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Animation

@ 3-dimensional Animation relies on computer graphics
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Animation

@ 3-dimensional Animation relies on computer graphics

@ computer graphics uses 3-dimensional mesh models
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3D meshes in computer graphics

In the beginning was the TEAPOT
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3D meshes in computer graphics

3D meshes became much more sophisticated over the years
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3D meshes in computer graphics
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3D meshes: not only for design from scratch

Scan existing objects
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3D meshes: not only for design from scratch

Scan existing objects
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surfaces from scans

@ point cloud — triangulation
(Delauney triangulation)
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surfaces from scans

@ point cloud — triangulation
(Delauney triangulation)
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surfaces from scans

@ point cloud — triangulation
(Delauney triangulation)

@ edit triangulated surfaces

@ recognize identical surfaces?
@ or deformations of each other?
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surfaces from scans

@ point cloud — triangulation
(Delauney triangulation)

@ edit triangulated surfaces

@ recognize identical surfaces?
@ or deformations of each other?
@ quantify difference?

o 5
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Reference points

Animating “humanoid” characters requires reference points
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Reference points

Animating “humanoid” characters requires reference points

[m]

=

Distances between Surfaces

DA



Summary of “problems”

We need to be able to:

@ recognize when two point clouds correspond to the same
surface or to two similar surfaces

@ quantify how different two surfaces are from each other (or
how similar to each other)

@ find correspondence points for similar surfaces

Distances between Surfaces



It all started with a conversation with biologists....

Jukka Jernvall

More Precisely: biological morphologists

l

Study Teeth & Bones of

extant & extinct animals

Doug Boyer still live today fossils



First: project on “complexity” of teeth
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Then: find automatic way to compute Procrustes distances
between surfaces — without landmarks
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First: project on “complexity” of teeth
Then: find automatic way to compute Procrustes distances
between surfaces — without landmarks

Landmarked Teeth —

dl23rocrustes (517 52 min Z ||R X.I yJ||2

R rigid tr.

Find way to compute a dlstance that does as well,
for biological purposes, as Procrustes distance,
based on expert-placed landmarks, automatically?




First: project on “complexity” of teeth
Then: find automatic way to compute Procrustes distances
between surfaces — without landmarks

Landmarked Teeth — }

2 _ - 2
dProcrustes (517 52) R rrpgllgtr Zl: ||R (XJ) - yj”
J:
Find way to compute a distance that does as well,
for biological purposes, as Procrustes distance,

based on expert-placed landmarks, automatically?

examples: finely discretized triangulated surfaces




We defined 2 different distances

dewn (51, S2):

dep (51, S2):

conformal flattening

comparison of neighborhood geometry
optimal mass transport

continuous Procrustes distance

1. Observer Placed Landmarks

S

$lnon-primate)

é@@@

Molar Radius



Microcebus (Mc) Lepilemur(Lp) Propagation
Observer-Placed Landmarks Propagated Landmarks sequence

Path1
Mc

Even mistake
Mo made by d.p
Ma were similar
to biologists’
mistakes

*Red circle is Lemur (Lm)
around Entoconid Lp

small distances between S1,S> — OK maps
larger distances — not OK



Biologists' “wish list” changed...

. as they learned our language and saw our methods

> mappings more important to them than distances
(— discussion of variability in individuals or between species,
locally)

» no holonomy!



Biologists' “wish list” changed...

. as they learned our language and saw our methods

> mappings more important to them than distances
(— discussion of variability in individuals or between species,
locally)

» no holonomy!

Our formulation of problem changed too

Tingran Gao —— reformulate as connection on fibre bundle
+ horizontal diffusion



Even before this...

biological content in large concatenated matrix
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Even before this...
biological content in large concatenated matrix

L8488

S S, S3 Sa
1 . / . 2
min [|MX — X5 + A [|X]|;

51 52 53 54 s.t. HXH2 =1.
‘5566

S S, Ss Resulting minimizers X

supported on union of 4
X3 Q & G surfaces



Use the Information in the Maps!

dep (51, 52) =

inf inf
CeA(51,5) REE(3)

ALCE

x) ||? dvols, (x))

51




Learning from Distances
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Learning from Distances
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Learning from Distances
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Diffusion Maps: “Knit Together” Local Geometry
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Diffusion Maps: “Knit Together” Local Geometry

Small distances are much more reliable!



Diffusion Maps: “Knit Together” Local Geometry

e P = DWW defines a random
walk on the graph
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Diffusion Maps: “Knit Together” Local Geometry

e P = D 'W defines a random
walk on the graph
e Solve eigen-problem

Puj:)\juj,jzl,2,-~-,m

and represent each individual
shape S; as an m-vector

(A§/2u1 (), AL )



Diffusion Distance (DD)
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Diffusion Distance (DD)
Fix1<m<N,t>0,
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MDS for CPD & DD

CPD DD



Even Better: More Information!
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Use the Information in the Maps!

D(51,5%) =

inf inf
CeA(51,5) REE(3)

ALCE

x) ||? dvols, (x))

51




Correspondences Between Triangular Meshes
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Correspondences Between Triangular Meshes

A1
v B By Bs
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Correspondences Between Triangular Meshes

A

1 S
Bi By Bs
Az As A 0 0 1
S| Ao 1 0 0
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Correspondences Between Triangular Meshes

A1 52
B, B, Bs
Az A3 Ay 0 0 1
s | A 1 0 0
B, As 0 0



Correspondences Between Triangular Meshes

A1 52
By B, B
A Az VP 0 0 1
sl A - 1 0 0
B> Al - ]0.91 0.95 0.88\---

fia (A;) — Bsl?
B, pfiz(r,s)zexp<—””(§ 5“)






Augmented Distance




Horizontal Random Walk on a Fibre Bundle

Fibre Bundle & = (E, M, F, )
» E: total manifold
» M: base manifold

» 7 : E — M: smooth surjective map (bundle projection)
» [ fibre manifold



Horizontal Random Walk on a Fibre Bundle
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(E,M,F

» E: total manifold

Fibre Bundle &

» M: base manifold

» 7 : E — M: smooth surjective map (bundle projection)

» F: fibre manifold

s

small” openset U C M

diffeomorphic to U x F

» local triviality: for

R

A
fﬂ/?,,,?i,/
ARV
PR

il
T

\h&ﬁ%&ﬁ.\




Horizontal Random Walk on a Fibre Bundle

Fibre Bundle & = (E, M, F, )
» E: total manifold
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Horizontal Random Walk on a Fibre Bundle

Fibre Bundle & = (E, M, F, )
» E: total manifold
» M: base manifold
» 7 : E — M: smooth surjective map (bundle projection)
» F: fibre manifold

» local triviality: for “small” open set U C M, =1 (U) is
diffeomorphic to U x F

M



Towards Horizontal Diffusion Maps
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Horizontal Diffusion Maps

D*1Wuk =M, 1< k<k

B 2 . . .
d,J/ plj ce. Uk[/] Uk[]]



Towards Horizontal Diffusion Maps

Horizontal Diffusion Maps
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Towards Horizontal Diffusion Maps

Horizontal Diffusion Maps

D_1Wuk == )\kuk, 1 < k <k

B 2 . . .
d,J/ plj e Uk[j] Uk[j]

Horizontal Diffusion Maps: For fixed 1 < m <k, t >0,
represent S; as a kj X m matrix

(Ai/zulmw“ J%zumm)




Diffusion Maps vs. Horizontal Diffusion Maps

Diffusion Maps: For fixed 1 < m <k, t > 0, represent S; as
an m-dimensional vector

(W2 () AP um (7))

Horizontal Diffusion Maps: For fixed 1 < m <k, t > 0,
represent S; as a k; X m matrix

(A2 A umg)




HDM: Application in Geometric Morphometrics

1. Global Registration
2. Automatic Landmarking

3. Species Classification
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1. Global Registration
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2. Automatic Landmarking: Spectral Clustering




2. Automatic Landmarking: Spectral Clustering



3. Species Classification: HBDM & HBDD

Horizontal Diffusion Maps (HDM): For fixed 1 < m < &,
t >0, represent S; as a Kkj X m matrix
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3. Species Classification: HBDM & HBDD

Horizontal Diffusion Maps (HDM): For fixed 1 < m < &,
t >0, represent S; as a Kkj X m matrix

()\i/2u1m, e :)\%2’Jm[j]>

Horizontal Base Diffusion Maps (HBDM): For fixed
1<m<k, t>0, represent S; as a (';)—dimensional vector

(NP2 (g, ) )

1<l<k<m




3. Species Classification: HBDM & HBDD

Horizontal Base Diffusion Distance (HBDD): For fixed
1<m<k, t>0,

1<t<k<m

Dlt-IB(Shsj)( D AN (Curgis uigy) — Curgys i)

1
2
2)

Horizontal Base Diffusion Maps (HBDM): For fixed
1<m<k, t>0, represent S; as a (’;)—dimensional vector

()\2/2)\2/2 <U£[j]’ UkU]> )1§e<k§m




3. Species Classification: HBDM & HBDD
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3. Species Classification: HBDM & HBDD

® Alouatta
e Ateles
@ Brachyteles
® Callicebus
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3. Species Classification:
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3. Species Classification: HBDM & HBDD
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“Form Follows Function”

Alouatta
Ateles
Brachyteles
Callicebus
Saimiri




