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Motivation (1): Data

Inverse problem: data-based identification of model parameters

anticyclonic € > cyclonic
time series of vectors time series of regimes time series of functions
(continous, finite dim.) (discrete, finite dim.) (continuous, infin. dim.)
Challenges:

VERY LARGE (~Tb size) , non-Markovian (memory),
non-stationary (trends), multidimensional, ext. influence




Motivation (ll): Models

Inverse problem: data-based identification of model parameters

Dynamical Geometrical
(f.e., deterministic, stochastic, ...) (f.e, essential manifolds, ...)
Models
Mixed

(fe., MTV, PIP/POP, ...)

Challenges:

existence and uniqueness, robustness, conditioning




Plan for Today (stationary case)

* “eagle eye” perspective on stochastic processes from the viewpoint of

deterministic dynamical systems
« geometric model inference: EOF/SSA
* multivariate dynamical model inference: VARX
» handling the ill-posed problem

* motivation for tomorrow : examples where stationarity assumption

does not work
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0.0606

Discrete State Space,
Discrete Time:

~

0.8103

0.1379 0.1250

0.7679

. @/\@/—\@/\@ Discrete State Space,
Markov Chain O OO

Continuous Time:
Markov Process

/

0.9302

Stochastic Processes

/

Continuous State Space,
Discrete Time:
Autoregressive Process

t-l-T E akl\t kT +U€t

k=0

~

Continuous State Space,
Continuous Time:
Stochastic Differential Equation

dX; = f (X, t)dt + odW,
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Realizations of the process: X; € S1,...,5m

{)(Oa ‘Xfrs )(27'3 . Xt 7'}

Markov-Property:
H)[./Yt =Sj|XO?‘¥T:X'2T*"'?‘¥t—T ] I[-)[.Xt —S /Yt - —S] — 1.] (t T,T)
Example: 0 0606 0. 1379

@ @ @ @

0.9394 0.8103 0.7679 0.9302
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Realizations of the process: X; € S1,...,5m

{XO'.' XT? X2'ra R Xt—‘r}

Markov-Property:
PIX, = 5;| X0, X;. Xor. ... . Xo_y = 5,] = P[X, = 5| X, = 5] = P (t — 7,7)
State Probabilities: w(t) = (m(t). mo(t), ..., Tn(t)) |mi(t) =P[X; = s;]

m

mi(t+7) = ZIP[Xt+T = i, Xt = s¢]
k=1
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Realizations of the process: X; € S1,...,5m

{XO'.' XT? X2'ra R Xt—‘r}

Markov-Property:
PX; = s;| X0, X7, Xory .. .. Xy =5 =P[X, =5;| Xy, =5, =P (t —7,7)
State Probabilities: m(t) = (my(t), ma(t), ..., T (t)) t) = P[X; = s

m

mi(t+7) ZIP[Xt+T = 5;, X¢ = S

—me T (t
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Realizations of the process: X; € S1,...,5m

{XO'.' XT? X2'ra R Xt—‘r}

Markov-Property:
PX; = s;| X0, X7, Xory .. .. Xy =5 =P[X, =5;| Xy, =5, =P (t —7,7)
State Probabilities: m(t) = (my(t), ma(t), ..., T (t)) t) = P[X; = s

m

mi(t+7) ZIP[Xt+T = 5;, X¢ = S

—me T (t

m(t+7)=n(t)P(t.7) This Equation is Deterministic
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m(t+7)=mn(t)P(t, 1)
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m(t+7)=mn(t)P(t, 1)

m(t+7)—7w(t) w(t)P(t,7)— m(t)

T T
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m(t+7)=mn(t)P(t, 1)

m(t+7)—7w(t) w(t)P(t,7)— m(t)

T T

lim m(t+7)— () . m(t)P(t,7) — w(t)

T—0 T T—0 T
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m(t+7)=mn(t)P(t, 1)

m(t4+7)—m7(t) w(t)P(t,7)— 7(t)

T T
. oTw(t+T)—m(t . 7wt P(t,T) — 7(t)
lim = lim
T T T T
Pt,7)—1
G(t) = Pi% T
infenitisimal
057572 of




veritas @

ustita QP Continuous Markov Process. ..

libertas

m(t+7)=mn(t)P(t, 1)

m(t4+7)—m7(t) w(t)P(t,7)— 7(t)

T T

m(t+ 1) — 7(t)

lim = lim
T—0 T T—0 T
Pt,7)—1
G(t) = Pi% T
infenitisimal
057572 of
T =7mG(t)

This Equation is Deterministic: ODE
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usiia [ Continuous State Space
: _ 7T —0
T(t+7)=7(t)P(t,T) —) i = 7G(t)

Discrete State Space, . U Discrete State Space,
Discrete Time: @ @ @ @ Continuous Time:

i A S
Markov Chain UWW 0.0693 Markov Process

0.9394 0.8103 0.7679 0.9302

\ /

Stochastic Processes

— ~

Continuous State Space, Continuous State Space,
Discrete Time: Continuous Time:
AR(1) Stochastic Differential Equation

Xitr = Xo +7f(Xy) + 0VTe dXy = f(Xi, t)dt + odWVy
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Realizations of the process: X, € IR

Process: r = f(x,t),

Flow operator: r(t) = P (xo)

Properties: ®:- @5 () = Pups(x)
Og(z) = =
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Realizations of the process: X, € IR

Process: i = f(x.1)), Flow operator: r(t) = Pi(x0)

Properties: ©¢ - P, (1)
D ()

(I)t+s (I)

.
3

?,

Example: ODE with T &

Quasi-distribution at t=0fs
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Realizations of the process: X, € IR

Process: i = f(x.t), Flow operator: z(t) = P¢(x0)

Properties: ®:- @5 () = Ppps ()
Oy(x) = =

Liouville Theorem: let ©;(X) be the flow (X € R™ ), given as a solution of
d

Z0(X) = f(P(X).1)
i
If p(X.t) is defined as

/ v (D4(X)) p(X,0)dz = / v (X) p (X, 1), Yo eH

then the following equation is fulfilled:

)
%/) (X.t)+div(f(X,t)p(X,t)) = 0
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Realizations of the process: X; € R

Process: r = f(x,t),

r(0) ~ p(x.0)

Flow operator: x (t)

(I)t ( I )

Properties: ®:- @< (x) = P (1)
Og(z) = =

Liouville Theorem: let (X)) be the flow (X € R™ ), given as a solution of

riate boundary conditions
(X)) p(X,0)de = [ v(X)p(X.T),VveEH

then the following equation is fulfilled:

2,
al) (X, t) +div(f(X,t)p(X.t)) = 0
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Realizations of the process: X, € IR {Xo, X;, Xor, ..., X}

Process: Xivr = Xt +7f(X}) + 0/Te
T(X,t) = P[X, € X|X,_,]

(follows from
X (XS] to's lemma)

Tr(X.t+71) =

This Equation is Deterministic
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i Stochastic Markov Process in R
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Infenitisimal Generator:
G = lim
T—0 T
o2 0 .

2
TO— “ i e
Cxp{ng( +7Ixf(X)} _q

Markov Process Dynamics:

2

F(Xt) = Z0}w(X,0)+0x (f(X)7(X,1))

—_

This Equation is Deterministic: PDE
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w(t+7)=m(t)P(t,7)

Discrete State Space,

Discrete Time;
Markov Chain

Continuous State Space,
Discrete Time:
Autoregressive Process

TO

)
5 0% + T f(X)0x bm(X. 1)

(X, t+ 7) = exp{

— T =7nG(t)

7T —0

7T —0

— ohr(X,t)=Gn(X,1)

Discrete State Space,
Continuous Time:
Markov Process

Continuous State Space,
Continuous Time:
Stochastic Differential Equation
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libertas
m(t+7) = ﬂ'(t)F’(l‘.,T) — T =mG(t)
Discrete State Space, =0 Discrete State Space,
Discrete Time: Continuous Time:
Markov Chain Markov Process

\ /

Deterministic Numerics of ODEs and PDEs!

" ™~

Continuous State Space, Continuous State Space,

Discrete Time: Continuous Time:

Autoregressive Process Stochastic Differential Equation
T — 0

TO

5
5 0?\» + 7f(X)ox (X, 1) — ohr(X,t)=Gn(X,1)

P

(X, t+7) =exp{
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1) Numerical Methods from ODEs and (multidimensional) PDEs like
Runge-Kutta-Methods, FEM and (adaptive) Rothe particle methods
are applicable to stochastic processes

Quasi-distribution at t=0fs

H./Weiser, JCC 24(15), 2003

mmmmmmm P

2) Monte-Carlo-Sampling of resulfihg pfdf?‘“i’"‘s

Stochastic Numerics = ODE/PDE numerics + Rand. Numb. Generator

3) Concepts from the Theory of Dynamical Systems are Applicable (Whitney
and Takens theorems, model reduction by identification of attractors)
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For a given time series (l’:tf’ we look for a

minimum of the reconstruction error

—r
(=
N
(=
WL
o
N
o

20 -1
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For a given time series {l’:tf’ we look for a

minimum of the reconstruction error

T 2
»H(;z?t —pu )—TT' (z¢— ,u;)”2
20 T - - - r
15 ———- R — mm e ! 2
| ' | ! - T.. e
ok +____4:____4: _____ I I E z; — T 2y |~ min
| | | . ) - . t—1 =
o~ ) .A._'.\_- S > | ] .
|
B I
|
-10F———— %____f____%____%____ﬁ _____
| I
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| | | : :
_20 | i i H
-20 -10 0 10 20 30 40
X
1
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For a given time series (l’:; we look for a

minimum of the reconstruction error

T 2
»H(;z?t—p )—T T (;ztt—,u;)HQ
20 T ﬁ: - - T
1Bf———- il————4|—————i ————— s et ! - 2
| -
P $____4'____J _____ I :r _____ E z; — TT 24| — min
| | | T L | p— 2
|
BN R S iy -
-10F———— %____f____%____%____ﬁ _____
| | | | |
-15———-— L_——_L_._—_.-.]._._._—_f._._.—._—' _____ 1
o N N R Cov(z) = Y ]
--20 -10 0 10 20 30 40

X t

Cov(xy) T = AT
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For a given time series fljg we look for a

minimum of the reconstruction error

llewe =) =2 T @ =)

- T 7 B T T
15F———— i:————JI—————: ————— === a 2
' | | | T = .

| s -

tobo——_ +____J:,____4: _____ i?""lr _____ E z; — T 2y |~ min
_____ JI______II_ - I ;;|<,'. N ) - __ =1 =
| -',.:,"
-t | T'T = Id

Excercise 2: think of the proof (hint: use the Lagrange multipliers ), think

of the estimate of projection error

Cov(zy) T = AT
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m(t4+7)=mn(t)P(t,7)

Discrete State Space,

Discrete Time;

Markov Chain

— T =7nG(t)

7T —0

Discrete State Space,
Continuous Time:
Markov Process

/

Deterministic Numerics of ODEs and PDEs!

/'

Continuous State Space,
Discrete Time:
Autoregressive Process

——l
T(X,t+7) = exp{lo-0% +70x f (X)}7 (X, 1)

7T —0

— T(X.t) = (T—;é)iﬁ(dx',t)+(')_\'(f(.X’)?T(X,t))

™~

Continuous State Space,
Continuous Time:
Stochastic Differential Equation

2

4
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A (reduced) p-th order VAR, denoted VAR(p), is
Yr =+ Ay + Agypo + - -+ Aplr—p + €4,
where ¢ is a k x 1 vector of constants (intercept), A;is a k x k matrix (for every i1 =1, .__, p) and e; is a k x 1 vector of error terms satisfying

1. E(et) =(— every error term has mean zero;
2. E(ete;) — () — the contemporaneous covariance matrix of error terms is Q (a n x n positive definite matrix);

3. E(etef_k) = () for any non-zero k — there is no correlation across time; in particular, no serial correlation in individual error terms.

Y=BZ+4+U
1 1 “ee 1 Yip Yrp+1r - YT
Yp—1 Yp - Yr—1 Yap Yop+1 - Yo
. Y= [4p Ypn yr] = |". 7
Z = |Up—2 Yp—1 Yr—2
. . . . -yk_p y’.p-}-l e yAT.T_
Yo 1 T—; B 1 1 1 P P P
. Y Yr—p €1 Gy Gy ay k a1 Gy ay i
1 1 1 P P p
Co Ay Q39 -+ Qg "+ Gy Gy -+ Gy
BZ[C Al A2 Ap]z . . .
1 1 1 P P p
_CAT Apa Qo " Qpgp - Qg Qo """ ak.k_
U=lep epnr er]
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A (reduced) p-th order VAR, denoted VAR(p), is
Yr =+ Ay + Agypo + - -+ Aplr—p + €4,
where ¢ is a k x 1 vector of constants (intercept), A;is a k x k matrix (for every i1 =1, .__, p) and e; is a k x 1 vector of error terms satisfying

1. E(et) = () — every error term has mean zero;
2. E(ete;) — () — the contemporaneous covariance matrix of error terms is Q (a n x n positive definite matrix);

3. E(etef_k) = () for any non-zero k — there is no correlation across time; in particular, no serial correlation in individual error terms.

Y=BZ+U

1Y — BZ|| — min
B
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A (reduced) p-th order VAR, denoted VAR(p), is
Yr =+ Ay + Agypo + - -+ Aplr—p + €4,
where ¢ is a k x 1 vector of constants (intercept), A;is a k x k matrix (for every i1 =1, .__, p) and e; is a k x 1 vector of error terms satisfying

1. E(et) = () — every error term has mean zero;
2. E(ete;) — () — the contemporaneous covariance matrix of error terms is Q (a n x n positive definite matrix);

3. E(etef_k) = () for any non-zero k — there is no correlation across time; in particular, no serial correlation in individual error terms.

Y=BZ+U

1Y — BZ|| — min
B
L(B)=tr[(Y = BZ)(Y — BZ)"] — min

B
JL
@(Best) = 0
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A (reduced) p-th order VAR, denoted VAR(p), is
Yr =+ Ay + Agypo + - -+ Aplr—p + €4,
where ¢ is a k x 1 vector of constants (intercept), A;is a k x k matrix (for every i1 =1, .__, p) and e; is a k x 1 vector of error terms satisfying

1. E(et) = () — every error term has mean zero;
2. E(ete;) — () — the contemporaneous covariance matrix of error terms is Q (a n x n positive definite matrix);

3. E(etef_k) = () for any non-zero k — there is no correlation across time; in particular, no serial correlation in individual error terms.

Y=BZ+U

1Y — BZ|| — min
B

L(B)=tr[(Y = BZ)(Y — BZ)"] — min

B
OL

@(Best) = 0

B = YZT(227)
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A (reduced) p-th order VAR, denoted VAR(p), is
Yr =+ Ay + Agypo + - -+ Aplr—p + €4,
where ¢ is a k x 1 vector of constants (intercept), A;is a k x k matrix (for every i1 =1, .__, p) and e; is a k x 1 vector of error terms satisfying

1. E(et) = () — every error term has mean zero;
2. E(ete;) — () — the contemporaneous covariance matrix of error terms is Q (a n x n positive definite matrix);

3. E(etef_k) = () for any non-zero k — there is no correlation across time; in particular, no serial correlation in individual error terms.

Y=BZ+U

1Y — BZ|| — min
B

Excercise 3: think of the proof (hint: use the
matrix function derivatives from the Matrix Coockbook:




Plan for Today (stationary case)

* “eagle eye” perspective on stochastic processes from the viewpoint of

deterministic dynamical systems
« geometric model inference: EOF/SSA
* multivariate dynamical model inference: VARX
» handling the ill-posed problem

* motivation for tomorrow : examples where stationarity assumption

does not work
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A (reduced) p-th order VAR, denoted VAR(p), is
Yr =+ Ay + Agypo + - -+ Aplr—p + €4,
where ¢ is a k x 1 vector of constants (intercept), A;is a k x k matrix (for every i1 =1, .__, p) and e; is a k x 1 vector of error terms satisfying

1. E(et) = () — every error term has mean zero;
2. E(ete;) — () — the contemporaneous covariance matrix of error terms is Q (a n x n positive definite matrix);

3. E(etef_k) = () for any non-zero k — there is no correlation across time; in particular, no serial correlation in individual error terms.

Y=BZ+U

|V = BZ|| + |aB| — min

A. N. Tikhonov
(http://en.wikipedia.org)
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A (reduced) p-th order VAR, denoted VAR(p), is
Yr =+ Ay + Agypo + - -+ Aplr—p + €4,
where ¢ is a k x 1 vector of constants (intercept), A;is a k x k matrix (for every i1 =1, .__, p) and e; is a k x 1 vector of error terms satisfying

1. E(et) = () — every error term has mean zero;
2. E(ete;) — () — the contemporaneous covariance matrix of error terms is Q (a n x n positive definite matrix);

3. E(etef_k) = () for any non-zero k — there is no correlation across time; in particular, no serial correlation in individual error terms.

Y=BZ+U

|V = BZ|| + |aB| — min

= YZ" (272" + ad")”

A. N. Tikhonov
(http://en.wikipedia.org)
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Lorenz96: “order zero* atmosph. model

“fast“ l\J
dXy 1c ’
—— =X Xk — X)) — X4+ F—— > ¥ii k=1...., K
dr b
j=dk=1)+1
de he .
T =—cbYj 1 (Yjio —Yj_1) —cYj+ [_JXinl[(j—l)/J]+1§ j=1,..., JK.

stationary model
(time-independent parameters)

Wilks, Quart.J.Royal Met.Soc., 2005

VARX (standard stationary stochastic Model)

m

i . A
Yy = -+ E AYi—gr +Bo () + Ce
g=1
*Lorenz, Proc. Of. Sem. On Predict., 1996
*Majda/Timoffev/V.-Eijnden, PNAS, 1999

*Orell, JAS, 2003
*Wilks, Quart.J.Royal Met.Soc., 2005
*Crommelin/V.-Eijnden, Journal of Atmos. Sci., 2008



Lorenz96: “order zero* atmosph. model

dXy he
— = —Xk—1(Xk—2 — Xp41) = X+ F — — E Yii: k=1,..., K
dr b . &
J=J (k=1)+1

dY;

he
d—fj =—cbYj 1 (Yjp2 —Yj_1) —cYj+ [—)Xint[(j—l)/J]+1§ + F(t)

'th non-stationary model
¥ B (time-dependent parameters)

Wilks, Quart.J.Royal Met.Soc., 2005

VARX (standard stationary stochastic Model)

m

Yy = U+ Z AYi—gr +Bo () + Ce
g=1
*Lorenz, Proc. Of. Sem. On Predict., 1996
*Majda/Timoftev/V.-Eijnden, PNAS, 1999
*Orell, JAS, 2003
*Wilks, Quart.J.Royal Met.Soc., 2005
*Crommelin/V.-Eijnden, Journal of Atmos. Sci., 2008



Wilks, Quart.J.Royal Met.Soc., 2005

Lorenz96: “order zero* atmosph. model

“fast“ AJ
dXp 1c s
—— = —Xk—1(Xk—2 — Xk+1) — X+ F — — Z Yii k=1,..., K
dr b .
j=J (k=1)+1
dy;

he
I _ _ py. . ‘ v . .
T —cbYj (Y —Yj ) —cYj+ [—JXml[(j—l)/J]+1, + F(t)

non-stationary model
(time-dependent parameters)

Predictors of Lorenz ‘96-Model

N

=y
[2o]
T

~~-globally-linear model (Wilks'05)
— = linear regression model (Orell'03)
"""" constant model

—_
(2]
T

—_
=y
T

lative Prediction Error
o

1k
*Lorenz, Proc. Of. Sem. On Predict., 1996 e [T Iy
*Orell, JAS, 2003 o 1
*Wilks, Quart.J.Royal Met.Soc., 2005 osk
*Crommelin/V .-Eijnden, Journal of Atmos. Sci., 2008 /

0.4

3 5 7 9 11 13 15 17 19
Prediction Time (time steps)
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Direct problem: F (2, ....0 s, 0(t),t) =0
T
Inverse problem: j ?)»(X ., &( §3>0l§’ — \Aé‘(:\\

G

Q(*)

Example: vy, = 0(t)+e6¢ & (1rd)E[g = 0
g (I‘tﬂ Q(IL))

|2y — 04|



