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An Optimization Based Framework (Kelly et al.)

e nuserssingleresoucewith capaay nC
e X . Transmissiomateof userr

e U, (-): Utility functionof userr
— Concave increasingfunction

Assumel, (x) = log(x) (Proportiondly Fair Controller)

SYSTEMPROBLEM

n
. A
Maximize § —log(x)
r=1

subjectto
> X% <nC
r

Xx>0Vr=12,...,n

(Is therea decenralizedmeansof achieving this aIIocation?]




A Decentralized Solution
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Routerreactsto the aggragateflow passinghroughit

Marks paclets duringcongestion
— EXplicit Congestiomaotification(ECN)

Usersadapttheir transmissiomate

Roundtrip delayd



A Decentralized Solution: The Router Behavior

e Routerunaware of individual flow rates
— Reactgo theaggreateflow passinghroughit

e Markspaclets duringcongestion

e HasaMarking Function p(x)
— Determineghefraction of flow to be marked
— 0 < p(x) <1, “smooth”, increasingfunction
— Example:Mark thefraction of flow which exceedsa thresholdnC

(Xx—n€)*
X

p(x) =



A Decentralized Solution: User Behavior

Userr recavesmarksatratem (t)
d A d
m(t) = x(t-3)p (JZ Xj(t = §)>

Userr adaptgatex, (t) attimet accordingto

(M) = APt )

Additive IncreaseMultiplicative DeaeasgAIMD ) algorithm
Increasegatelinearly in timeif no packetsaremarked
Whena markis received, multiplicatively decreaerate

Without delays the above systemcornvergesandthe equilibriumratessolve
SYSTEMPROBLEM



Issues in Networks

(i) Shortflowswhichdo not read to congestiorcontrol

— example:webtraffic

(i) Probabilisticmarkingfunctions
— May decideto markflowswith ‘1’ or ‘0’ with probability p(x)

(i) Routermeasuresates by avergging over asmalltime interval
— Implication: Systemoperatsin “discreté time

(Question:ls a delay-diferentialequatiorthe appropriatenode!?




Key Idea

e Dynamicsof asingleflow in discrete-time
— time-step= processindime of afixedsizepaclet

Xii1= (X +A—PBX_ap(X_d+& )"

e &: Randomnesdueto webmice,probabilisticmarking

e Marny suchflows — “average” ratewill “appea” asadifferentid equdion



Modeling a Large System

"Real" time ——

I

[

1 2 nd nT
System time ——=

n flows, eachwith roundtrip delayd

Capacityproportionad to the numberof users(nC)
— to have reasonhle bandwidthperflow

Amountof time required to processa packet goesdown as%
Unit of Time: Amountof time requiredto processa paclet

Time measuedon a“finer” scaleasn increases



... (contd.) Large System

y&,{k=1,...,n},{i =0,...,nT}: transmissiomateof userk attime i

Noiseprocess(a+ &), {k=1,2,...,n}

— Mean&) =0

Evolution of userrate
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Evolution of Average Rate

n _
Xi1 =

A
X'F__Eﬁndp

We have ngglectednon-ne@gativity constrants

(|m+a+§n@

— We canshaw thatthis constrant is asymptoticallyredundant

How doesit look in “Real” time?

Fort € [0, T]andnt € {0,1,...,

nT},

Xn(t> — Xﬂta

:eﬂta

Straightline approximatiorto interpolatebetweerntimest = ln

Averageratedescribe by

X'(t)

A — BX"(

[n(t—d)]

n
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...(contd.) Evolution of Average Rate

e Assumptionon “noise” imply sup.jo 11 |€'(t)| — Oa.s.

e Definex(t): X(t) =A—Bx(t—d)p(x(t—d) +a)

[Claim: Almostsurely supjo 11 [X'(t) —X(t)| = 0asn — oo]

e Implication: Deteministic delay-diferentialequationmodelvalid in the
Many-Flows regime

11



TCP like Controllers

Jointly with Supratim Deb and Prof. R. Srikant
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What about TCP like Controllers?

e Eachuserhasutility functionU (x) = =2

— nuserswith userrates{y"(.),j=1,...,n}

e Userflow adaptsaccodingto
YO = kw—y Oy (- d)p(x(t—d) +a+ et - d)))
e Candidatdimit systemdescribel by
X(t) = Kw=x({t)x(t—d)p(x(t—d)+a))

Is thefollowing statementrue? As n — oo,
18 .
- j;n
DRACERED

e In caseof log(.) utility function,theansweris Yes

e For TCPlike controllerstheansweris No, but ...
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Main Result

Deterministicsystemstable = stochastisystent'stable”

Reason: ‘%z?zlyj’”(t) —x(t)‘ becomae smallfor largen,t if deteministic systems
globally asymptoticlly stable(kd is small)
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Key Idea: Flow Coupling

Let usdefinerf} (t) = y""(t) —y}"(t)

We canshow that
i) = —kp(x(t—d)+a+e(t—d))[y"(O)rfjt—d)+y"t—d)rf}(t)]
Obsenre that
%Z Oy"(t—d) = X()x(t —d) +{r{j(.)} terms
L z?zlyj’”(t) — x(t)‘ smallif we have sup ;r{j(t) ~ 0

[Why doesr{j(.) =0 ?J
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Razumikhin’s Theorem

e Supposeave have adelaydifferential equationgiven by

Z(t) = a(t)z(t)+b(t)z(t —d)

e Consideraconvex functionV(z(t)) which behaes asshavn

-— Time interval of length r

V(t) ——>

Time (t) ————>

e V(i) deceasewheneer it readiesmaximumover a pastinterval of lengthr
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...(contd.) Razumikhin’s Theorem

e Thefunctional
W(z)= sup V(z(s))

t—r<s<t

decraseswith time andthusprovidesa Lyapuna functionalfor the system

e WechooseV (t) = (z(t) — z)? andr = 2d.

e Exponentialstability follows by shoving that (z(s) — z*)? decreasesat leastby a
constanfactorin somefinite time

Result: If a(t) andb(t) aresmall,thenz(t) — 0 exponentidly fast.
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Back to TCP like Controllers

We have

rij(t) = —Kp(x”(t—d)+a+e”(t—d))[yi’”(t)r{‘j(t—d)+yj’”(t—d)ri”j(t)]

a(t) = —kp(.)y""(t - d) andb(t) = —kp(.)y""(t)
— Needto shav thesearesmall
— To do so,we needto shaw y!""(.) uniformly boundedn time

(Shaklottai, SrikantandMeyn) We alsoknow thatdM > 0 suchthat
n .

YY) < M

=1

We jointly developaboundony!"(.) aswell asshawv rii(.) =0

— (DebandSrikant)UseRazumikhins Theoremalongwith somebounding

techniques
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Discussion and Summary of Main Results

e Deterministicdelaydifferentid modelsvalid in a mary-flows regime

e Modelsincludeproportionallyfair controlles aswell asTCPlike controllers
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