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RANDOM GRAPHS

DEFINITION: Random graph

Gn,m: uniformly sampled from all n-vertex graphs with exactly m edges
Gn,p : each of the (;’) edges appears independently with probability p

Both are essentially equivalent:

o Gom~ Gpp for m~ (5)p

Classical results/thresholds:
@ Containment of a fixed subgraph, e.g. K3 or Ky

@ Chromatic number

Key property of G, ,:

@ Independence of edges



RANDOM H-FREE GRAPHS

GENERAL PROBLEM

Consider random graphs with constraints (e.g. forbidden subgraphs)

Random H-free graph on n vertices
= Gp,1/2 conditioned on not having H as a subgraph

Difficulty:

o Edges are not independent



RANDOM H-FREE GRAPHS

Erdés-Kleitman-Rothschild (1976)

A random K3s-free graph on n vertices is whp 2-colorable:

P [G,,71/2 is 2-colorable | K3—free] 1




RANDOM H-FREE GRAPHS

Erdés-Kleitman-Rothschild (1976), Kolaitis-Promel-Rothschild (1987)

A random Ky, 1-free graph on n vertices is whp ¢-colorable:

P [Gp 1/ is f-colorable | Ky q-free] — 1




RANDOM H-FREE GRAPHS

Erdés-Kleitman-Rothschild (1976), Kolaitis-Promel-Rothschild (1987)

A random Kj, 1-free graph on n vertices is whp ¢-colorable:

P [Gn,1/2 is {-colorable | Kg+1—free] — 1

| \

REMARK
o Erdés-Frankl-Rodl (1986): If x(H) > 3, then

# H-free graphs on n vertices = 2(1+o(1))-ex(nH)
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RANDOM H-FREE GRAPHS

Erdés-Kleitman-Rothschild (1976), Kolaitis-Promel-Rothschild (1987)

A random Kj, 1-free graph on n vertices is whp ¢-colorable:

P [Gn,l/Z is {-colorable | Kg+1—free] — 1

v

REMARK

o Erdés-Frankl-Rodl (1986): If x(H) > 3, then

# H-free graphs on n vertices = 2(1+o(1))-ex(nH)

@ Promel-St. (1992): If H has a color-critical edge, then a random
H-free graph is whp (x(H) — 1)-colorable
@ recent progress on o(-)-term by Balogh-Bollobds-Simonovits (2009+)

@ corresponding problem for bipartite graphs is wide open




RANDOM H-FREE GRAPHS - EVOLUTION

What is a suitable model for the " evolution” of H-free graphs?

DEFINITION - MODEL 1

Random H-free graph on n vertices with m edges
= Gp,m conditioned on not having H as a subgraph

— this talk

DEFINITION - MODEL 2

Order edges of complete graph uniformly at random,
start with empty graph and process edges sequentially,
insert edge if and only if it does not close a copy of H.

— recent progress by Bohman (2009), Bohman-Keevash (20094 ),
e.g. for H = Kj final graph has ©(n%/2./log n) edges



RANDOM H-FREE GRAPHS - EVOLUTION

Erdds-Kleitman-Rothschild (1976)

A random K3-free graph on n vertices is whp 2-colorable:

P [Gn71/2 is 2-colorable | Kg-free] 1

e typical K3-free graphs are dense, i.e. have m ~ n?/8 edges

e I sparse Ks-free graphs with ‘high’ chromatic number (Erdés, 1961)

What about K;-free graphs with m = o(n?) edges?



PRrREVIOUS RESULTS

Promel-St., St., Osthus-Promel-Taraz (1996—2005)

1 if m=o(n)
P[Gn,m is 2-colorable | K3-free] — <0 ifn/2<m<(1—¢)t, ,
1 ifm>(1+e)t

where

th = tg(n) = \/§/4 n3/2\/m .

Two phase transitions: (wrt. being 2-colorable)

n/2 232/ n /4 M



PRrREVIOUS RESULTS

Promel-St., St., Osthus-Promel-Taraz (1996—2005)

1 if m=o(n)
P[Gn,m is 2-colorable | K3-free] — <0 ifn/2<m<(1—¢)t, ,
1 iftm>(1+¢e)t

where

th = tg(n) = \/§/4 n3/2\/m .

Similar result for odd cycles (Osthus-Promel-Taraz, 2003)
@ note: K3 = (3

What about larger cliques?

o for which m are random Ky1-free graphs whp ¢-colorable?



OUR RESULTS: EVOLUTION OF K;;1-FREE GRAPHS

St.-Warnke (2009+)

1 ifm<(dg—e)n
P[Gp,m is ¢-colorable | Ky q-free] — ¢ 0 if (dp+e)n<m<(1—-e)ty ,
1 iftm>(1+4¢e)t

2
Where tg _ tg(n) =q n27ﬁ22(|n n)m .

(second 1-statement holds provided the KLR-Conjecture is true for Kyi1)

Two phase transitions: (wrt. being /-colorable, ¢ > 3)
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St.-Warnke (2009+)

1 ifm<(d—e)n [AF99]
IP[Gp,m is l-colorable | Kpyq-free] — 0 if (di+e)n<m<(1—e)ty ,
1 ifm>(1+¢e)Y

2
where ty = tg(n) =g n2*ﬁ22(|n n)e2+4—2 .

(second 1-statement holds provided the KLR-Conjecture is true for Kyi1)

v

Two phase transitions: (wrt. being /-colorable, ¢ > 3)

~ random graph G, n Turan graph
-




OUR RESULTS: EVOLUTION OF K;;1-FREE GRAPHS

St.-Warnke (2009+)

1 ifm<(dg—e)n
P[Gp,m is ¢-colorable | Ky q-free] — ¢ 0 if (dp+e)n<m<(1—e)ty ,
1 ifm>(1+¢e)t

2
where ty = té(n) = n2_ﬁ22(|n n)é§+e—2 .

(second 1-statement holds provided the KLR-Conjecture is true for Kyi1)

KLR-CONJECTURE: (Kohayakawa-tuczak-Radl, 1997)

@ important open question in the theory of random graphs
o verified for K3—Ks

@ partial results for K1 (valid for ‘large’ m)




PROOF OUTLINE FOR Kj,-free Graphs

St.-Warnke (2009+)

1 ifm<(dz—¢)n
P[Gpn,m is 3-colorable | Ks-free] — <0 if (ds+e)n<m<(1—¢e)t3 ,
1 iftm>(14¢e)ts

where

t3 = t3(n) = ¢/8/135 n®/>VInn .

Intuition for the two phase transitions: (wrt. being 3-colorable)

~ random graph G, n Turan graph

O(n) o(n*/3?) e n¥/5Y/Inn m/3 M



BELOW THE SECOND THRESHOLD

P[Gp,m is 3-colorable | K4-free] — 0 if ninn<m<(1-¢)t3

‘Almost’ 3-colorable:

Q & @ 3-colorable graph + edge inside one class
‘Almost’ 3-colorable Ky-free graphs > 3-colorable graphs (Kj-free)

# 3-colorable graphs

P[Gp,m is 3-colorable | Ky-free] = =o(1)

# K,-free graphs



ABOVE THE SECOND THRESHOLD

P[Gp m is 3-colorable | Ky-free] — 1 if m>(1+4e)ts

We count all K,-free graphs that are not 3-colorable:

Ks-free graphs

Q-colorable graphs >

o(1)-fraction

= we intend to show that almost all Ky-free graphs are 3-colorable



SETUP OF PROOF

We consider an ‘optimal’ 3-partition: (of a Kj-free graph)

@ minimizes # edges inside classes

Case distinctions

@ (1) more than am edges inside color classes
@ (2) color classes unblanced

@ (3) assume we have kq > kg > k¢ edges inside color classes,
case distinction according to the structure of Ex:
(3a) "many” vertices of "not too large” degree
(3b) "many" vertices of "large” degree




Proor: Casks (1) & (2)

Counting Kj-free graphs that are not 3-colorable:

Graphs ‘far’ from 3-colorable: o(1)-fraction

S em @ optimal 3-partition has > am edges inside

---

tuczak (2000) & Truth of KLR-Conjecture for Kj:

For m = Q(t3) almost every Kj-free graph admits a 3-partition with < am
edges inside, where « is an arbitrary small constant.




Proor: Casks (1) & (2)

Counting Kj-free graphs that are not 3-colorable:

Graphs ‘far’ from 3-colorable: o(1)-fraction

@ optimal 3-partition has > am edges inside

<<n/3 ‘Unbalanced’ graphs: o(1)-fraction

----- o class-sizes deviate much from n/3

For m = Q(t3) almost every Ky-free graph with an optimal 3-partition
having < am edges inside is balanced, i.e. satisfies |V;| ~ n/3.




PROOF-IDEA FOR CASE (3):

It suffices to count Ky-free graphs with 1 < k < am inside edges:

) We construct all such graphs by:
§ @ fixing a balanced partition
\ o=t/ @ fixing the k edges inside the vertex classes
3 eaes 3 © choosing the remaining m — k edges
(without creating a Kj)

Counting the number of choices in our construction:
2

3n X z : <n2) ) ( r\!'; ),ﬁk
k m— k
1<k<am- ,

<n%

- < # Ky-free graphs - Z n?k . 9,

1<k<am

IN

IN



PROOF-IDEA FOR CASE (3):

It suffices to count Ky-free graphs with 1 < k < am inside edges:

) We construct all such graphs by:
3 @ fixing a balanced partition
N\ n-k / @ fixing the k edges inside the vertex classes
'.'.'.'.'. © choosing the remaining m — k edges
(without creating a Kj)

Counting the number of choices in our construction:

n? LS
SR () R AR
1<kgam A K/ A K

!
<n2k §n_4k
< oo < # Ky-free graphs - Z n2k-\z9,k/
1<k<am < n—4k

=o(1)



PROOF-IDEA FOR CASE (3):

Alternative point of view:

Insert ‘random graph’ between vertex classes: %
@ m — k random edges between the classes N )
o here: each appears independently with p ~3m/n? X\ 2

Approximating y: **%* |gnoring All Dependencies!!! ****

@ 1, = Probability of closing no K,

wis

k edges
m5

D [(1 - p)] C ek

wis
WIS

<e—¢ kp5n2




PROOF-IDEA FOR CASE (3):

Alternative point of view:

Insert ‘random graph’ between vertex classes: %
@ m — k random edges between the classes N )
o here: each appears independently with p ~3m/n? X\ 2

Approximating y: **%* |gnoring All Dependencies!!! ****

@ 1, = Probability of closing no K,

n k m5
I ~ [(1 - ps)@ﬂ < ek

<e—¢ kp5n2

Above the second threshold: 9, < n*k
o Threshold: t3 = ©(n®/5v/In n)



PROOF-IDEA FOR CASE (3):

Intuition can be made to work when degree inside class bounded:

Bounded maxdegree:

wIs

k edges e controls dependencies (— Janson-Ineq.)

wis
wis
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wis
wl




PROOF-IDEA FOR CASE (3):

Intuition can be made to work when degree inside class bounded:

Bounded maxdegree:

wis

k edges e controls dependencies (— Janson-Ineq.)

Calculation shows:

o suffices if ‘most’ vertices satisfy maxdegree
condition

wis
wl

If this approach fails:

3 ‘many’ vertices with ‘high’ degree inside class

And now the real work starts: show...

@ ... this case is also unlikely !!



SUMMARY: EVOLUTION OF K;,1-FREE GRAPHS

Two phase transitions: (wrt. being /-colorable, ¢ > 3)

~ random graph G, n Turdn graph

| L @
1 :

3
O(n) o(m*2/%) ce nz_f%(ln n) 2+e-2 i




