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= (1) Brief primer on DST

\ - role in neuroscience & psychiatry




What is a dynamical system?
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Attractor states in state space
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Attractors are geometrical objects ...
 at which activity stays bounded
e to which activity converges from

neighborhood (basin of attraction)
e to which activity returns after perturbations
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Working memory tasks & persistent activity

Goldman-Rakic (1990)



Memory patterns as attractor states

Memory Pattern 1

' Memory
. Pattern 3
I I / ¢ @

Memory
Pattern 2

] “JL Inactive cell \

m [l Highly active cell

Hopfield (1982), Wang (1999),
Durstewitz et al. (2000)



Limit cycles ...
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Limit cycles in motor behavior

Trapezius

A Trapezius readout = B

Russo, Churchland et al (2018), Neuron



Action/ thought sequences as
“heteroclinic channels”

Training Delay Test

o oM

‘. Cognitive processes are implemented in
‘| terms of neural system dynamics - Choice
(attractors, transitions among these,
transients ...).

BUT: These properties are not directly
accessible!

/

e.g. Rabinovich et al. (2008)
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centroid Balaguer-Ballester, Lapish et al. (2011) PLoS Comp Biol
Lapish, Balaguer-Ballester et al. (2015) J Neurosci




Altered dynamics iIn psychlatrlc states

Durstewitz, Huys, Koppe (2020) Biological Psychiatry: CNNI

Overly strong attractors: | V)

e Tinnitus * Motor stereotypies |
 Rumination e Changes in cortical
 Compulsivity oscillations

1 A
Too weak attractors: A

* Incoherent thought < Attention deficits

 Hallucinations Tﬁ

Bifurcations: >
e Sudden onset/ offset of symptoms




Dynamical systems as a
central layer of convergence

Diverse biophysical Diverse changes in cognitive
and structural causes and emotional experience
Ca2* channels Similar changes in pe,-severat.on

network dynamics
in diverse brain areas

synaptic ConneCtiVitY emotional instability

dopamine obsessions
serotonin hallucinations
morphology distractibility

=>» Implications for treatment

Durstewitz, Huys, Koppe (2020) Biological Psychiatry: CNNI



(11) Deep learning of dynamical systems
from time series observations |




Recurrent Neural Network (= time series)

Zj Zj

ﬂ’ ®L9

Dynamically universal: Can approximate arbitrarily

closely flow field of any other DS

: il | ° 2-layer NN approximates any real-valued F on compact
MY set (Cybenko 1989)

N
y=FX) =~ Z w;o(wT™x + h;),x € R
i=1

e approx. flow-field by 2L-NN, reformulate as RNN
(Funahashi & Nakamura 1993; Kimura & Nakano 1998)

external
input




Making RNN deep in time:
“Vanishing/ exploding gradient problem”

“Inputs”: § = {s;} “Outputs”: Z=1{z,},t=1..T

RNN z, € RM Loss function
R T
z, =¢p(Wz,_;+h+Cs £ = Z, — z/||5
p = p(Wzy ) DD -zl

g(w) . Ve(w) W, ., =W, —7Ve(w,)




Making RNN deep in time:
“Vanishing/ exploding gradient problem”

“Inputs”: § = {s;} “Outputs”: Z=1{z,},t=1..T

RNN z, € RM Loss function
R T
z, =¢p(Wz,_;+h+Cs £ = Z, — z/||5
p = p(Wzy ) DD -zl
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Making RNN deep in time ...

Example: Addition problem
Zr = S1t, T S1t,

g— g—

) 7
81 . 6 |:0-, 1} U.b‘ 0,7 0.3 0,1 0,2 0.6 0,5 > 0,9 0,8 0,1 Random signals C
a J A\ 1.2 > Target
82‘ e {0 1} 0 1 0 0 0 0 1 0 0 0 Mask
A A
From Le et al. (2016),
< >  Google
INPUT OUTPUT
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FORGET
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Hochreiter & Schmidhuber (1997)



Piecewise-Linear (PL) RNN

zZt=Az 1+ Wo(z-1) +Csi + h
Q’j(z)i — maX(Oﬁ Z?ﬁ);i c {1 Ce e J\[}

]
¢

. . 6! llReLU” o
Physiological ~4
. N 4|
motivation 52/ &l
0 ‘ ’ ’ ‘ 0 & x N M
2 0 2 4 40 60 80 100
Z

Many properties analytically accessible: fixed points, limit
cycles, eigenvalue spectra (stability) ...

Can be transformed into piecewise ODE system
Efficient inference!



Line-attractor regularization

2z =Az 1 +Wo(zi—1) +Cs, + h

A — diag([a11 aMM]) (S IRMXM

M reg A'{I‘e o M A”jreg
Lreg — TA Z (AZ-’,,; — 1)2—|—TW Z ZWZ-QJ—I—T}L Z h?
i=1 i=1 j=1 i=1
penalty term My =M 17
00 0 0 0) (0Q 0 0 0 0 0]\
0 0O 0 0 O 0 0 0 O
0 0 0 0 O 0 0 O
0O 00 x 0 0 x x x 0 x X X
0O 00 0 x O X X x x 0 x X
\0 0 0 0 0 x/ \X X X X X 0) \ % /
A w h

Schmidt et al. (2019) arXiv



Performance on ML benchmarks

[
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Schmidt et al. (2019) arXiv proble



Line-attractors and solving long-range tasks

1.5

0.5

-0.5

=1.5

Schmidt et al. (2019) arXiyv,
Monfared & Durstewitz (submitted)




Sequential MNIST benchmark

By Josef Steppan - Own work, CC BY-SA 4.0,
https://commons.wikimedia.org/w/index.php?curid

000000600 p00C0I 000 "o
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0 — 0
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Schmidt et al. (2019) arXiv



Generative PLRNN for dynamical systems
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Generative PLRNN for dynamical systems

Latent DS (RNN) Modality-specific Experimental

External observation models observations MSUA
I D6, (2¢) o taa.t e
simulll i > | s | 2> 5 % ,
inputs . ) Tlme Ca2+
+© imaging
N
4 ¢ => p(xC'42+ |Z) :> 8% I I I I I
2
@ behav g% Behavior
e o
=> p(x | 2) > 5@ l! ‘
o

I Trials

RNN state space MSUA
P Xt |z,
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Reconstructing dynamical systems

Lorenz system

dXx, / dt =rx; — X, —X;X3 Infer-
ence

dx; / dt =x;X, —bX5

e

Simulated trajectory

~ Time graph

.|
X3

X, time




Statistical inference for small data:

Expectation-Maximization

A"’b

Estimation by Maximum leellh@?d ‘
Maximize log p(X|0) = Iogij)Z 0)dZ

w.rt 0= {uO,AWhZBF}

p(X,Z|0)
I X, Z10)dZ > Z) | dZ
ogip( ) >£q(>og D

wstep:  <Eqllog p(X.Z| ) DH[A(Z)]
VIS T < log p(XT0) €KL[A(2)[| p(Z | X)D

w.r.t. 0
()

E step: Determine p(Z|X)



Expectation-Maximization Algorithm
logp(X|0) > £(0,q) Evidence Lower Bound (ELBO)

=|E,[logp(X,Z|0)] + H(q(Z|X))
= log p(X|0) | KL(q(Z|X), pe(Z|X))

E-step: q" :=argmax, L(0%,q) given 6"

M-step: 07 := arg mé;lxll((-),q*) given q*

=>» Laplace/ fixed-point-iteration algorithm efficiently
exploiting piecewise-linear structure
=> Analytical derivation of moments of p,(Z| X)

Durstewitz (2017), PLoS Comp Biol ; Koppe et al. (2019), PLoS Comp Biol



Statistical inference for big data:
Sequential VAE & SGVB

logp(X|0) = L£(8,¥) =E_[logpe(X,Z)] + H(qy(Z|X))

L
~ %Z (log Peo (X, Z(D) - logQW(Z(l) |X)) ) Z(l)Nqu(Z|X)
=1

1 L
= ZZH (log pe(X, 9w (e, X)) — loggu(gw (V. X)IX) )
eW~p(g), eg p(e) = N(0,I)

qp(Z|X) : Variational density (‘encoder model’), e.g. MLP, NF
pe,,.(X|Z) : Obs. model (‘decoder model’), e.g. MLP
pe,.,(Z) Prior (latent space) model, e.g. PLRNN

- Inference through SGD using sampling & ‘re-
param eterization trick’ (Kingma& Welling 2014, Rezende et al. 2014)




Simple ahead prediction errors may be
meaningless

: low MSE X high MSE I
J -
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| 1 1 | | | | ¢ 1 I’I
0 2 4 6 8 10 12 14 16 18 20
time
low KL, =.06, high MSE=2.48
true
X generated
———generated |

trajectory 1
trajectory 2

Koppe et al. (2019), PLoS Comp Biol




Reconstructing DS benchmarks

vdP system Draw noisy samples Infer model Generate new samples

Vijenll) Prediction
co AN ol =)
p(X) _en-0) :\%/“j
3 4N N ir N
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Assess deviation
KLy
X)
Porue(®) KL X x|z :=f x) lo de
oo 512 x(Perue (®), Dgen(X12)) | Pue(log -
\ 4
‘ 2t . 3 | "_--trl,:e xl:|_-tllue x2_nlsim. xl_‘s,;im. X,

—sim. - - -true -2
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Reconstructing DS: Lorenz system

Koppe et al. (2019), PLoS Comp Biol
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Enforcing line attractor directions helps to
capture multiple time scales

4 . , . true

59, - - - -
0 0.15 0.3 0.45 0.6
time (s)
16 k 1 0.02 ®  50-600 Hz |
1 M s 1-50 Hz
14} I _ S 0.015} _
| =
S ol { | S 0.01} ]
fas|
: . '
ol I { | 5 0.005 | i ]
0 lel 1e2 1e3 1led 1eb 0 lel 1e2 1e3 1led 1leb
. 1500 7 - 1500

Schmidt et al. (2019) arXiv



(1) Applications in psychiatry 7
[fMRI moblle data] P




Inferring PLRNN from fMRI data

process model
z, =Az,_,+W¢g(z,_,)+h+Cu, +¢g,
g, ~N(0X)

4

fMRI observation model

X, |z, ~N(B[hrf *z,__ ]+ Mr,T)

Koppe et al. (2019), PLoS Comp Biol



Reconstructed state space trajectories from fMRI

Training WM Delay Test Contr Delay
L

Wait!

2

fMRI data: Bahner et al. (2015) ; Koppe et al. (2019), PLoS Comp Biol

contr delay

test

WM delay

train

contr



Does PLRNN really capture measured dynamics?
Inferred (posterior) state estimates P,(Z, | X;1)

SCore

Whidelay

delaytrain

tesat

Z
P ra L] ra I

train

contr

0 200 400 600
time

Generated (prior) state trajectories Py(Z,)

SCore

Whidelay

delaytrain

tesat

train

contr




Does PLRNN really capture measured dynamics?

KLz(pinf(le):pgen(z)) — f pinf(zlx) log
zERM

pmf(zlx) ~ _Z 1p(ztlxl T)
T

1
pgen(z) ~ ? p(Zt|zi—q)
t=1

KLZ (variational) (pi'n.f (Z | X) , pgen (Z))

—

Pins (Z|X)

dz

Pgen(Z)

Gaussian Mixture
Models

1€ K.L(pmf(ztlxlr)pmf(z \XlT))
zwg

L€ —KL (pz'nf(zt |x 1:T.:'»Pgen (2 |2—1))

Hershey & Olsen (2007), IEEE

Koppe et al. (2019), PLoS Comp Biol



Observed and predicted BOLD traces

L10 r=0.82 L32 r=0.77 L40 r=0.90 R10 r=0.90

il b

:
g
g

data

den-lnputs  R45r=0.91

L45 r=0.90

E;

‘ _— | R40 r=0.90
002 0.06 0.1 ' ]

. r frequency (Hz) |
LA

h! .
L6 r=0.83 . 0 i

Koppe et al. (2019), PLoS Comp Biol



The fMRI Turing-Test

activation

] 50 100 150 200 250 300 350
time




Examples: Nonlinear phenomena from fMRI data

— stable

Nm NL:' ----- unstable ,--"I
Lcq L1 O low high
> AR I Yocorrect
0 LY higher state space complexity
o 7 = better performance
: zllﬂt|WIlMxllﬂW,qvlylwWN?, £ : |
20U 400 ’ 200 400 E -10¢
Chaotic attractor %
E1 p}‘f'¢~*wWﬁ E’ . 5000 ménﬂ
time

200
time Koppe et al. (2019), PLoS Comp Biol



Take home’s

Diverse biophysical Diverse changes in cognitive
and structural causes and emotional experience

Il trmrer ] (I I 11 Frr ol

Ca®* channels Similar changesin | persevera tion ( h
network dynamics W21
in diverse brain areas das
EITETEE ETIEERY “’ emotional instability ag)
dopamine .
V\J/ _;. obsessions 2 s
halluc
morpholo gv distractibility \L _}
d33

Dynamical systems theory = central layer for connecting
neural and behavioral phenomena = new perspective on
psychiatric symptoms and their treatment

Deep generative RNN = enable reconstruction of DS
from observed time series

... enables ,diagnosis‘ of systems-dynamical states &
prediction of individual disease trajectories

... enables simulation & prognosis of effects of
interventions in personalized fashion
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