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Data movement will dictate performance and power usage at
exascale
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Uneconomical floating types and excessive precision are
contributing to data movement

» |EEE assumes ‘“one exponent size fits all”
— Insufficient precision for some computations, e.g. catastrophic cancellation
— Insufficient dynamic range for others, e.g. under- or overflow in exponentials
— For these reasons, double precision is preferred in scientific computing

= Many bits of a double are contaminated by error
— Error from round-off, truncation, iteration, model, observation, ...
— Pushing error around and computing on it is wasteful

= To significantly reduce data movement, we must make every bit count!
— Next generation floating types must be re-designed from ground up
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POSITS [Gustafson 2017] are a new float
representation that improves on IEEE

THE ENDJJ2
| ERROR

Bit Length
Sign
Exponent
Fraction Map
Infinities
NaNs
Underflow
Overflow

Base

<IEEE

{16, 32, 64, 128}
sign-magnitude (-0 # +0)
fixed length (biased binary)
linear (¢p(x) =1+ x)
{-o0, +oo}
many (9 quadrillion)
gradual (subnormals)

1/ FLT_TRUE_MIN = oo (0Ops!)

{2,10}

Unum ( omputing 2

John L. Gustafson =

fixed length but arbitrary

two’s complement (-0 = +0)

variable length (Golomb-Rice)

linear (¢p(x) =1+ x)
+co (single point at infinity)
one
gradual (natural)
never (exception: 1/0 = )
22" € {2, 4,16, 256, ...}
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In terms of encoding scheme, IEEE and PosITs differ in one
important way

= Both represent real value as y = (-1)s 2¢ (1 + f)
= [Eee: fixed-length binary encoding of exponent

= POSITS: variable-length Golomb-Rice encoding of exponent

— Exponent, e, encoded as m trailing bits in binary (e mod 2™), 1 + |e / 2| leading bits in unary

— More fraction bits are available when exponent is small

e=D(1000x)=1+x e=D(10x)=x
e=D(1x)=1+x e=D(1001x)=129+x e=D(110x)=128+x
1-bit exponent “sign” e=D(1010x)=257+x e=D(1110x)=256+x
7-bit exponent magnitude x

e=D(1111x)=897+x e=D(111111110x) =896 + x
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Related work: Universal coding of positive integers [Elias 1975]

= Decomposeintegerz>1asz=2¢+r
— e 20is exponent
— r=zmod 2¢is e-bit residual

= Elias proposed three “prefix-free” variable-length codes for integers
— Elias y code is equivalent to PosIT(0) [Gustafson & Yonemoto 2017]
— Elias & code is equivalent to URR [Hamada 1983]

Exponent unary w (recursive)
Code(1) 0 0 0
Code(2¢ +r) 1°0r 1v(e) r 1 w(e)r

Code(17=24+1) 111100001 1110000001 1110 0 00 0001
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We extend Elias codes from positive integers to reals

= From z € N (positive integers) to y € R (reals)
— Rationals: 1< z<y<z+1encoded by appending fraction bits (as in IEEE, POSITS)
: 0 <y < 1encoded via two’s complement exponent (as in POSITS)
— Negatives: y < 0 encoded via two’s complement binary representation (as in POSITS)
— 2-bit prefix tells where we are on the real line (as in POSITS)

S e St e S S s o S o SR
10— [ ¥ 007" [ T ——
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PosITs, Elias recursively refine intervals (0, 1), (*1, +o)

Example: base-2 posits (aka. Elias y)

m sign bit

m exponent sign
m exponent value
m fraction value
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Beyond posITs and Elias: NUMREP templated framework

= NUMREP is @ modular C++ framework for defining number systems
— Exponent coding scheme (unary, binary, Golomb-Rice, gamma, omega, ...)

— Fraction map (linear, reciprocal, exponential, rational, quadratic, logarithmic, ...)
+ Conjugate fraction maps for sub- & superunitaries enable reciprocal closure

— Handling of under- & overflow
— Rounding rules (to nearest, toward {-eo, 0, +})

= NuUMREP unifies IEEE, POSITS, Elias, URR, LNS, ..., under a single schema
— Uses auxiliary arithmetic type to perform numerical computations (e.g. IEEE, MPFR)
— Uses operator overloading to mimic intrinsic floating types
— Supports 8, 16, 32, 64-bit types

Lindstrom et al., “Universal coding of the reals: Alternatives to IEEE floating point,” Conference for Next Generation Arithmetic, 2018

NumREP is a powerful but complex framework—Ilet’s take a simplified view
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Many useful NUMREPS are given by simple interpolation and
extrapolation rules (plus closure under negation)

o extrapolation on (frax, )
o interpolation on (fiiny fmax)
o reciprocation on (0, fmin)
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Extrapolation gives next f,,,., between previous f,., and to
when adding one more bit of precision

= Extrapolation rule: 1 < f..(P) < fmax(p + 1) < o

- S N
ope )] seauence [N
Unary 1+ frax(P) 1,2,3,4,5, - u \Z:g i;,\ QY
Elias y 2 x fra(p) 1,2, 4, 8,16, ... = \5 @
POSITS (base b) b x fua(p) 1, b, b2, b3, b, ... W
Elias & frax(P)? 1,2, 4,16, 256, ...
Elias w 2fmadP) 1,2, 4,16, 65536, ...

fmax(l) * 01

= Reciprocation rule: fin(p) =1/ fmax(p)
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Interpolation rule generates new number g(a, b) between two
finite positive numbersa<b

= For posITs, Elias {y, o, w}:

a+b _
sah =] —— ifb<2a
290ga,lgh)  gtherwise

= Examples
— g(2,4)=3 arithmetic mean
— g(4,16) = 28(24)=>3=-8 geometric mean
— g(16, 65536) = 286 10)= 2254V = 32 - 38 - 356 “hypergeometric’”’ mean (for w only)

= FOr LNS:

g(a,b) = Vab
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FLEX (FLexible EXponent): NUMREP on a shoestring

= Templated on generator that implements two rules
— Interpolation function, g(a, b)
— Extrapolation recurrence, a;,, = f(a;) = g(a;, )

= Rules + bisection implement encoding, decoding, rounding, fraction map
— Recursively bisect (oo, +0) using applicable interpolation or extrapolation rule
* g(-o, +0) =0
* g(0, xo0) = +1
— Exploit symmetry of negation, reciprocation
— Encode: bracket number and recursively test if less (0) or greater (1) than bisection point
— Decode: narrow interval toward lower (0) or upper (1) bound; return final lower bound
— Round: round number to lower bound if less than bisection point, otherwise to upper
— Map: given by interpolation rule

= NOTE: Not very performant, but great for experimentation & validation
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FLEX’s POSIT implementation is 8 lines of code

/| posit generator with m-bit exponent and base 2(2”m)
template <int m = 0, typename real = flex_real>
class Posit {
public:
real operator()(real x) const { return real(base) * x; }
real operator()(real x, real y) const { return real(2) * x >=y ? (x + y) [ real(2) : std::sqrt(x * y); }
protected:
static const int base = 1 << (1 << m);
I
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Elias delta and the Kessel Run:
What is the distance to Proxima Centauri?

1.3 parsecs

4.2 lightyears

4.0 x 10'® meters

2.4 x 105! Planck lengths

IEEE

ELIAS &

IEEE

ELIAS &

IEEE

ELIAS &

IEEE

ELIAS &

ISHESY ISHES)

ISISY

01111111

01001100111101100101011

10| 01001100111101100101010111000

[E—
2 bits

10000001

00001111011111101001000

11100| 00001111011111101001000100

I_|_l
5 bits

10110110

00011101001010100010101

1111111010111|/000111010010101001

13 I;its

11111111

00000000000000000000000

ISISY

11111111100101010|10101000110001

17 Bits

error = 1.2e-08

error = 4.8e-10

error = 5.6e-08

error = 9.0e-11

error = 1.5e-08

error = 1.2e-06

error = oo

error = 1.4e-05
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Variable-length exponents lead to tapered precision: 6-9 more
bits of precision than IEEE for numbers near one

float =--<binary(8) ---gamma posit(1) .- posit(2) delta ---omega
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Tapered precision (close-up): tension between precision and
dynamic range
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Elias delta and omega are asymptotically optimal universal
representations

= Universality property (posiTs, Elias {y, 8, w}, but not IEEE)

1. Each integer is represented by a prefix code

* No codeword is a prefix of any other codeword

+ Codeword length is self-describing—remaining available bits represent fraction
2. Integer representation has monotonic length

+ Largerintegers have longer codewords
3. Codeword length of integer y is O(Ig y)

* Codeword length is proportional to the number of significant bits

= Asymptotic optimality property (Elias {5, w})
— Relative cost of coding exponent (leading-one position) vanishes in the limit

‘ Lawrence Livermore National Laboratory N Séié‘g 18
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Elias delta and omega are asymptotically optimal: exponent
overhead approaches zero in the limit

==-binary(8) ---gamma posit(1) - posit(2) delta ---omega

35

3.0

2.5

relative coding cost

2.0

15
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Fraction maps dictate how fraction bits map to values

= So far we have assumed that fraction (significand), f € [0, 1), is mapped linearly

— y=(P2°(1+f)

— We may replace (1 + f) with transfer function ¢(f)

= Fraction map, ¢ :[0, 1) — [1, 2), maps fraction bits, f, to value, ¢(f)
— Subunitary map @ |y| <1
— Superunitary map @*:|y| = 1

__ map e | mots
Linear 1+f introduces implicit leading-one bit

Linear reciprocal 2/(2-1) conjugate with linear map = reciprocal closure
Exponential 2f LNs (logarithmic number system): y = 2€ 2f = 2&+f
Linear rational (+pH/(-q9f) p=v2—-1,9=01-p)/2
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Conjugate pair (¢, ¢*) guarantees reciprocal closure

= Conjugacy: @ (f)o*(1-f)=2 o=x<f<1
— Eg.2/-H)x(1+(1-1))=2

= N ContinUity: (P(n)(1) / (P(n)(o) =2 —linear — reciprocal —exponential ---rational
2.0
/.
s
-7
/‘: 7 “
Q - s
5 g
= / -~
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ot - 7
st
- -
—-—/; =T
1.0
0.0 0.5 1.0

fraction f
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We present extensive results that span a spectrum of simple
to increasingly complex numerical computations

= Arithmetic closure and relative error (vs. analytic solution) Z=x+Yy
— Addition and multiplication of 16-bit operands

Addition of long floating-point sequences (vs. analytic solution) S=),0a;
— Using naive and best-of-breed addition algorithms

Matrix inversion (vs. analytic solution) A=H1
— LU-based inversion of Hilbert and Vandermonde matrices

Symmetric matrix eigenvalues (vs. analytic solution) A= QAQ"
— QR-based dense eigenvalue solver

Euler2D PDE solver (vs. IEEE quad precision) ou+V-f(u)=0
— Complex physics involving interacting shock waves
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Closure rate (C) and mean relative error (E) for 16-bit addition
suggest posIT(0) (aka. Elias gamma) performs best

m negative error Onoerror @positiveerror @ infinite/NaN
LNS(5) binary(5) IEEE half 1 omega(2) omega(3)
£ M
C=0.01% E=1.53e-03 || C=8.74% E=1.57e-03 || C=8.79% E=2.08e-03 || C=40.35% E=1.70e-04 || C=47.30% @ E=1.64€-04
delta posit(0) posit(1) posit(2) posit(3)
C=41.88%  E=1.37e-04 || C=46.88% E=1.09e-04 || C=24.22% E=1.32e-04 || C=12.31% E=1.45e-04 || C=7.70% E=1.47e-04
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Optimal multiplicative closure of LNs does not imply superior
relative errors

m negative error

O no error

@ positive error

@ infinite/NaN

' LNS(5) " binary(s) ‘ IEEE half omega(2) omeFaG)
|
hﬁ.oo% E:z.z‘ C=0.23% E=9.03e-03 J| C=1.02% E=4.15e-02
delta posit(o) posit(1) posit(2) posit(3)
+ + + +
C=0.24% E=7.57e-03 || C=0.16% E=6.95e-04 | C=0.28% E=1.21e-03 || C=0.48% E=2.15e-03 || C=0.84% E=3.80e-03
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Simple summation algorithms benefit from tapered precision:
Sum of Gaussian PDF and its first derivative

1E-01

1E-02

1E-03

1E-04

1E-05

1E-06

absolute error

1E-07

1E-08

1E-09

sequential

M float [ posit(2) mdelta

increasing

insertion

cascade
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New types excel in 64-bit Hilbert matrix inversion (Eigen3)

ix inverse RMS error

matr

1E-04
1E-05
1E-06
1E-07
1E-08
1E-09
1E-10

1E-11
1E-12
1E-13
1E-14
1E-15
1E-16
1E417
1E-18

—|EEE

---gamma

posit(1) - posit(2)

5 6
matrix rows

delta

---omega

10
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Elias outperforms IEEE by O(103) in 64-bit eigenvalue accuracy

—I|EEE ---gamma posit(1) - posit(2) ---delta ---omega

1E-1

1E-12

1E-13

1E-14

1E-15

1E-16

1E-17

eigenvalue RMS error

1E-18

1E-19
4 16 64 256 1024

matrix rows
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Euler2D shock propagation illustrates benefits of new types

4e-3

3e3

2e-3

IEEE double Elias delta posit(2) IEEE float

1e-3

-1e-3
-2e-3

-3e3

4e3
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IEEE consistently is the least accurate floating-point
representation in numerical calculations (64-bit types)

——IEEE ==-<binary(11) -+--- LNS(11) ~=--gamma posit(1)
----- posit(2) = - posit(3) delta(o) ——delta(1) =---omega(3)

1E-11

1E-12

1E-13

1E-14

1E-15

1E-16 f

density RMS error

1E-17

1E-18

1E-19
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

time
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Nonlinear fraction maps sometimes improve accuracy
substantially (32-bit types)

——IEEE posit(1) — posreclin(1) =-=-poslinrec(1) ----- posexp(1)

1E-03

1E-04

1E-05

1E-06

density RMS error

1E-07

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
time
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Beyond IEEE and posit representations of R:
Compressed representations of R"

function value

= Many numerical computations involve continuous fields
— E.g. partial differential equations over R?, R3

— Nearby scalars on Cartesian grids have similar values
* In statistical speak, fields exhibit autocorrelation
» Such redundancy is not exploited by any of the representations discussed so far

100%

Oentropy O uncompressed

90%
80%
70%
60%

50%

storage

30%

64 128 192 256 320 384 0 8 16 24 32 40
grid point precision

48

56

64
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(64-bit) floating-point data does not compress well losslessly

~
(o]
]

=
(oo}
1

=
o)}
1

0.8 -

compression ratio (uncomp./comp. size)
5
'

fpzip BLOSC FPC gzip szip SPDP bzip2
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Lossy compression enables greater reduction, but is often met
with skepticism by scientists

= Large improvements in compression are

possible by allowing even small errors

— Simulation often computes on meaningless bits
* Round-off, truncation, iteration, model errors abound
+ Last few floating-point bits are effectively random noise

0.27 bits/value
240x compression

= Still, lossy compression often makes scientists nervous

— Even though lossy data reduction is ubiquitous
« Decimation in space and/or time (e.g. store every 100 time steps)
* Averaging (hourly vs. daily vs. monthly averages)
* Truncation to single precision (e.g. for history files)

— State-of-the-art compressors support error tolerances
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Can lossy-compressed in-memory storage of numerical

simulation state be tolerated?

/ Ideal implementation \

v W

Update nodes Update elements

‘P Decompress
block
Update
elements Element
Y/ kernel(s
Compute time Compress

— | v

K Simulation Outer Loop /

o

ur Approach
[

~

[

Decompress
all state

J

Update nodes

-

Update
elements

W

Compute time
constraints

Corr!ress
K / all state /

7
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Using lossy FpzIP to store simulation state compressed, we
have shown that 4x lossy compression can be tolerated

7 16 bits/value : 20 bits/value _ uncompressed

Lagrangian shock hydrodynamics

* Qol: radial shock position

* 25 state variables compressed over 2,100 time steps
* At 4x compression, relative error < 0.06%

Laser-plasma multi-physics
* Qol: backscattered laser energy
* At 4x compression, relative error < 0.1%

High-order Eulerian hydrodynamics
* Qol: Rayleigh-Taylor mixing layer thickness
* 10,000 time steps

* At 4x compression, relative error < 0.2%

Lossy compression of state is viable, but streaming compression increases data movement—need inline compression
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ZFP is an inline compressor for floating-point arrays

= Inspired by ideas from h/w texture compression

— d-dimensional array divided into blocks of 49 values '

— Each block is independently (de)compressed
* e.g. to a user-specified number of bits or quality

— Fixed-size blocks = random read/write access
— (De)compression is done inline, on demand
— Write-back cache of uncompressed blocks limits data loss

= Compressed arrays via C++ operator overloading

— (Can be dropped into existing code by changing type declarations
— double a[n] < std::vector<double> a(n) < zfp::array<double> a(n, precision)

Lindstrom, “Fixed-rate compressed floating-point arrays,” IEEE Transactions on Visualization and Computer Graphics, 2014
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ZFP’s C++ compressed arrays can replace STL vectors and C
arrays with minimal code changes

/| example using STL vectors /| example using zFP arrays
std::vector<double> u(nx * ny, 0.0); zfp::array2<double> u(nx, ny, bits_per_value);
u[xo + nx*yo] = 1; u(xo, yo) = 1;
for (double t = 0; t < tfinal; t += dt) { for (double t = 0; t < tfinal; t += dt) {
std::vector<double> du(nx * ny, 0.0); zfp::array2<double> du(nx, ny, bits_per_value);
for(inty=1;y<ny-1;y++) for (inty=1;y<ny-1;y++)
for (int x = 1; x < nx - 1; x++) { for (int x = 1; x < nx - 1; x++) {
double uxx = (u[(x-1)+nx*y] - 2*¥u[x+nx*y] + u[(x+1)+nx*y]) / dxx; double uxx = (u(x-1, y) - 2*u(x, y) + u(x+1, y)) / dxx;
double uyy = (u[x+nx*(y-1)] - 2*u[x+nx*y] + u[x+nx*(y+1)]) / dyy; double uyy = (u(x, y-1) - 2*u(x, y) + u(x, y+1)) / dyy;
du[x + nx*y] = k * dt * (uxx + uyy); du(x, y) = k * dt * (uxx + uyy);
} }
for (inti=o0; i< u.size(); i++) for (inti=0; i< u.size(); i++)
ufi] += du[i]; uli] += du[i];
} }

W required changes
m optional changes for improved readability
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ZFP arrays limit data loss via a small write-back cache

virtual array compressed blocks

. . software cache
 —
= =

dirty block
bt inclox uncompressed blocks

application
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The zFp compressor is comprised of three distinct components

= Encode one bit plane at a time

= Align values in a 49 block to a from MSB using group testing

common largest exponent
= Each bit increases quality—can

= Transmit exponent verbatim truncate stream anywhere

Embedded

Raw floating-
/. coding

point array

Block floating-
/ point transform

/[

Orthogonal
block transform

Compressed
/" bit stream

g -

= Lifted, separable transform using
integer adds and shifts

= Similar to but faster and more
effective than JPEG DCT
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6-bit zrp gives one more digit of accuracy than 32-bit IEEE in
2nd) 3rd derivative computations (Laplacian and highlight lines)

o

IEEE half A ERMENERR posit(16, 1) IEEE float
16.00 bits/value I s ok S 16.00 bits/value 32.00 bits/value
8.1dB 19.6 d8 86.3dB

IEEE float (32 bits)

uncompressed (f)
64.00 bits/value >

IEee double (64 bits)

zrp (6 bits)
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ZFP improves accuracy in finite difference computations using
less precision than IEEE

IF-
1E+00 i - 'Lcthalf
1E-01 e
1E-02 e S
N4
1E-03 — //
""""" . IEER L,
1E-04 S EE floag 7
» 1E-05 N T - —
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- 7701 — r
v —t
~ 1E-07 =
| /-/ e - /
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ZFP variable-rate arrays adapt storage spatially and allocate
bits to regions where they are most needed
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ZFp adaptive arrays improve accuracy in PDE solution over IEEE
by 6 orders of magnitude using less storage
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ZFp adaptive arrays improve accuracy in PDE solution over IEEE
by 6 orders of magnitude using less storage
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Conclusions: Novel scalar representations are driving research
into new vector/matrix/tensor representations

= Emerging alternatives to IEEE floats show promising improvements in accuracy
— Tapered precision allows for better balance between range and precision
— New types have many desirable properties

+ No IEEE warts: subnormals, excess of NaNs, signed zeros, overflow, exponent size dichotomy, ...
* Features: nesting, monotonicity, reciprocal closure, universality, asymptotic optimality, ...

= NUMREP framework allows for experimentation with new number types in apps

— Modular design supports plug-and-play of independent concepts
— Nonlinear maps are expensive but worth investigating

— POSITS are often among the best performing types; IEEE among the worst

= NextGen scalar representations still leave considerable room for improvement
— zFp fixed-rate compressed arrays consistently outperform IEEE and POSITS
— zFP variable-rate arrays optimize bit distribution and and make very bit count
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ZFP is available as open source on GitHub:
https://github.com/LLNL/zfp

LLNL / 2fp
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Library for compressed numerical arrays that support high thioughput read and write random access
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INTRODUCTION
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ccoss. 210 3l50 SEDorts seaming comoression of integer and floating-point data, €.g., 10r appications that read and
write large data sets % and from disk

4p was developed at Lawrence Livermore National Laboratory and is loosely based on the aigarithm described in the
folowing paper.
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ZFP provides >100x compression with imperceptible loss in

visual quality
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ZFP provides >100x compression with imperceptible loss in
visual quality
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ZFP provides >100x compression with imperceptible loss in
visual quality
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zFP shows no artifacts in derivative computations

(velocity divergence)
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zFP shows no artifacts in derivative computations
(velocity divergence)
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zFP shows no artifacts in derivative computations

(velocity divergence)
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Parallel zrp achieves up to 150 GB/s throughput

zrP CUDA compression speed on NVIDIA V100
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