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Introduction to Path Integrals



Quantum Mechanics in Nature

What can PI do for you?

Delocalization

Zero Point Energy (ZPE)
Tunneling

Theory development (QCD) . %
quantum dynamics? R. P. Feynman

v

v

v

v
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www.wikipedia.org JCP 130, 184105 (2009).
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Pl Formulation of Canonical Partition Function

The canonical density matrix operator

[0 (B) =exp(-BH)|

where H =T + U and [T, U] # 0.

"Tuckerman, Stat. Mech.: Theory & Molecular Simulation, Oxford, 2010



Pl Formulation of Canonical Partition Function

The canonical density matrix operator

[0 (B) =exp(-BH)|

where H =T + U and [T, U] # 0.

Z(pB)=Tr (e‘BH> = /dx1 (1 e PTHD |xp) = Plin;o/dx1 (x1 Q8 |x1),

B8 B B .
where Q = e Ve vl Y which follows from Trotter

theorem’

. _By _Br _B
BIHY) = fim [em@Ve P e ZPU]P.

P—oo

e

"Tuckerman, Stat. Mech.: Theory & Molecular Simulation, Oxford, 2010



Inserting (P — 1) completeness relations I = [ dx|x) (x|



Inserting (P — 1) completeness relations I = [ dx|x) (x|

Z(B) = Plim dxydxy - - - dxp (x1|Qx2) (2] Q2 x3) - - - (xp| Q2 x1)

= 11m /del (x:|Qxi41) |xP+1 =x1-



Inserting (P — 1) completeness relations I = [ dx|x) (x|

Z\B) = Plim dxydxy - - - dxp(x1|Q)x) (x2|Qxz) - - - (xp|Q2x1)

= 11m /del (x:|Qxi41) |xp+1 =x1-

Need to compute

8
T

_By _Bp _B
xilQxi1) = (ule®Ve PTem2Y|xy,)

_ e—% [U(Xi)+U(xi+1)] <x,~|e_%T|xi+l )-

What can we do...?



Introduce complete set momentum eigenstates I = [ dp|p)(p|



Introduce complete set momentum eigenstates I = [ dp|p)(p|

B _8 = m
(e $T|xigr) = / dp(alp){ple™ ¥T[xigr) = / dpe™ P12 (o) (plxis ).



Introduce complete set momentum eigenstates I = [ dp|p)(p|

& = — m
(xile” P |xip1) :/dp<xi|l?>(l?|€ Pl xig1) :/dpe B0 /2mP (1) (plxis1)-

Now use (x|p ¢P*/" in previous equality
vV 7rh

1
2mh

P . \2
mP e (i1 —xi)

— \ 2rpR2 ’

dp e~ %Pz eiP(Xi—forl )/h

where we have completed the square in the last expression.



Then, we obtain

mP o 2;’% (g1 —x)> = B U ) +U (xi41)]

2w Bh?

x| Qxir) =



Then, we obtain

P o 2;’% (i1 —%)? = S [U )+ U (xi41)]
2w Bh? ’

(x| Qxig1) =

Path integral representation of canonical quantum PF

mp \F/2 i
Z(8) = lim | 5 dx, - - - dup e PV
(8) P <27rﬁh2> /xp+]=x. H e 7

where Ueﬁf = Z?:l [#21;12 (x,-+1 = x,')z + }%U(xi)] .

Each quantum particle is mapped onto a collection of P
interacting quasi-particles.!
I Chandler & Wolynes, JCP 74 4078 (1981).



The ring-polymer isomorphism

Analytical solutions to path integrals are limited:
devise numerical techniques for complex systems.
Discretized version of the path integral quantum PF:

. mP P/2 _ﬁ Z?:l ";wlz)(xl_xl+l) +U(l:t)
Z(8) = P <27rﬁhz> /dx1 e

where w2 = P/ (87)* and xp.| = x.

A ring polymer in configuration space A quantum particle is
mapped onto a collection of
P “beads” coupled via
harmonic springs & each
under external potential
U/P.




The ring-polymer isomorphism

Analytical solutions to path integrals are limited:
devise numerical techniques for complex systems.
Discretized version of the path integral quantum PF:

. mP P/2 _ﬁ Z?:l ";wlz)(xl_xl+l) "FU(I:t)
Z(8) = P <27rﬂhz> /dx1 e

where w2 = P/ (87)* and xp.| = x.
A ring polymer in configuration space A quantum particle is
mapped onto a collection of
P “beads” coupled via
harmonic springs & each
under external potential

U/P.

centroid x, = L 377 x;



The ring-polymer isomorphism

Introducing nuclear quantum effects with the ring polymer.

Q g % 3
Zero-point energy tunneling

www.telluridescience.org/TullyLectures/tully.pdf
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PIMD Implementation

Assuming ergodicity, sampling can be effected using MD.
Introduce a set of uncoupled Gaussian integrals to enable
sampling of phase space (fictitious m;)

-8 ,+ w3 (xx—x; 2+ lu(x
Z(B)%N/dpl"'ddeXr"dee Xt o PR U :

» Remember: Time is only a parameter for the exploration of
phase space (unphysical dynamics).

» Naive PIMD implementation suffers from non-ergodicity &
multiple time scales issues'.

! Hall & Berne, JCP 81 3641 (1984).



Efficient PIMD Implementation
Solution M. Tuckerman et al. JCP 99 2796 (1993).

» Transformation coordinates:
normal modes u; = = SF_ xe2mil=DE=1/P (centroid is u;
VP —~j=177

i —1
or staging u; = x;, u = x — $=Etn g0 . p,



Efficient PIMD Implementation
Solution M. Tuckerman et al. JCP 99 2796 (1993).

» Transformation coordinates:
normal modes u; = = SF_ xe2mil=DE=1/P (centroid is u;
VP —~j=177

i —1
or staging u; = x;, u = x — $=Etn g0 . p,

P mk 1
Z[ > Wb+ 5U (e ()]

where m; = 0. my, = %m for staging and
my = 2mP [1 — cos (27 (k — 1)/P)] for normal modes.
» Fictitious masses chosen to collapse all time scales
my =m, m = my
» Massive thermostats

Although computationally intensive, PIMD can be parallelized
extremely well.
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Double proton transfer in DNA base pair models



Proton transfer reactions

Ubiquitous and crucial process in nature

Si—H"--S$ <S8 ---H -5

» Quantum Effects can be important even at room
temperature!!

» Rearrangement of chemical bonds calls for ab initio
description of the electronic part

1 Tuckerman & Marx, PRL 86 4946 (2001).



Intermolecular proton transfer
DNA base pairs

double stranded DMA
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Intermolecular proton transfer
DNA base pairs

double stranded DNA
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Copyen & Poarson Educatin, .. publehing as Becjarin Gummes.

» “Rare” tautomers implicated in DNA mutations

» Proton tunneling was hypothesized to favor “rare”
tautomers!

» Experimental evidence only for analogues (large KIE)?

1| swdin, RMP 35 724 (1963). 2 Zewail et al., Nature 378 260 (1995).



Experiment on 7-azaindole dimer(g)

Ty=360"1s

lon signal (arbitrary units)

-5 0 5 10
Time (ps)

Douhal, Kim, & Zewail et al., Nature 378 260 (1995).
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Rare tautomers of DNA bases

of eytosine (G*) Rare mnlfmm N

\
Adening of thymine (T) H Guanine

Rare imino form
of adening (A%)

" Rare endl form
(®) of quanine (G*)

http://www.ncbi.nlm.nih.gov/


http://www.ncbi.nlm.nih.gov/

Rare tautomHers of DNA bases

o s
0

Rare imino form &%

of cytosine (C*)

Rare anol fnrm N
Adening of thymine (T°) |,

Guanine
H
(a}

Cytosine Q&;ﬁ{@%&

Rare imino form
of adenina (A%)

Thymine

M Rare endl form
® of guanine ()

http://www.ncbi.nlm.nih.gov/

|ammmm?

@ Original Artist

Reproduction rights obtainable from
wwwe CattoonStock.com



http://www.ncbi.nlm.nih.gov/

Intermolecular double proton transfer

Formamidine-Formamide (FIFA) tautomer complex!

» Model system for A-T DNA base pair
» Concerted mechanism.

1y, Leszczynski et al., JPCA 106 12103 (2002)



Intermolecular double proton transfer

Model for G-C DNA base pair




Forces from “First Principles”
Combining the best of two worlds...

» The quantum
nature of nuclei is
described using
the PI formalism

» The electronic
part (governing
interaction
between nuclei)
is approximated
using DFT




Forces from “First Principles”
Combining the best of two worlds...

» The quantum
nature of nuclei is
described using
the PI formalism

» The electronic
part (governing
interaction
between nuclei)
is approximated
using DFT

Car & Parrinello Molecular Dynamics (cPMD), PRL 55 2471 (1985).



Choice of DFT XC functional

Energetics (kcal/mol) from TURBOMOLE code/TZVPP basis set.
Structures correspond ~ to reactants (R), the transition state
(TS), and products (P)

GC model AT model
method AEp_gr AEts_p AEts_r | AEp_R AEts_p AErs_r
RHF 13.50 14.65 28.15 11.80 9.47 21.27
MP2 9.37 4.04 13.41 8.62 4.37 12.99
CC2 10.24 2.67 12.91 9.24 3.08 12.32
PBEO 10.95 3.00 138.95 8.93 2.81 11.74
PBE 10.63 0.55 11.18 8.56 1.19 9.75
B3LYP 11.39 4.78 16.17 9.47 3.52 12.99
BLYP 11.16 3.15 14.31 9.30 2.44 11.74

BLYP represents best compromise between accuracy and cost!



Free energy methods & rare events

Infrequent Event

Reaction Coordinate >

» Reaction coordinate: £(r) = dun — duo
» Umbrella sampling' and WHAM technique?

» Drive system along reaction coordinate using harmonic
bias potential (centroid)® &, = 30 &

' Torrie & Valleau, Chem. Phys. Lett. 28 578 (1974)
2 Ferrendberg & Swendsen, Phys. Rev. Lett. 61 2635 (1988)
3 Gillan, PRL 58 563 (1987). Voth, JCP 97 8365 (1993).



Free Energy Profiles Double Proton Transfer

Nuclear quantum effects have a dramatic impact on free energy

profiles.

- —AIMD
| —AIPIMD

o

AF (kcal/mol)

=R ST -

AF (keal/mol)

2—AIPIMD

—AIMD

3

reaction coordinate (A)

Rare tautomers predicted dynamically unstable:
therefore, not involved in mutations!




Free Energy Profiles Double Proton Transfer

J

Enol Tautomers of Watson—Crick Base Pair Models Are
Metastable Because of Nuclear Quantum Effects

A|CIS

A RTTITCULE S

Alejandro Pérez,™ Mark E. Tuckerman,* Harold P. Hjalmarson,” and
O. Anatole von Lilienfeld*T

J. AM. CHEM. SOC. 132, 11510 (2010).

www.youtube.com


www.youtube.com
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Development of free energy methods in PIMD



Computing Thermodynamic Quantities: Estimators

An estimator: function whose average approximates a physical
observable.



Computing Thermodynamic Quantities: Estimators

An estimator: function whose average approximates a physical
observable. LE(B) = —& InZ(B)

)

P/2 m X
(E) = Zi <2 m;fﬂ) /dX1 «+ - dXp €prim e ? Tt [7‘”‘%()”‘_”*‘)2*_@]
P s

where the primitive estimator for energy is

P
p Uxe) m , 2
€prim = A5 T+ |: - *Wp(xk - xk—l—l)

25 ; P 2 Xp41=X]
Use MC, MD to sample this configuration integral.
A more efficient estimator (virial) was proposed:

Herman et al JCP 76 5150 (1982).



Internal Energy: Virial vs Primitive Estimators
There is a more efficient estimator for the internal energy called
the “virial”. Standard Deviation: 0.522(prim); 0.220(vir).

P P
1 1
&ir = 35 kgl x OV [ Oxy + = kgl V (xx) ,

Instantaneous values of virial (orange) and primitive (black)
estimators for V (x) = x?/2 at 3 = 10,P = 64.

T o
Y

-0.5
ei-05 4e+05 6&'—05 Se+05 1et+06
Time Step (dt=0.01)

Total Energy (natural units)




Isotope Effect via Thermodynamic Integration (TI)

Motivation: No Pl method to study Isotope Effect (IE).
Enzyme catalysis: proton transfer is the rate limiting step in
many enzymatic reactions (dehydrogenases): large IE.
Acid dissociation, etc.

Typically, Site—H reacts faster than Site—D.



Isotope Effect via Thermodynamic Integration (TI)

Motivation: No Pl method to study Isotope Effect (IE).
Enzyme catalysis: proton transfer is the rate limiting step in
many enzymatic reactions (dehydrogenases): large IE.
Acid dissociation, etc.

Typically, Site—H reacts faster than Site—D.

AF = F('"f)—F(’"i):/oldA (ZZHD’

where F = —1 InZ is the (quantum) free energy.
For a linear path m (\) = Amy + (1 — A\) m;.



Isotope Effect via Thermodynamic Integration (TI)

P\ P (e p o Y YD)
z(8) ~ ] <—2Zﬁh2> /d"Pre B ot [ Feh (v rion) + 2]
i=1



Isotope Effect via Thermodynamic Integration (TI)

n 3P/2 . 2

P _gs™ Pofmy o U({rs})

zw)%H(zZZﬁz) /d B Sl T [ B (ramio o+ 452
i=1

Two Pl estimators for 45
primitive

2 Sz (3E )]

and the virial

(@) - £ )



Isotope Effect via PIMD

Results for an analytically solvable system (harmonic potential)

dF/dA

First derivative of quantum free energy with respect to mass.
Left: m (\) = Amy + (1 = X\)m;.

Right: m (A) = Xmy + (1 — X*) m

Black: exact result. Red: virial and Blue: primitive estimators.



Isotope Effect via TI-PIMD

Two-oscillator model for O — H(D) - - - O. (Antisymmetric Mode)
Useful to compute IE & understand Ubbelohde effect.
T T T T

0f — .
— exact
»— prim
0.1 —+ vir |
-0.21-
<
RS
LL
T-03F
041
-0.5[ s | ‘ | ‘ | ‘ | ‘
0 0.2 04 0.6 0.8 1

A
100,000 PIMD steps/window: prim=-0.2035, vir=-0.2052,
exact=-0.2042.



Simultaneous change in mass and potential

Change of identity/interaction potential: Useful to study H
binding to active sites.

() - sbmen (2]

0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

First derivative of tﬁe quantum free energy with respéct to mass
& force constant for harmonic potential.

Left: Linear path. Right: quartic path.

Black: primitive result. Red: exact and Blue: virial estimators.



Perturbation Theory

Motivation: PI calculations are expensive!

AF

_le

where A = ZI 12; 1 (Trs

1 [3NP

" (’"f
m;

2
- I’1,s+1) 0
Full PT for free energy difference due to isotope transformation
using single PIMD simulation.

PR
50161 Pt
by et
£ P
T -0.181 /" —
s o
§
g 02 A —— Pet |
g s — Exact
’ I'I
-0.22+ ’a [ -
/
100000 400000

200000 300000
number PIMD steps (dt=0.01)

- F(m=10)

1.5)

F(m=:

) +1In <e (’"f—mt‘)wz%’A>i] 7

|
100000 20000 300000
number PIMD steps (dt=0.01)

Left:mi:1—>mf:2. nghtm,:l—>mf—15

Exact: red horizontal line.

PT works provided change is small - - -

Multistage-PT.

400000



Perturbation Theory (lI)

Effect of a static electric field:
1 _
AF = 5 In (exp [—B (gE - T)])g—-

Useful to understand ferro/paraelectric hydrogen-bonded solids
(KDP), Stark Effect.

125 =
= R
W o5k e e e m T T _
[N L 4
i —— Exact
175 —— Pat
H_’/ L
S
-045 l —— l
E 08 — S, R
w ’ -
[T
o :/" i
n T
w U — Exact
T oo —— Pat
_0.65 L L L L
0 0 2e+05 4e+05 6e+05 8e+05 1e+06

MD step (dt=0.05)



A-dynamics PIMD

Allow X to vary in a continuous way using single PIMD
simulation.
Example: transmutation of diatomics H, —HCI at 300 K.

1

T
numerical

exact
09 f |
08 0\

0.7 |-

dF/dA

0.6

04 - ‘ ‘ ‘ \77 A

0 0.2 0.4 0.6 0.8 1
A

AF = F (HCI) — F (Hy) = —0.00332 a.u. (exact), -0.00332 a.u.
(numerical).




|sotope effects in the Zundel cation

Important in hydrogen-bonded liquids & in enzymatic reactions.

%

cpMD Details: Ab initio PIMD (H, — D).
BLYP/100 Ry, Cubic Box 123 A3, P = 32, T=300 K.
Numerical (PT) ~ 4 kcal/mol.

CPL 329, 36 (2000).



Goal: change of identity in PIMD simulations

Feasible in force fields-PIMD, harder in ab initio PIMD
(pseudos).

- =

r

Example: protonated water/ammonia complex
H,O--- HY ... OHy — H,O --- HT .. NH;
Towards predicting changes in free energy barriers heights?

_ t_Apt
Predict kinetic isotope effect ky /kp ~ e A (AF u—AF, D),
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Improving the convergence of PIMD



Higher-order methods to improve PIMD averages




Higher-order methods to improve PIMD averages

IDEA Why not to use the classical forces to improve averages?

<O> (O()w(ry,---,rp))

T (e )

w ({r}; B) weighting function constructed using classical forces.
In some cases, fourth-order convergence can be attained
without additional overhead!

G. Voth et al, JCP 115, 7832 (2001).
A. Perez & M. Tuckerman, JCP (in review).



Harmonic potential at fAw = 10
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Hydrogen molecule at 300K: D [1 — exp (—a (x — x¢4))]

log, (Energy)

P(r)




Hydrogen molecule: Ab initio PIMD

Details: T=300K, cPMD BLYP/75 Ry, Cubic Box 9° A3.

30 — I A | | | =

; H % Md P=8§ e ;

25 — GSF P=8 ——

- 2nd P=16 N

C G5F P=16 ]

2.0 DT ——

C G5F P=32 ——
P -. ]
— 1.5 — —
=% C n
1.0 - -

0.5 F =

0.0 S .

1.0 1.2 1.4 1.6 1.8 2.0



High order PIMD methods

Liquid water at ambient temperature (g-SPC/Fw force field')

P

2nd

4th

4
8

16
32
64

-0.2778
0.0400
0.2699
0.3688
0.3968

0.5989
0.3911
0.3892
0.4055
0.4067

Energy values in a.u.

» Useful to converge faster averages in quantum simulations
of bulk phases.

» Very easy to implement in existing ab initio PIMD codes.

» No overhead associated.

1 JCP 125, 184507 (2006).
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Summary

» The Feynman’s path integral formalism was reviewed &
applied to several systems

» Nuclear quantum effects are important even at room
temperature

» “Rare” tautomers dynamically unstable & not implicated in
mutations

» New estimators were derived & implemented to investigate
alchemical transformations

» Higher-order algorithm to improve convergence of PIMD
estimators
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