  (unitary)

Walking on a graph
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Classical :  stochastic Markov chains

Quantum :  unitary evolution
probability

� 

P(t) = e
−H t

P(0)

amplitudeψ (t) = e−i Ĥ tψ (0)

Walking on a graph

Discrete-time quantum walk   

Continuous-time quantum walk  
ψ n+1 = Ĉ T̂ψ n = Ûψ n

(Ĥ : Hermitian)

(Û : unitary)

ψ (t) = e−i Ĥ tψ (0)

Walking on a graph

Discrete-time quantum walk   

Continuous-time quantum walk  

Walking on a directed/weighted graph

ψ n+1 = Ĉ T̂ψ n = Âψ n (Â : non-unitary)

ψ (t) = e−i B̂ tψ (0) (B̂ : non-Hermitian)

Chiral QW
Szegedy QW
PT-symmetric QW
Stochastic QW 

Classical random walk applications
Examples:  DNA synopsis, animal foraging strategies, diffusion 
and mobility in materials, exchange rate forecast, stock market 
analysis, solving differential equations, quantum monte carlo, 
optimization, clustering and classification, graph connectivity, 
fractal theory, structure analysis of facebook, Google, MSN and 
Yahoo search engines, etc.

Quantum walk
applications ?



Quantum walk provides exponential speedup
traversing a glued tree 
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Childs, Cleve, Deotto, Farhi, Gutmann, Spielman 
35th ACM Theory of Computing, 59 (2003)

Classical random walk Quantum walk

Quantum walk provides exponential speedup
traversing a glued tree 

Childs et al 35th ACM Theory of Computing, 59 (2003)

Quantum Algorithms for the NISQ Era
(https://quisa.tech/publications/)

• Combinatorial optimization via highly efficient quantum walks 
• Quantum optimisation of financial portfolios
• Quantum optimisation of capacitated vehicle routing
• Quantum algorithm for network analysis and centrality ranking
• Quantum walk based algorithms for graph similarity, isomorphism, 

and other graph-theoretic quantum algorithms 
• Quantum algorithm for video visual tracking  
• Quantum informatics: protein sequence engineering
• Quantum data compression by principal component analysis  
• Gibbs partition function using quantum Clifford sampling
• Quantum predictive algorithms on phase transition and criticality
• …

e−i Ĥ tÛ = Ĉ T̂

Non-Unitary

Efficient quantum Circuit Implementation



Û = Ĉ T̂

Non-Unitary

Efficient quantum Circuit Implementation 1. Graphs with certain symmetry×
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FIG. 1: Quantum circuit implementing a quantum walk along a complete 16-graph.
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FIG. 1: Quantum circuit implementing a quantum walk along a complete 16-graph.
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ĈT̂

Increment Decrement
!"#$%&'( !"#$%&'(

...
...

• !"#$%&'( )*+,-./0 !"#$%&'(

• • !"#$%&'( )*+,-./0 )*+,-./0 !"#$%&'(

• • • × )*+,-./0 )*+,-./0 )*+,-./0 ×

1

Increment Decrement
!"#$%&'( !"#$%&'(

...
...

• !"#$%&'( )*+,-./0 !"#$%&'(

• • !"#$%&'( )*+,-./0 )*+,-./0 !"#$%&'(

• • • × )*+,-./0 )*+,-./0 )*+,-./0 ×

1

incr decrnode

subnode H •
!"#$%&'(



















1

16-cycle

incr decrx-coordinate

incr decry-coordinate

H •
!"#$%&'(

•
!"#$%&'(

subnode
H • • !"#$%&'( !"#$%&'(

1

2D hypercycle

1. Graphs with certain symmetry
ĈT̂

Complete 8-graph
with Grover Coin
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FIG. 1: Quantum circuit implementing a quantum walk along a complete 8-graph, using a Grover

coin.
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FIG. 1: Qutrit-based quantum circuit implementing a quantum walk along a complete 3n-graph.
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Qutrit equivalent of Hadamard

1. Graphs with certain symmetry
ĈT̂
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1. Graphs with certain symmetry
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1. Graphs with certain symmetry

“Twisted”
 toroidal lattice 
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ĈT̂
1. Graphs with certain symmetry

Glued-trees

ĈT̂
1. Graphs with certain symmetry

sparse



2.  Sparse graphs

Jordan and Wocjan PRA 80, 062301 (2009)
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Non-Unitary

Quantum Circuit Implementation

• Lloyd (1996) 

• Aharonov and Ta-Shma (2003)
• Christandl, Datta, Ekert, Landahl, (2004)
• Berry, Ahokas, Cleve, Sanders (2007)

• Childs (2008)
• Wiebe, Berry, Høyer, Sanders (2010)

• Childs (2010)
• Poulin, Qarry, Somma, Verstraete (2011)
• Childs and Wiebe (2012)

• Berry and Childs  (2012)
• Berry, Childs, Kothari (2015)

• Berry and Novo (2016)
• Low and Chuang (2017, 2019)

• Chen, Dalzell, Berta, Brandão, Tropp (2023) 

1. Sparse Hamiltonian with efficiently computable entries

e−iĤt
2. Efficiently diagonalizable dense graph 

Λ :  diagonal matrix of eigenvalues of H
Q :  matrix of column eigenvectors of H

Q ≡ Fjk =ω
j k n , ω = e2πi n

Λ = diag( n F{c1,c2!cn})

DFT: O( n log n )
QFT: O( log2 n )

C =

c1 c2 ! cn
cn c1 ! cn−1
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c2 c3 ! c1
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Circulant 

e−iHt =Q†e−iΛtQSpectral theorem

e−iĤt

Fourier

Nature CommunicaCon 7:11511 (2016)



♪  Circulant graphs

Λ = diag m, 0, 0, 0, 0, 0, 0, 0{ }( )
Complete Km

# gates:  2 log2(n)+1

e−iHc t = F†e−iΛtF
e−iĤt

Paley Graph (SRG)

Λ = diag a,b,b,b,b,b,b,c,c,c,c,c,c{ }( )
(all SRGs have at most three distinct eigenvalues) 

(1) '(poly log(() ) distinct eigenvalues

Nature Communication 7:11511 (2016)

♪  Circulant graphs

(2) eigenvalues can be computed efficiently

e−iHc t = F†e−iΛtF
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♪  Circulant graphs

(2) eigenvalues can be computed efficiently

e−iHc t = F†e−iΛtF
e−iĤt
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e−iĤt
♪  Circulant graphs e−iHc t = F†e−iΛtF



♪  Circulant graphs e−iHc t = F†e−iΛtF
e−iĤt

Nature Communication 7:11511 (2016)

♪  Circulant graphs e−iHc t = F†e−iΛtF
e−iĤt
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♪  Circulant graphs e−iHc t = F†e−iΛtF
e−iĤt

Nature CommunicaCon 7:11511 (2016)

e−iĤt
(1)  COMMUTING GRAPHS 

3. Composite graphs

e− iγ (A+B)t ≡ e− iγ Ate− iγ Bt

()!, *)

JPhysA 50, 055303 (2017)

identity interconnection between two complete graph



e−iĤt
(1)  COMMUTING GRAPHS 

2. Composite graphs

(+!, )"#,%)

e− iγ (A+B)t ≡ e− iγ Ate− iγ Bt

JPhysA 50, 055303 (2017)

complete interconnection between 
two disjoint degree-regular graphs 

(2)  CARTESIAN PRODUCT OF GRAPHS 

e−i (H1⊕H2 )t ≡ e−i H1 t ⊗ e−i H2 t

e−iĤt
2. Composite graphs

JPhysA 50, 055303 (2017)
hypercube graph 

(2)  CARTESIAN PRODUCT OF GRAPHS 
e−iĤt

2. Composite graphs

JPhysA 50, 055303 (2017)
Cartesian product of star and path graphs

e−i (H1⊕H2 )t ≡ e−i H1 t ⊗ e−i H2 t

Non-Unitary

Quantum Circuit Implementation



Can we implement Non-Unitary operations efficiently?

1.  Arbitrary sparse matrix and inverse 
Harrow, Hassidim, Lloyd (2009)
Cai, Weedbrook, Su, Chen, Gu, Zhu, Li, Liu, Lu, Pan (2013)

x = cA−1 b

Non-
Unitary

Non-
Unitary

2. Dense Circulant, Toeplize & Hankel

(2015)

Circulant Matrices 

Non-
Unitary

2. Dense Circulant, Toeplize & Hankel

JPhysA 49, 275301 (2016) 
R. Soc. Open Sci. 4, 160906 (2017) 

Block Circulant Matrices 

Non-
Unitary

2. Dense Circulant, Toeplize & Hankel

JPhysA 49, 275301 (2016) 
R. Soc. Open Sci. 4, 160906 (2017) 



CT =
T BT
BT T

⎛

⎝
⎜

⎞

⎠
⎟

ψ

0

⎛

⎝
⎜

⎞

⎠
⎟ =

Tψ

BTψ
⎛

⎝
⎜

⎞

⎠
⎟

BT =

0 tn−1 ! t2 t1
t−(n−1) 0 ! t3 t2
t−(n−2) t−(n−1) ! t4 t3
" " # " "
t−1 t−2 ! t−(n−1) 0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟⎟

Toeplize 
& Hankel

Non-
Unitary

2. Dense Circulant, Toeplize & Hankel
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JPhysA 49, 275301 (2016) 
R. Soc. Open Sci. 4, 160906 (2017) 

3. PT-symmetric Quantum Walk 
Non-

Unitary

PRL 125, 240501 (2020)

Non-
Unitary

PRL 125, 240501 (2020)

3. PT-symmetric Quantum Walk 4. Szgedy quantum walk
Non-

Unitary



5. Unitary dilationNon-
Unitary

OpCca 7, 1524 (2020)

5. Unitary dilationNon-
Unitary

Optica 7, 1524 (2020)

N = 8

high degree symmetry

sparse unitary

sparse

circulant, Toeplize, Hankle

sparse

diagonalizable 

COMPOSITE
commuting graphs
cartesian product

Non-Unitary

e−i Ĥ tÛ = Ĉ T̂




