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Example: diffraction imaging

DNA

molecule

X-ray sourse

diffraction pattern

Figure: Structured illuminations in diffraction imaging.

Discretization: assume the unknown signal is finite dimensional x ∈ CM .

Measurement map: A : x 7→ {|F(x)(`)|2}`∈Ω.
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Fourier phase retrieval

Measurement map: A : x 7→ {|F(x)(`)|2}`∈Ω.

Phase retrieval problem:

find x

subject to A(x) = b.

Trivial ambiguities: for x , y ∈ CM , A(x) = A(y) if

y = e iθx , for some θ ∈ [0, 2π);

y(m) = x(m − t), for some t ∈ ZM and all m ∈ ZM ;

y(m) = x(M −m) for all all m ∈ ZM .

Idea: we need to generate more measurements, to introduce redundancy.
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Example: diffraction imaging with masks

mask

DNA

molecule

X-ray sourse

diffraction pattern

Figure: Structured illuminations in diffraction imaging using a mask.

Discretization: assume the unknown signal is finite dimensional x ∈ CM .

Measurement map: A : x 7→ {|F(x � gk)(`)|2}`∈ZM
k∈K

, where gk ∈ CM are known

masks and � denotes pointwise product.
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Masked Fourier phase retrieval

Measurement map: A : x 7→ {|F(x � gk)(`)|2}`∈ZM
k∈K

.

Phase retrieval problem:

find x

subject to A(x) = b.

Questions

For which {gk}k∈K ⊂ CM the measurement map A is injective (up to the
minimal ambiguity)?

For which {gk}k∈K ⊂ CM A is stable?

For a given {gk}k∈K ⊂ CM , how to efficiently recover x from A(x)?

Idea: consider a more general setup!
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Frames: definition

Definition

A set of vectors Φ = {ϕj}Nj=1 ⊂ CM is called a frame with frame bounds

0 < A ≤ B if, for any x ∈ CM ,

A||x ||22 ≤
N∑
j=1

|〈x , ϕj〉|2 ≤ B||x ||22.

Note: Φ ⊂ CM is a frame iff span(Φ) = CM .

We identify a frame Φ = {ϕj}Nj=1 with matrix Φ = (ϕ1| · · · |ϕN) ∈ CM×N .

The vector Φ∗x = (〈x , ϕj〉)Nj=1 is called the vector of frame coefficients of x .

The signal x can be reconstructed from the vector of its frame coefficients
using a dual frame Φ̃ = {ϕ̃j}Nj=1 as x =

∑N
j=1〈x , ϕj〉ϕ̃j = Φ̃Φ∗x .

The standard dual frame Φ̃ = (ΦΦ∗)−1Φ.
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Phase retrieval with frames

Measurement map: AΦ : x 7→ {|〈x , ϕj〉|2}Nj=1, for a frame Φ = {ϕj}Nj=1

Phase retrieval problem:

find x

subject to AΦ(x) = b.

Examples

1 Fourier phase retrieval. Φ = {ϕω}ω∈Ω, with ϕω(m) = 1√
M
e−iωm/M , m ∈ ZM

2 Masked Fourier phase retrieval. For a set of masks {gk}k∈K ⊂ CM ,
Φ = {ϕω,k}ω∈Ω

k∈K
, with ϕω,k(m) = 1√

M
e−iωm/Mgk(m), m ∈ ZM

Special case: shifting mask. gk(m) = g(m− k), m ∈ ZM , for a window
g ∈ CM . In this case, Φ is a Gabor frame.
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Phase retrieval with shifting window: application examples

Ptychography. A short support
mask is shifted across the sample,
so that different (overlapping) re-
gions are illuminated at differ-
ent times (figure courtesy: Iwen,
Viswanathan, and Wang, 2016).

Audio processing. Spectrograms
are a common tool used for
speech recognition and source
separation tasks.
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Gabor frames and phase retrieval applications

Definition (Gabor frames)

For a window g ∈ CM \ {0} and Λ ⊂ ZM × ZM , the Gabor frame is given by
(g ,Λ) = {π(k , `)g}(k,`)∈Λ, where

1 π(k, `) = M`Tk is a time-frequency shift operator;

2 Tkx = (x(m − k))m∈ZM
is translation operator;

3 M`x =
(
e2πi`m/Mx(m)

)
m∈ZM

is modulation operator.

Note: 〈x , π(k, `)g〉 = F(x � Tk ḡ)(`)

In phase retrieval:

mostly studied for random Gaussian frames: ϕj(m) ∼ i .i .d . CN (0, 1/n).

much less is known for structured, application relevant frames, such as
Gabor frames.
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Injectivity of phase retrieval

Question

For which frames Φ is the associated phaseless measurement map
AΦ(x) = {|〈x , ϕj〉|2}Nj=1 injective and stable?

(Heinosaari, Mazzarella and Wolf) If |Φ| < (4 + o(1))M, then AΦ is not
injective.

(Conca, Edidin, Hering, and Vinzant and, independently, Király and Ehler)
Map AΦ is injective for a Φ with |Φ| ≥ 4M − 4.

Teiko Heinosaari, Luca Mazzarella and Michael M. Wolf

Quantum tomography under prior information, Communications in Mathematical Physics 318(2), 355–374, 2013.

Aldo Conca, Dan Edidin, Milena Hering and Cynthia Vinzant

An algebraic characterization of injectivity in phase retrieval, Applied and Computational Harmonic Analysis 38(2),
346–356, 2015.

Franz J. Király and Martin Ehler

The algebraic approach to phase retrieval and explicit inversion at the identifiability threshold, arXiv:1402.4053, 2014.

P. Salanevich (UU) Phase retrieval with Gabor frames 2/12/2022 10 / 26



Phase retrieval problem Gabor frames Injectivity and stability Polarization phase retrieval algorithm Using prior information

Injectivity of phase retrieval

Question

For which frames Φ is the associated phaseless measurement map
AΦ(x) = {|〈x , ϕj〉|2}Nj=1 injective and stable?

(Heinosaari, Mazzarella and Wolf) If |Φ| < (4 + o(1))M, then AΦ is not
injective.

(Conca, Edidin, Hering, and Vinzant and, independently, Király and Ehler)
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Stability of phase retrieval

Definition

For a frame Φ, the associated measurement map AΦ : CM → RN is called stable
with a constant C in a set T ⊂ CM if for every x , y ∈ T ,

||AΦ(x)−AΦ(y)||1 ≥ C min
θ∈[0,2π)

||x − e iθy ||2||x + e iθy ||2.

Random frames: various stability results with different assumptions on the
distribution of ϕj(m), admissible set T , and frame cardinality.

Yonina C. Eldar and Shahar Mendelson

Phase retrieval: Stability and recovery guarantees, Applied and Computational Harmonic Analysis 36(3), 2014.

Felix Krahmer and Yi-Kai Liu

Phase retrieval without small-ball probability assumptions, IEEE Transactions on Information Theory 64(1), 2017.

Maryia Kabanava, Richard Kueng, Holger Rauhut and Ulrich Terstiege

Stable low-rank matrix recovery via null space properties, Information and Inference: A Journal of the IMA 5(4), 2016.

Palina Salanevich

Stability of phase retrieval problem. 13th International Conference on Sampling Theory and Applications, IEEE, 2019.
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Stability of phase retrieval

Common condition in the mentioned results: independent frame vectors.

Question
How to exploit structure and geometric properties of frames instead of
probabilistic characteristics of the individual frame vectors?

Phase retrieval with Gabor frames:

(Bojarovska, Flinth, 2016) A(g ,ZM×ZM ) is injective up to a global phase factor
if A(g ,ZM×ZM )(g)(λ) 6= 0 for all λ ∈ ZM × ZM .

(Alaifari, Wellershoff, 2021) A(g ,ZM×ZM ) is stable on Tδ = {|x(m)| ≥ δ} if
A(g ,ZM×ZM )(g)(λ) ≥ ε for all λ ∈ ZM × ZM .

(S.) A(g ,ZM×ZM ) is stable on CM for g ∼ Unif.(SM−1) with high probability.

Irena Bojarovska and Axel Flinth

Phase retrieval from Gabor measurements, Journal of Fourier Analysis and Applications 22(3), 2016.

Rima Alaifari and Matthias Wellershoff

Stability estimates for phase retrieval from discrete Gabor measurements, Journal of Fourier Analysis and Applications
27(2), 2021.
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Stability estimates for phase retrieval from discrete Gabor measurements, Journal of Fourier Analysis and Applications
27(2), 2021.
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Stability using frame order statistics

Phase retrieval with general frames: stability depends on the geometric
properties (frame vectors are well spread in CM ↔ for each direction, there are
not too many frame vectors that are almost collinear or almost orthogonal to it.

Definition (Frame order statistics)

Let Φ = {ϕj}Nj=1 ⊂ SM−1 be a frame. For 0 < α, β ≤ N and x ∈ SM−1, define

SFOS(Φ, α, x) = max
J⊆{1,...,N},
|J|≥α

min
j∈J
|〈x , ϕj〉|.

LFOS(Φ, β, x) = min
J⊆{1,...,N},
|J|≥β

max
j∈J
|〈x , ϕj〉|.

Theorem (S., 2019)

Let Φ ⊂ CM be a frame. Fix α < 1− 1
2C0

. Then AΦ is stable in CM with

constant C ≥ (2α− 1)|Φ|minx∈SM−1 SFOS(Φ, α|Φ|, x)2.

Palina Salanevich

Stability of phase retrieval problem. 13th International Conference on Sampling Theory and Applications, IEEE, 2019.
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Challenges of Gabor phase retrieval

1 Reducing |Λ| below M2 is a conceptually complicated task.

2 Counterexamples: A(g ,Λ) is not always injective, even for large |Λ|.

3 Geometric properties approach leads to a non-uniform stability result in the
case or random window g :
For any pair of signals x , y ∈ CM , with high probability

||AΦ(x)−AΦ(y)||1 ≥ C
|Λ|
M

min
θ∈[0,2π)

||x − e iθy ||2||x + e iθy ||2.

Palina Salanevich

Stability of phase retrieval problem. 13th International Conference on Sampling Theory and Applications, IEEE, 2019.
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Phase retrieval algorithm for structured frames

Question
Given a frame Φ with associated phaseless measurement map AΦ being
injective/stable, how to efficiently reconstruct x from AΦ(x)?

Mostly studied for Gaussian frames: PhaseLift, Wirtinger flow, . . .

Recovery guarantees for structured, application relevant frames are rare.

Gabor frames: lack of injectivity results for |Λ| < M2.

Idea: consider several masks - back to masked Fourier transform measurements!

Masked Fourier phase retrieval: A(x) = {|F(x � gk)(`)|2}k∈K ,`∈ZM

Consider a set of masks {gk}k∈K constructed in one of the two ways:

1 gk ∼ i.i.d. Unif.(SM−1);

2 gk = Tkg , where g ∼ Unif.(SM−1).
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Phase retrieval algorithm for structured frames

Theorem (Pfander, S., 2019)

Fix x ∈ CM , and let {gk}k∈K be as above. Then there exist a set of additional
masks {gt}t∈T with |T | = O(log(M)), and a reconstruction algorithm, such that
the estimate x̃ produced by it from the measurements with masks {gt}t∈K∪T
satisfies

min
θ∈[0,2π)

||x̃ − e iθx ||22 ≤ C
√
M||ν||2,

with overwhelming probability, provided the noise vector ν satisfies ||ν||2||x||22
≤ c

M .

1 Not just an existence result: the algorithm and the set of additional masks
{gt}t∈T construction are provided.

2 In the case when gk = Tkg , where g ∼ Unif.(SM−1), the set of additional
masks is also formed as time shifts of a modified window. In this case, the
measurement frame is a union of two Gabor frames.
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Idea of the polarization approach

Let ΦΛ = (g ,Λ) with g uniformly distributed on the unit sphere SM−1 ⊂ CM and
Λ = F × ZM , F ⊂ ZM with |F | being a constant not depending on M.

Given: phaseless measurements bλ = |〈x , π(λ)g〉|2, λ ∈ Λ.

Aim to reconstruct: phases uλ = 〈x,π(λ)g〉
|〈x,π(λ)g〉| , λ ∈ Λ with bλ 6= 0.

For this in addition to phaseless measurements b, we need to know relative
phases between frame coefficients, defined for bλ1 , bλ2 6= 0:

ωλ1λ2 = u−1
λ1

uλ2 =
〈x , π(λ1)g〉〈x , π(λ2)g〉
|〈x , π(λ1)g〉||〈x , π(λ2)g〉|

, (λ1, λ2) ∈ E ,

Here E ⊂ Λ× Λ to be chosen later.
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Polarization identity

Lemma (Polarization identity)

Let ω = e2πi/3. For any λ1, λ2 ∈ Λ, such that bλ1 , bλ2 6= 0,

ωλ1λ2 =
1

3|〈x , π(λ1)g〉||〈x , π(λ2)g〉|

2∑
t=0

ωt
∣∣〈x , π(λ1)g + ωtπ(λ2)g〉

∣∣2.

We take measurements with respect to the union of two frames:

ΦΛ ∪ ΦE = (g ,Λ) ∪ {π(λ1)g + ωtπ(λ2)g}t∈{0,1,2}, (λ1,λ2)∈E .

The additional measurements are masked Fourier transform coefficients:

bλ1λ2t = |〈x , π(k1, `1)g + ωtπ(k2, `2)g〉|2 = |F (x � p̄`2−`1,k1,k2 (t)� Tk1 ḡ) (`1)|2 ,

where pc,k1,k2 (t)(m) = 1 + e2πi( cm
M + t

3 ) g(m−k2)
g(m−k1) , m ∈ ZM .
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Polarization approach: phase propagation algorithm

Algorithm 1: Phase propagation algorithm

Input : for given Λ ⊂ ZM × ZM , E ⊂ Λ× Λ, and g ∈ CM , measurements of the form

{bλ = |〈x , π(λ)g〉|2}λ∈Λ,
{
ωλ1λ2 = 〈x,π(λ1)g〉〈x,π(λ2)g〉

|〈x,π(λ1)g〉||〈x,π(λ2)g〉|

}
(λ1,λ2)∈E

.

Output: x̃ = (ΦΛΦ∗Λ)−1ΦΛc ∈ [x ] for c = {cλ}λ∈Λ.

1: choose λ0 with bλ0 6= 0, set cλ0 =
√

bλ0 ; for all λ ∈ Λ, s.t. bλ = 0, set cλ = 0;
2: while not all cλ are set do
3: choose cλ1 6= 0 already known;

4: for λ2, s.t. (λ1, λ2) ∈ E and cλ2 is not set, do
5: set cλ2 = ωλ1λ2

cλ1
|cλ1
|

√
bλ2 .

6: end for

7: end while

λ0

cλ0 =
√

bλ0

λ2

cλ2 = ωλ1λ2

cλ1
|cλ1
|

√
bλ2

λ1

cλ1 = ωλ0λ1

√
bλ1

ωλ1λ2ωλ0λ1
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Polarization approach: phase propagation algorithm

Algorithm 1: Phase propagation algorithm

Input : for given Λ ⊂ ZM × ZM , E ⊂ Λ× Λ, and g ∈ CM , measurements of the form

{bλ = |〈x , π(λ)g〉|2}λ∈Λ,
{
ωλ1λ2 = 〈x,π(λ1)g〉〈x,π(λ2)g〉

|〈x,π(λ1)g〉||〈x,π(λ2)g〉|

}
(λ1,λ2)∈E

.

Output: x̃ = (ΦΛΦ∗Λ)−1ΦΛc ∈ [x ] for c = {cλ}λ∈Λ.
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√
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√
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How large should set E be?

Noiseless case: cannot propagate through zero measurements!

Define a weighted graph G = (Λ,E ) with

w(λ) = bλ;

w(λ1, λ2) = ωλ1λ2 .

To enable recovery: after deleting all “zero” vertices, the graph should have a
connected component G ′ = (Λ′,E ′) such that (g ,Λ′) is a frame.

Noisy case: relative phases ωλ1λ2 are unstable when bλ1 or bλ2 are small.

To enable robust recovery: after deleting all vertices λ with bλ < ε, the graph
should have a connected component G ′ = (Λ′,E ′) such that (g ,Λ′) is a
well-conditioned frame.

Idea: Choose E so that G is an expander graph (has large spectral gap)

|E | = O(log(M))
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Reconstruction in the case of noisy measurements

Algorithm 2: Phaseless reconstruction in the noisy case

Input : phaseless measurements b = AΦΛ∪ΦE
(x);

parameters τ0, α, β ∈ (0, 1).
Output: x̃ ∈ [x ], initial signal up to a global phase.

1: construct the graph of measurements G = (Λ,E );
2: assign to each vertex λ ∈ Λ the weight bλ and to each edge

(λ1, λ2) ∈ E the weight ωλ1λ2 ;
3: delete (1− α)|Λ| vertices with the smallest weights and (1− β)|Λ|

vertices with the largest weights to obtain G ′ = (Λ′,E ′) ⊂ G ;
4: choose G ′′ = (Λ′′,E ′′) ⊂ G ′ with spg(G ′′) > τ0 (spectral clustering);
5: use angular synchronization procedure to obtain cλ = ũλ

√
bλ, λ ∈ Λ′′;

6: reconstruct x̃ = (ΦΛ′′Φ
∗
Λ′′)
−1ΦΛ′′c from c = {cλ}λ∈Λ′′ .
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Adaptive measurement design

Question
Can we further reduce the number of measurements needed for robust phaseless
reconstruction of x?

Idea: Construct the additional set of masks adaptively

Theorem (S.)

Fix x ∈ CM , and let {gk}k∈K be as before. Then one can construct the set of
additional measurement vectors ΦE with |ΦE | = O(M), such that the estimate x̃
produced by polarization algorithm satisfies

min
θ∈[0,2π)

||x̃ − e iθx ||22 ≤ C
√
M||ν||2,

with overwhelming probability, provided the noise vector ν satisfies ||ν||2||x||22
≤ c

M .
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Prior information

Question
Can we use the available prior information about x to make phase retrieval easier?

Approaches to formalize prior knowledge:

1 x ∈ T , for a known T ⊂ CM

Important example: sparse signals Ts = {x ∈ CM , s.t. |supp(x)| ≤ s}.

2 Generative priors: x = G (h) for a known G : Cd → CM with d < M

Deep generative priors: G (h) = ρ(Wn . . . ρ(W2ρ(W1h)) . . . ).

“Toy problem”: Linear generative model G ∈ CM×D

learned from data (PCA, NMF, ... )
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Sparse phase retrieval

Gaussian frames:

For x ∈ Ts , robust reconstruction from O
(
s2 log (M/s)

)
measurements

Two-step reconstruction procedure with O (s log (M/s)) measurements

Gabor frames:

If s + 2 ∗ supp(g) < M − 1, A(g ,ZM×ZM ) is not injective!

Numerical results for sparse phase retrieval with a Gabor frame

Polarization approach:

Measurement design with |(g ,Λ) ∪ ΦE | = O(s2 log3(s) log2(M)) and
Steinhaus window g(m) = 1√

M
e iθm , θm ∼ i.i.d. Unif [0, 2π).

Mark Iwen, Aditya Viswanathan, and Yang Wang

Robust sparse phase retrieval made easy, Applied and Computational Harmonic Analysis 42(1), 2017.

Yonina C. Eldar, Pavel Sidorenko, Dustin G. Mixon, Shaby Barel and Oren Cohen

Sparse phase retrieval from short-time Fourier measurements, IEEE Signal Processing Letters 22(5), 2014.
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Generative priors

Gaussian frames:

Untrained deep generative priors.
x = G (h) = ρ(Wn . . . ρ(W2ρ(W1h)) . . . ) with Wk(i , j) ∼ i.i.d. CN (0, 1/mk)
can be reconstructed from O (sn log (m1 . . .mn)) measurements.

Polarization approach:

“Toy problem”: Linear generative model G ∈ CM×d , rank(G ) = d .

Theorem (S.)

Fix x = Gh for some h ∈ Cd . Then one can construct a measurement setup with
|(g ,Λ) ∪ ΦE | = O(d log(d)), such that the estimate x̃ produced by polarization
algorithm with high probability satisfies

min
θ∈[0,2π)

||x̃ − e iθx ||22 ≤ C
√
d ||ν||2.

Paul Hand, Oscar Leong, and Vlad Voroninski

Phase retrieval under a generative prior, Advances in Neural Information Processing Systems 31, 2018.
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Conclusions

Challenges of Gabor phase retrieval:

1 lack of injectivity and stability results

2 reducing the number of measurements

Possible approaches:

1 use of geometric properties of Gabor frames

2 adaptive selection of mask shifts

3 incorporating priors and using them in measurement design
construction

Thank You for Your Attention!
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