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… Unfortunately, this “need for structure” has 
essentially limited the prospects for superpolynomial
quantum speedups to those areas of mathematics 
that are liable to produce things like periodic 
sequences or sequences of quadratic residues. This is 
the fundamental reason why the greatest successes of 
quantum algorithms research have been in 
cryptography, and specifically in number theoretic 
cryptography. It helps to explain why we do not have 
a fast quantum algorithm to solve NP-complete 
problems (for example), or to break arbitrary one-way 
functions.
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• What about when 𝑓 is continuous?
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• An SDE

𝑑𝑋𝑡 = 𝑏 𝑋𝑡 𝑑𝑡 + 𝜎 𝑋𝑡 𝑑𝑊𝑡

corresponds to a PDE with generator: 

ℒ = ෍ 𝑏𝑗

𝜕

𝜕𝑥𝑗
+
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2
෍ ෍

𝑘

𝜎𝑖𝑘 𝑥 𝜎𝑗𝑘(𝑥)
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• Transition operators 𝑃 𝑡, 𝑥, 𝑑𝑦 = 𝑝 𝑡, 𝑥, 𝑦 𝑑𝑦
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• Parabolic Fokker-Planck equation 
𝜕

𝜕𝑡
𝜌 = ℒ𝜌;

• Elliptic (stationary) Fokker-Planck equation: ℒ𝜌 = 0.
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• Instead of Monte-Carlo simulation of Langevin dynamics 𝑑𝑋𝑡 = −∇𝐸 𝑋𝑡 𝑑𝑡 + 2𝛽−1𝑑𝑊𝑡 …

• … solve the Fokker-Planck equation

𝜕𝜌

𝜕𝑡
= ∇. 𝜌∇𝐸 + 𝛽−1Δ𝜌.
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• Faster decay of the Fourier coefficients ⇒ Less aliasing effects

• Only continuity ⇒ No guaranteed bound on qubit count

• Only p-smoothness ⇒ Polynomially growing qubit count

• Analytic functions have the fastest decay.

More smoothness = Faster decay of spectrum
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• The goal is to linear the generator and invert it:

• We wish to perform:

• But we only can do:

Example: Solving general linear PDEs
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Block encoding of the approximate differentials
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𝑂(log 𝑁 log log 𝑁) elementary gates 
𝑂 log 𝑁  qubits



Block encoding of 𝕃𝑁
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• To make the curse of dimensionality disappear, 𝐸𝑁 must decay exponentially fast.

End-to-end resource count
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• Total gate count, without V:

• Total qubit count, without V: 𝑂 𝑑 log
1

𝜖
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• Total gate count, without V:

• Total qubit count, without V: 𝑂 𝑑 log
1

𝜖

• Simpler block encoding for the Laplacian
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• Challenge: The solution is not differentiable.

• Solution: Use a Jastrow factorization with 𝐽 = 𝑒𝑈 where

• Total gate count with V:

• Note: Classical runtime is 𝑂 1/𝜖 3𝑀 .
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• XY Hamiltonian

• Generalizations:
• Heisenberg model

• The n-vector model

• Higgs sector of the standard model

• Other applications:
• U(1) symmetric quantum field theories and gauge theories

• Translationally invariant problems in condensed matter physics

Application 2: The classical XY model

Pooya Ronagh | University of Waterloo14

https://shilingliang.com/XY-MODEL/



Force field as a function of torsion angles:

Application 3: Molecular dynamics
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• The hardness of preparing continuous functions on a quantum computer is related to the 
degree of smoothness of them.

• Quantum ODE/PDE solvers can have interesting applications at the 10s to 100s of logical qubits.

• Quantum simulation using DFT pipelines is an interesting alternative to the common approach 
of mapping occupancy algebras to the spaces of qubit-based states.

• Potential applications include material science, condensed matter physics, and molecular 
dynamics simulations.

Conclusions
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Thank you for your attention!

pooya.ronagh@uwatelroo.ca
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