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An Optimization Based Framework (Kelly et al.)

� n users,singleresourcewith capacity nC� xr: Transmissionrateof userr� Ur
�����

: Utility functionof userr� Concave increasingfunction

AssumeUr
�
x
���

log
�
x
�

(Proportionally Fair Controller)	
 ��
SYSTEMPROBLEM

Maximize
n

∑
r 
 1

∆r

β
log

�
xr
�

subjectto

∑
r

xr � nC

xr � 0 � r
�

1 � 2 ��������� n�� ��
Is therea decentralizedmeansof achieving thisallocation?
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A Decentralized Solution

Source Router Receiver

� Routerreactsto theaggregateflow passingthroughit� Markspacketsduringcongestion� Explicit Congestionnotification(ECN)� Usersadapttheir transmissionrate� Roundtrip delayd
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A Decentralized Solution: The Router Behavior

� Routerunaware of individual flow rates� Reactsto theaggregateflow passingthroughit� Markspacketsduringcongestion� Hasa Marking Function p
�
x
�� Determinesthefractionof flow to bemarked� 0 � p

�
x
� � 1, “smooth”, increasingfunction� Example:Mark thefractionof flow which exceedsa thresholdnc̃

p
�
x
� � �

x � nc̃
���

x
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A Decentralized Solution: User Behavior

� Userr receivesmarksat ratemr
�
t
�

mr
�
t
� �

xr
�
t � d

2

�
p

n

∑
j 
 1

x j
�
t � d

2

�
� Userr adaptsratexr

�
t
�

at time t accordingto

ẋr
�
t
� �

∆r � βmr
�
t � d

2

�
� Additive IncreaseMultiplicative Decrease(AIMD ) algorithm� Increasesratelinearly in time if nopacketsaremarked� Whena markis received,multiplicatively decreaserate� Withoutdelays,theabove systemconvergesandtheequilibriumratessolve

SYSTEMPROBLEM
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Issues in Networks

(i) Shortflowswhich do not react to congestioncontrol� example:webtraffic

(ii) Probabilisticmarkingfunctions� May decideto markflowswith ‘1’ or ‘0’ with probability p
�
x
�

(iii) Routermeasuresratesby averagingover asmalltime interval� Implication: Systemoperates in “discrete” time�� � �
Question:Is adelay-differentialequationtheappropriatemodel?
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Key Idea

� Dynamicsof asingleflow in discrete-time� time-step= processingtimeof afixedsizepacket

xi � 1 � � xi  ∆ ! βxi " d p � xi " d  êi " d #$# �� êi: Randomnessdueto webmice,probabilisticmarking� Many suchflows
�&%

“average” ratewill “appear” asa differential equation

7



Modeling a Large System

0

0 1 2 nd nT

T

System time

"Real" time

n
1

d

� n flows,eachwith roundtrip delayd� Capacityproportional to thenumberof users(nC)� to have reasonablebandwidthperflow� Amountof time required to processa packet goesdown as1
n� Unit of Time: Amountof time requiredto processapacket� Timemeasuredon a “finer” scaleasn increases
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... (contd.) Large System

� yk
i ��' k

�
1 ��������� n ()� ' i

�
0 ��������� nT ( : transmissionrateof userk at time i� Noiseprocess:

�
a * ẽk

i

�
, ' k

�
1 � 2 ��������� n (� Mean

�
ẽk

i

���
0� Evolutionof userrate

yk
i � 1

� +
yk

i * ∆
n
� β

n
yk

i , nd p
1
n

n

∑
j 
 1

�
y j

i , nd * ẽ j
i , nd * a

� - �
� Roundtrip delay(in time-steps)scaledby n� Gains(∆ � β) scaledby 1

n

xn
i

� 1
n

n

∑
k 
 1

yk
i average rateat time i

en
i

� 1
n

n

∑
k 
 1

ẽk
i average

�
centered

�
noiseat time i
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Evolution of Average Rate

xn
i � 1

�
xn

i * ∆
n
� β

n
xn

i , nd p . xn
i , nd * a * en

i , nd /� Wehave neglectednon-negativity constraints� Wecanshow thatthis constraint is asymptoticallyredundant� How doesit look in “Real” time?� For t 0 1 0 � T 2 andnt 0 ' 0 � 1 ��������� nT ( �
xn � t ��� xn

nt � en � t ��� en
nt �� Straightline approximationto interpolatebetweentimest

� i
n� Averageratedescribed by

ẋn � t � �
∆ � βxn � 3 n � t � d

�54
n

�
xn � 3 n � t � d

�54
n

� * a * en � 3 n � t � d
�54

n

�
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...(contd.) Evolution of Average Rate

� Assumptionson “noise” imply supt 687 0 9 T : ; en � t � ; � 0 a.s.� Definex
�
t
�
: ẋ

�
t
���

∆ � βx
�
t � d

�
p
�
x
�
t � d

� * a
�� � ��

Claim: Almost surely, supt 687 0 9 T : ; xn � t � � x
�
t
� ; � 0 asn � ∞� Implication: Deterministic delay-differentialequationmodelvalid in the

Many-Flows regime
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TCP like Controllers

Jointly with Supratim Deb and Prof. R. Srikant
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What about TCP like Controllers?

� Eachuserhasutility functionU
�
x
�<� , 1

x� n userswith userrates' y j 9 n � � � � j
�

1 ��������� n (� Userflow adaptsaccording to

ẏ j 9 n � t � �
κ
�
w � y j 9 n � t � y j 9 n � t � d

�
p
�
xn � t � d

� * a * en � t � d
������ Candidatelimit systemdescribed by

ẋ
�
t
� �

κ
�
w � x

�
t
�
x
�
t � d

�
p
�
x
�
t � d

� * a
���

Is thefollowing statementtrue? As n � ∞ �
1
n

n

∑
j 
 1

y j 9 n � t � � x
�
t
�

� In caseof log
� � � utility function,theansweris Yes� For TCPlike controllers,theansweris No � but ...
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Main Result

Deterministicsystemstable
�&%

stochasticsystem“stable”

Reason: === 1n ∑n
j 
 1 y j 9 n � t � � x

�
t
� === becomessmallfor largen � t if deterministic systemis

globallyasymptotically stable(κd is small)

14



Key Idea: Flow Coupling

� Let usdefinern
i j

�
t
���

yi 9 n � t � � y j 9 n � t �� Wecanshow that

rn
i j
�
t
� � � κp

�
xn � t � d

� * a * en � t � d
���?>

yi 9 n � t � rn
i j
�
t � d

� * y j 9 n � t � d
�
rn

i j
�
t
�A@

� Observe that

1
n

n

∑
j 
 1

y j 9 n � t � y j 9 n � t � d
� �

x
�
t
�
x
�
t � d

� * ' rn
i j
� � � ( terms

� === 1n ∑n
j 
 1 y j 9 n � t � � x

�
t
� === smallif we have supi 9 j rn

i j

�
t
��B

0�� ��
Why doesrn

i j

� � � � 0 ?
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Razumikhin’s Theorem

� Supposewehave a delaydifferential equationgivenby

ż
�
t
� �

a
�
t
�
z
�
t
� * b

�
t
�
z
�
t � d

�
� Consideraconvex functionV

�
z
�
t
���

which behavesasshown

Time interval of length  r
V

(t
) 

−
−

−
>

Time (t) −−−−>

� V
�
t
�

decreaseswhenever it reachesmaximumover apastinterval of lengthr
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...(contd.) Razumikhin’s Theorem

� Thefunctional

W
�
zt
���

sup
t , r C s C t

V
�
z
�
s
���

decreaseswith timeandthusprovidesa Lyapunov functionalfor thesystem

� WechooseV
�
t
��� �

z
�
t
� � z D � 2 andr

�
2d.� Exponentialstability followsby showing that

�
z
�
s
� � z D � 2 decreasesat leastby a

constantfactorin somefinite time

Result: If a
�
t
�

andb
�
t
�

aresmall,thenz
�
t
� � 0 exponentially fast.
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Back to TCP like Controllers

� Wehave

rn
i j
�
t
� � � κp

�
xn � t � d

� * a * en � t � d
��� >

yi 9 n � t � rn
i j
�
t � d

� * y j 9 n � t � d
�
rn

i j
�
t
� @

� a
�
t
�&� � κp

� � � y j 9 n � t � d
�

andb
�
t
�E� � κp

� � � y j 9 n � t �� Needto show thesearesmall� To doso,weneedto show y j 9 n � � � uniformly boundedin time� (Shakkottai,SrikantandMeyn) Wealsoknow that F M G 0 suchthat

1
n

n

∑
j 
 1

y j 9 n � t � H
M

� Wejointly developa boundon y j 9 n � � � aswell asshow rn
i j

� � � � 0� (DebandSrikant)UseRazumikhin’s Theoremalongwith somebounding

techniques
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Discussion and Summary of Main Results

� Deterministicdelay-differential modelsvalid in a many-flows regime� Modelsincludeproportionallyfair controllersaswell asTCPlike controllers
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