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Three-dimensional compressible flow equations

pt V- (pv) =0

(pv)t + V- (pvov)+Vp+Q xpv =5, —pgk
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How are the various reduced models related to this system ?

Motivation



Key ingredients a =6-10 m

1. ldentification of

g = 9.81 m/s’
e uniformly valid system scales b= 107 kg/m52
e non-dimensional parameters T... = 300 K
e distinguished limits 0= 0 R
R = 287 m?/s°K
2. Specializations of a multiple scales ansatz voo= 1.4

Dimensionless Parameters & Distinguished Limits



Key ingredients
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Dimensionless Parameters & Distinguished Limits



Key ingredients {la
h
1. Identification of f ~ g’
e uniformly valid system scales AO
— A~ €
. . Tref
e non-dimensional parameters
e distinguished limits (e —0)

Cref — \/pref / Pref

2. Specializations of a multiple scales ansatz

hsc — pref/gpref

Dimensionless Parameters & Distinguished Limits



Scaled governing equations

pt — + V- (pv) =0
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Ready for asymptotics in

Dimensionless Parameters & Distinguished Limits



Recovered classical single-scale models:

U = U(i)(é, x, §> Linear small scale internal gravity waves
UY = U0t x, 2) Anelastic & pseudo-incompressible models
UY = U (et, ez, 2) Linear large scale internal gravity waves
U = U2, e, 2) Mid-latitude Quasi-Geostrophic Flow

U = U (%, ez, 2) Fquatorial Weak Temperature Gradients
U = U, e L e(ex), 2) Semi-geostrophic flow

UYD = U (3%, 522, 5%y, 2)  Kelvin, Yanai, Rossby, and gravity Waves

Asymptotic Expansions & Classical Results
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Scalings

Characteristic (inverse) time scales

dimensional
. uref
advection :
hSC
hSC
sound : V9
hSC
do
internal waves : N = g_——
0dz

Scaling for the equatorial region:*

o
0 dz
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[ —

2
tsound ~ etinternal ~ & tadv

* Majda & Klein, JAS, (2003)



Clouds and internal waves

Columnar clouds / internal wave time scales®
general expansion scheme

U(x, 2, t;e) = Z U (g, x, 2, 7)

horizontal velocity scaling

n=ux/e
T=t/e
x’ " tluref
€Xr — — p—
hSC ’ hSC

_ eh, —

*Klein & Majda, TCFD, 2006



Clouds and internal waves

Convective scale

wu, + Vpmr = 0

w,+m = 6

0. +wN? = C

poV -+ (pow), = 0

Cloud column scale

(O +u-Vy)w =0

(0, +u-V,) 0+ WN? = C.

Moisture coupling

C = H(QC) Cq+ [1 - H(QC)] Cev



Clouds and internal waves

Saturated Air

dqys
dz

(aT tTu: vn) e = H(QC) Caq — O:r*Qr dc

Cy=Cro¢") g = — (0 +w)

(Or+u-Vy))q =0

Undersaturated Air
Cev — _C:: (qu(z> — QV) QI1/2
(Or+u-V,)q =0

(Or+u-Vy))q =0
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Clouds and internal waves

Convective scale (x, z, 7)

w, + Vpmr = 0

wr+m, = 6

0, +wN? = C

poVe - u + (pow), = 0

Cloud column scale (n, z, 2, 7)

~

(Or+u-Vy)w =46
FL**N
Po

(0; +u- V) 0+ wN?

Moisture coupling

C=H(qg)Cqa+[1—H(q)] Cev




Clouds and internal waves

Convective scale

u, + Vpmr = 0

w,+m, = 0

0. +wN? = C
poV -+ (pow), = 0

Cloud column scale
(Or+u-Vy)w =0
FL** —

(0, +u-V) 0+ wN? = . C.
0

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] C’ev

Analytical microscale closure |
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Clouds and internal waves

Convective scale

u, + Vpmr = 0

w,+m, = 0

0. +wN? = C
poV -+ (pow), = 0

Cloud column scale
(Or+u-Vy)w =0
FL** —

(0, +u-V) 0+ wN? = . C.
0

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] C’ev

Analytical microscale closure |

C’ev
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Clouds and internal waves

Convective scale

u, + Vpmr = 0

w,+m, = 0

0. +wN? = C
poV -+ (pow), = 0

Cloud column scale
(Or+u-Vy)w =0
FL** —

(0, +u-V) 0+ wN? = . C.
0

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] C’ev

Analytical microscale closure |

Cev — _C;(: <QVS<Z) - qv) Qr1/2

[1—H(q.)| Coy = —C(z, 2)

 dgw
Cyq = —(w—I—w) C?Z

_ 1\ dqys

H(g) Cq = — (H<qc>w+H<qc>w) I



Clouds and internal waves

Convective scale

u, + Vpmr = 0

w,+m, = 0

0. +wN? = C

poV -+ (pow), = 0

Cloud column scale

(Or+u-Vy)w =0

(0, +u-V) 0+ wN? = C.

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] C’ev

Analytical microscale closure |

Cev — _C;(: <QVS<Z) - qv) Qr1/2

[1—H(q.)| Coy = —C(z, 2)

o dys
Cyq = —(w-|— > C?Z
— 1\ dqys
H{q) Ca = — (H(a) @ + H{g)w) ="
/ dqys
Hg)Ca = = (' +o(w,2) @)L




Clouds and internal waves

Convective scale

u, + Vpemr = 0

w,+m, =0

0. +wN? = C
poVe - u + (pow), = 0

Cloud column scale
(Or+u-Vy)w =0
FL** —

(0, +u-V) 0+ wN? = . C.
0

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] Cev

Analytical microscale closure |

C’ev — _C;(: <QVS<Z) - qv) Qr1/2

[1—H(q.)| Coy = —C(z, 2)

Gy
Cyq = —(w—I—w) C;]Z
— _\ dgvs
H{q) Ca = — (H(a) @ + H{g)w) ="
: s
H(ge)Ca = — ((w +o(®,2) W)~

New averaged microscale variables

w'(x,z,7) = H(q.)w

O‘(:IZ, Z) — m




Clouds and internal waves

Convective scale

u, + Vpmr = 0

w,+m, = 0

0. +wN? = C
poVe - u + (pow), = 0

Cloud column scale
(Or+u-Vy)w =0
FL** —

(0, +u-V) 0+ wN? = . C.
0

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] C’ev

Analytical microscale closure Il
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Clouds and internal waves

Convective scale

u, + Vpmr = 0

w,+m, = 0

0. +wN? = C

poV -+ (pow), = 0

Cloud column scale

(Or+u-Vy)w =0

(0, +u-V) 0+ wN? = C.

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] Cev

Analytical microscale closure 11

(0, +u-V,) H(g) = 0

(0r +u-Vy) H(ge)w = H(gc)0

<H<QC) {ﬂv)T — H(QC) 0

Y
w. = 0

analogously

0. +ow N> = o [(1—o)wN*+C]

where




Clouds and internal waves

Coupled micro-macro dynamics on convective scales

u, +Vpmr =0
w, +m. =0

0, +(1 —o)wN? = w'N* - C

poVe*u~+ (pow), = 0

zZ

Il
w, =0

0. +ow N* = o(1 — o)wN*+ oC .

where

o(x,2),C(x, z), N(z) are prescribed



Clouds and internal waves

Coupled micro-macro dynamics on convective scales (with mean advection)

D-u+V,m =0
D.w+m =0
D0+ (1 —-o)wN? = w'N*—-C

poVe - u + (pow), = 0

D.w =6
D.0 +ow N* = o(1 —o)wN* + oC.

where

D, =0;+u™ -V, and o(x,2),C(x, z), N(z) are prescribed
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Clouds and internal waves

Clouds may narrow the spectrum of lee waves

A
—
v,
&
7 |-
e Stratified Atmosphere
2
g
=
(@}
without cloud with cloud
N N N
fp = — ko = — and Ky = Vo —
U U uU>*



Lee waves over sin(z) + sin(2x)-topography

Steady state vertical velocity, 0=0, N=2.5, U=0.5
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Cloud meets lee wave

Vertical velocity att=5.0, U=0.5
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Cloud meets lee wave

Vertical velocity att=10.0, U=0.5
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Cloud meets lee wave

Vertical velocity att=15.0, U=0.5
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Cloud meets lee wave

Vertical velocity att=17.5, U=0.5
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Cloud meets lee wave
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Vertical velocity att=20.0, U=0.5
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Cloud meets lee wave

Vertical velocity att=22.5, U=0.5
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Cloud meets lee wave

Vertical velocity att=5.0, U=0.5
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Clouds and internal waves

Dry flow over a hill, w

ASAM Flow code, courtesy Oswald Knoth, IFT, Leipzig, Germany



Clouds and internal waves

Moist flow over a hill, ¢,

ASAM Flow code, courtesy Oswald Knoth, IFT, Leipzig, Germany



Clouds and internal waves

Moist flow over a hill, w

ASAM Flow code, courtesy Oswald Knoth, IFT, Leipzig, Germany
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Clouds and nonlinear internal waves

Original regime: subsaturation O(1)
q

a—

-«—— saturated —




Clouds and nonlinear internal waves

Original regime: subsaturation O(1)
q

-«—— saturated —




Clouds and nonlinear internal waves

New regime: subsaturation O(e)
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N
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Clouds and nonlinear internal waves

New regime: subsaturation O(e)

(vs

q

—

N

4

saturated

~




Clouds and nonlinear internal waves

Convective scale

u, + Vpmr = 0

w,+m, = 0

0. +wN? = C
poV -+ (pow), = 0

Cloud column scale
(Or+u-Vy)w =0
FL** —

(0, +u-V) 0+ wN? = C.

Po

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] C’ev

Analytical microscale closure |

Cev — _C;(: <QVS<Z) - qv) Qr1/2

[1—H(q.)| Coy = —C(z, 2)

o dys
Cyq = —(w—I—w) C?Z
- 1\ dgys
H{q) Ca = — (H(a) @ + H{g)w) ="
/ __, dgys
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New averaged microscale variables

w'(x,z,7) = H(q.)w
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Clouds and nonlinear internal waves

Convective scale . .
Analytical microscale closure Il

(Or +u-V,;) H(q.) # 0
(Or+u-Vy) H(qg)w = 77

w, + Vpmr = 0

w,+m, = 0

0. +wN? = C -
Po <H<QC) w)T = 1

poVe - u+ (pow), = 0

Cloud column scale
(Or+u-Vy)w =0
FL** —

(0, +u-V) 0+ wN? = . C.
0

Moisture coupling

C = H(QC) Cd + [1 — H(Qc)] Cev



Clouds and nonlinear internal waves

New formulation for the saturation indicator function H(q.):

Total moisture conservation

dg?

= ()
dz

(0r +u- V) | Hg)g® + (1 H(g)gl"| +w®

¢: First-order vertical displacement with ¢

(0, +u-V,) ¢ =w?

R N VN
By choice of initial data: / \

~——— saturated —— ——3

H(q)=H(C) and o= H(()



Clouds and nonlinear internal waves

H(q.) w = area-integral of w over saturated domain.

As in finite volumes with moving boundary:

(H(qc) @)T = H(q.)0+

%\
3
-
S
o
S

Observation for undersaturated regions
(O +u-Vy)w =0
(0 +u-V,) 0+ WN? = —Cq(r, z, 2)

Suggestive assumption:

2/D|3A = /I/DUS<T7 €, Z)




Clouds and nonlinear internal waves

Coupled micro-macro dynamics on convective scales

ur +Vpm = 0
w, +7 =0

0. +(1—o)wN* = w'N*
poVe - u+ (pow), = 0

0
w;_ = 9/—|—wusa—: ,
0. +ow N* = o(1 —O')EN2—|—§US—U
or
do _ ~ 5’0’0

3 =

Wys, Bus are particular solutions of

w, = 0

@T—l—@NQ — o s
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