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* Songet al. (2021): Diffusion models.
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Data Forward SDE Prior Reverse SDE Data

dz = f(z,t)dt + g(t)dw 4)@— dz = [f(z,t) — g*(t)V. log ps(2)] dt + g(t)dw
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Transition operators P(t, x,dy) = p(t,x,y)dy

Forward and backward Kolmogorov equations:

9 0
Ep(;;Y)—pr(;;Y) ap("x")_ﬁyp("x")

Parabolic Fokker-Planck equation %p = Lp;

Elliptic (stationary) Fokker-Planck equation: Lp = 0.
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Critical role of QFT

1 8 1 0
) = %f@sw NE m%fwm

f(z) = Z fo, @) Fourier transform / series
wezd

ﬁ; = (;1r)d » f(a:)e_i(w’@ dr = Eqa [f(a:)e_“w’m)] Fourier coefficients

fo =Er ~Lf (fc)e_““”m)] Discrete Fourier coefficients

|fN) = \/]1\[—4 EEA: £o w) = F2%|fn) Discrete / quantum Fourier transform

fo = Z ﬁ)—l—(JZVN—I-l)m Aliasing sums
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More smoothness = Faster decay of spectrum

_ Decay rate of Fourier = Tailedness at cutoff N Cutoff N to guarantee
Regularity class

coefficients (| f,|) (truncation error, Ey) target precision
— d_ n—p+d/2 c\1/(p—d/2)
p-smooth (CP) Cllw||ZF C d—N p+d/ (9)
5 : —p— / d/2  (C\l/(pt+q—d/2)
(pa q)-Holder (Cp q) C”w”oop ! ¢ d— 2p— qN P-q+d/ (E)
smooth (C*°) sub-polynomial sub-polynomial super-logarithmic
s-Gevrey (G°fors > 1) Cerllwlsl? C\/%Nd—l/s e~TNV? ( log C2ds)
Analytic (C¥ = G') CeTllwlle O /gNd—l e—TN log C2d
Faster decay of the Fourier coefficients = Less aliasing effects (2) {exp(l 1$2) . x| < 1,
A L) = -
i | 0, | > 1.

Only continuity = No guaranteed bound on qubit count

Only p-smoothness = Polynomially growing qubit count

¢(x) =0forx <—1

=0forx>1

Analytic functions have the fastest decay.
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D gal@)D%u(z) = n(z)
actd

* The goal is to linear the generator and invert it:
L= Zga(a:)Dc“ wed LN "U,N> = "I’]N>

* We wish to perform: Daf = .F_l diag {(iw)o‘ W € Zd} f(f)
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Example: Solving general linear PDEs

D gal@)D%u(z) = n(z)
actd

* The goal is to linear the generator and invert it:

L= 9a(@)D® wem Ly |uy) = |nn)

acJ
* We wish to perform: Daf = .F_l diag {(iw)o‘ W € Zd} f(f)
4 d )
* But we only can do: b'a = (F]%)d)_l diag | < H(’éwj)aj ’ F.%d
(J=1
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Block encoding of the approximate differentials

|a1> —  lay=oHa=o} ... ar=1a; =1} ... eeoe — la=[71Ha1=[7} - - -

|04d—1> vor dag 1=0Hag 1=0 v Haga=1Hag =1 e e v a1 =71 Hae1=M7

|ad) e a g =0 e ag=1

|0) - S Ay o Ay eee AN ¥ ¥

1 3: - O(log N loglog N) elementary gates
AN o FN dlag{(zw)we{_N,,,, ,N}}FN O(log N) qubits
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End-to-end resource count

HDNfN (Df NH < 24 Nlel+d2 gy

* To make the curse of dimensionality disappear, Ey must decay exponentially fast.
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End-to-end resource count

o o d nr|lal+d/2
HDNfN—(D f)NH2§2 Nlel+d2 gy
* To make the curse of dimensionality disappear, Ey must decay exponentially fast.

S
e R-Sobchuk-Li-Motamedi-Castelazo-Shayeghi [2026]: N can be chosen as () <(ds log e)) )
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End-to-end resource count

o o d nr|lal+d/2
HDNfN—(D f)NHZSQ Nlel+d2 gy
* To make the curse of dimensionality disappear, Ey must decay exponentially fast.

S
e R-Sobchuk-Li-Motamedi-Castelazo-Shayeghi [2026]: N can be chosen as () ((ds log e)) )

i [T |s+1
* Total gate count: O (I_g_l (|j| u I_j-I)S[j]Sd[j18+1 (dlog ( : >> )

Ominl[ U || Tmin[[un|le

* Total qubit count: O(d(log N + log I_j_‘ )) Z go(z)D%u(x) = n(T)
acd
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Application 1: Atomistic simulation H|y) = |n)

| M M P
H:—§;A$i+V(zc), where V(m):—zz

~ d* 1
* Total gate count, withoutvV: O ( 5 log3
O-minHuNH '

e Total qubit count, without V: O (d logi)
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Application 1: Atomistic simulation H i) = |n)

H= 1MA v here V(z) = 3 Z !
__§; z + V(z), where (x)——ZZ—.+ Z —

T T
i=1 k=1 "% 1<i<j<m 'Y

* Total gate count, without vV: (O log

Tminllun | Tmin|un|le

e Total qubit count, without V: O (d logi)

>lca)
» Simpler block encoding for the Laplacian 0 —H S I I D S I e I i
|z2) ¥— - o ———
|.4) R M=
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Application 1: Atomistic simulation H|y) = |n)

1 M M P Z.
H:—§;A$i+V(:c), where V(x):—ZZ—.+ Z

* Challenge: The solution is not differentiable.

* Solution: Use a Jastrow factorization with /] = eV where

M P 1
U(SE):—ZZZ]CT’?;]C—FE Z Tz’j

i=1 k=1 1<i<j<M
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H= 1MA v here V(z) = 3 Z !
__§; z + V(z), where (x)——ZZ—.+ Z —

T T
i=1 k=1 "% 1<i<j<m 'Y

Challenge: The solution is not differentiable.

Solution: Use a Jastrow factorization with /| = eV where

M P 1
U(ZC):—ZZZ]CT};]C—FE Z Tz’j

i=1 k=1 1<i<g<M

Total gat t with V O (MP222d4 log? ( 1 ))
Ootla ate count wi .
; o2 Jonl ° \omml|®y]e

Note: Classical runtime is 0((1/6)3M).
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Application 2: The classical XY model

e XY Hamiltonian T=0.50, #spins=15x15
- X -~ ~ ! N w = F e AN
~ ;- bk \ A - 7 f ; A
H(S):_EJijSi'Sj_Ehj'Sj S R R
] j S T T B A B
/ - & - "",..-' L . % ""
- — E Jij COS(Q@ — 93) — E hj COSOj Py - v ;"\\ * -/ 1: % b
i#] J vy TN PR PN Tt
N = .---I-'I.el S - = e
o ' ‘; fome 7= T~y s
e Generalizations: : A Nk \ - *"‘; ]
* Heisenberg model AR A
/ - \
* The n-vector model L I P N NI b o
* Higgs sector of the standard model - ) NN TR

e Other applications:
* U(1) symmetric quantum field theories and gauge theories

https://shilingliang.com/XY-MODEL/

* Translationally invariant problems in condensed matter physics
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Application 3: Molecular dynamics

Force field as a function of torsion angles:

1 1 Va
U= sk —rol + ) Ska(0— 00y + Y *[1+cos(ng — )

bonds angles torsions
12 6
V. 4 0; J g; j qiq j
+ imp + €; J - 6 + ’
r | & j
improper ij Lj elec
36th Conference on Neural Information Processing Systems (NeurIPS 2022). Forward torsional diffusion Conformer at step i+1 C Intrinsic D A

Torsional Diffusion for
Molecular Conformer Generation

Intrinsic view Extrinsic view < torsional update Ar; 0
~
A Reverse W < Ay > Z ¥lr) ® Vo ® Viriom
diffusion trajectory ;
o

Reverse diffusion

denoising step

Extrinsic-to-intrinsic
score model

Bowen Jing,*! Gabriele Corso,*! Jeffrey Chang,> Regina Barzilay,! Tommi Jaakkola!
ICSAIL, Massachusetts Institute of Technology  “Dept. of Physics, Harvard University

- ~‘!»vl \ )
’ Pseudotorque layer J
‘ / 1
B Extrinsic Interaction layers
4

Conformer at step i 3D input
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Conclusions

The hardness of preparing continuous functions on a quantum computer is related to the
degree of smoothness of them.

* Quantum ODE/PDE solvers can have interesting applications at the 10s to 100s of logical qubits.

* Quantum simulation using DFT pipelines is an interesting alternative to the common approach
of mapping occupancy algebras to the spaces of qubit-based states.

* Potential applications include material science, condensed matter physics, and molecular
dynamics simulations.
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