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*Simulation credit: Leopold Grinberg (IBM)
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O(10°) lines of code, ~20 PhD theses (1990-2010)
32k supercomputer nodes (IBM BG/P, 128k processors)

Finalist for the Gordon-Bell prize in supercomputing (201 |, only US entry)

Simulation of one cardiac cycle took ~24hr
4 MWV at $0.10/kWh is $400 an hour or about $3.5 million per year.



*Simulation credit: Leopold Grinberg (IBM)
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Impressive computation, but still an approximation to the true underlying physics
Validity of results relies on accurate model calibration
Many sources of uncertainty: geometry, |IC/BCs, rheology, material properties, etc.

O(10 — 10%) parameters to be calibrated using clinical data



*Simulation credit: Leopold Grinberg (IBM)
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INCITER,

0* = arg m@inﬁ(@), L(0) = |mg(x) — t|]
0 : Model parameters * High dimensional optimization
Z . Model inputs * Expensive, black-box loss function

t : Target quantities of interest * No gradients available



*Simulation credit: Leopold Grinberg (IBM)
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Big data vs small data == Dimensionality vs # of observations



*Simulation credit: Leopold Grinberg (IBM)
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Can we solve this problem using surrogate models that are cheaper to compute!?



Optimization of expensive black-box functions
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Where is the minimum of £(6)?
Where should we take our next evaluation?

How can we distill useful information from simplified models to accelerate this process!?



Data-driven modeling with Gaussian processes

Priors over functions: M /\

f~GP(u(x), K(x,x';0)) N\ >

Q)

Samples from a GP prior

Marginalization:
p(fa,fB) ~ N(pu,K). Then:

p(fa) = / p(fa,fp)dfp = N (4, Kaa)

fp

Neural
networks

Dual
functions

Infinite
limit

Kernel
machines

Gaussian
processes /<

Posterior is also Gaussian:

Bayesian
p(fa,fg) ~ N(u,K). Then: inference

p(falfp) = N(pa + KapKgp(fs — pp), Kaa — KapK55Kpa)

Rasmussen, C.E. and Williams C. Gaussian processes for machine learning (2006)



Data-driven modeling with Gaussian processes

y=flz)+e f ~GP(0,k(x,z'; )

Prior_ Posterior
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Training via maximizing the marginal likelihood

1 1 N
logp(y|X,0) = 5 log | K + 21| — §yT(K + oIty — Bl log 27

Prediction via conditioning on available data

p(fly, X, ) = N (filpis, 02),
b () = kun (K + 021) 1y,
02 (Ts) = ks — kun (K + 021) " ks,

Demo code: https://github.com/Predictivelntelligencelab/GPTutorial



https://github.com/PredictiveIntelligenceLab/GPTutorial

Samples from GPs with different K(x,z’)

http://mlss2011.comp.nus.edu.sq/uploads/Site/lectlgp.pdf



http://mlss2011.comp.nus.edu.sg/uploads/Site/lect1gp.pdf

Prediction using GPs with different K(z, ')

A sample from the prior for each covariance function:

3

fx)

50
X

50
X

5
X

Corresponding predictions, mean with two standard deviations:

1 ! ! ! 1 !
°
0.8 e
°
L o 4
05 0.6f
[ ]
°
0.4f é
° °
or hd |
° 02f
°
or '@
0.5
2

http://mlss2011.comp.nus.edu.sg/uploads/Site/lectlgp.pdf


http://mlss2011.comp.nus.edu.sg/uploads/Site/lect1gp.pdf

increasing fidelity

A

Multi-fidelity modeling

[ Model s ]—) Ys(x; &) [ Information source s ]
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Prediction of Z;(x) = E[f(Yi(x;&))] is a
problem of statistical inference
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increasing fidelity

A

Multi-fidelity modeling
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increasing fidelity

A

Multi-fidelity modeling
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increasing fidelity

A

Multi-fidelity modeling
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} Multi-fidelity modeling

Multi-fidelity observations:
yr, = fro(xr) +€r

yg = fu(xg) +€en

Probabilistic model:
fu(z) = pfr(z) +i(x)
fo(x) ~GP(0,kr(x,x';01))
6(x) ~ GP(0,ky(x,x';0q))
er, ~ N(O, O'€2LI)
eg ~ N(0, O'?HI)

y — I YL ] NN([ 0 ] [ kL(ZBL,ZBL,HL)—FO' I pkL(ZBL,ZIZ}{;eL) ])
Yo 0 |’

pkr(xm,x};0r) PPkr(xm, @y, 00) + ku(xw, 'y 0n) + 02, 1

1 1 N N
X = ;ﬁl] —logp(y|X, 01, 0, p0c, 00,) = 5 log | K| + Sy Ky — LT Jog o
Prediction: p(f(x")y, X, %) ~ N(f(x")|u(x), 0% ("))
pa®) =k(z", X)K 'y
o(x*) = k(z*, %) — k(z*, X) K 'k(X,z")

M.C Kennedy, and A. O'Hagan. Predicting the output from a complex computer code when fast approximations are available, 2000

Demo code: https://github.com/Predictivelntelligencelab/GPTutorial



https://github.com/PredictiveIntelligenceLab/GPTutorial

Multi-fidelity Bayesian optimization

Iteration: 1
8 training points
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Sample at the locations that minimize the lower super-quintile risk confidence bound of the posterior:

(I)_l
Lpt1 = arg ;Iégb () — d 1 S))a(w)




Multi-fidelity Bayesian optimization

lteration: 2
9 training points
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Sample at the locations that minimize the lower super-quintile risk confidence bound of the posterior:
, o
Tn1 = arg min pu(x) — G ))a(az)

xcRd 1 —«



Multi-fidelity Bayesian optimization

Iteration: 3
10 training points
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Multi-fidelity Bayesian optimization

lteration: 4
11 training points
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Sample at the locations that minimize the lower super-quintile risk confidence bound of the posterior:

(I)_l
Lpt1 = arg ;Iégb () — d 1 S))a(w)




Multi-fidelity Bayesian optimization

lteration: o
12 training points

%
o
Q 1
8
S 0.
2l L 1 I 1 L | 1 | L |
1 | 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
x

Sample at the locations that minimize the lower super-quintile risk confidence bound of the posterior:

(I)_l
Lpt1 = arg ;Iégb () — d 1 S))a(w)




Multi-fidelity Bayesian optimization

Iteration: 6
13 training points
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Sample at the locations that minimize the lower super-quintile risk confidence bound of the posterior:

(I)_l
Lpt1 = arg ;Iégb () — d 1 S))a(w)




Multi-fidelity Bayesian optimization

lteration: ¢
14 training points
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Sample at the locations that minimize the lower super-quintile risk confidence bound of the posterior:

(I)_l
Lpt1 = arg ;Iégb () — d 1 S))a(w)




Multi-fidelity Bayesian optimization

lteration: ¢
14 training points
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Example application: Calibration of blood flow simulations

Goal: Calibrate the outflow boundary condition parameters to match a target inlet systolic pressure.

Rheology/ 0.4
constitutive laws!?

Outflow boundary
conditions?

Elastic
moduli? Geometry?
AN
z/\ Decreased the relative error to le-3 after 3
Models (e.g. 3D vs ID, iterations of BO, mainly sampling the lowest
continuum vs atomistic, etc.) ﬁde|ity (cheapest) solver.

~

~
Multi-fidelity approach:
|.) 3D Navier-Stokes (spectral/hp elements, rigid artery) - high fidelity O(hrs)

2.) Non-linear ID-FSI (DG, compliant artery) - intermediate fidelity O(mins)
3.) Linearized | D-FSI solver around an inaccurate reference state - low fidelity O(s)J

—

P. Perdikaris, and G.E Karniadakis. "Model inversion via multi-fidelity Bayesian optimization." J. R. Soc. Interface (2016)




Taking the human out of the loop: =
Multi-fidelity Bayesian optimization g
of super-cavitating hydrofoils
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Ro.s5(Ic(x;€)) >8.1-107°
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-

Ro.5(Tp(x;€)) > 0.00132

35 design variables )
B-MF: 735 LF + 120 HF runs

GA-LF: ~50,000 LF runs
L V,

Bonfiglio, L., Perdikaris, P, Brizzolara, S., & Karniadakis, G. E. (2018). Multi-fidelity optimization of super-cavitating hydrofoils. Computer Methods

in Applied Mechanics and Engineering.



Physics-informed priors

Lxu() =f(0)

u(x) ~GP00,g(x,x50)) ——  f(x) ~GP(0,k(x,x';0))
k(x,X':0) = LxLvg(x,X;0)

- ),
: 2 2 1 [ N :
—logp(ylcb,@,anu,anf):5log|K| 59 K Yk S log 27,
where y = ;:” } p(y|qb,9,0nzu,(7nzf) =N (0, K), and K is given by
e
K — kuu(xu,xu§9)‘|‘o'nzulnu ka(XU7Xf;97¢)
- -k Xp Xus0,0) kyp(Xp, Xp56,¢) + 05 In | )

Raissi, M., Perdikaris, P, & Karniadakis, G. E. (2017). Inferring solutions of differential equations using noisy multi-fidelity data. Journal of Computational
Physics, 335, 736-746.



Adaptive refinement via active learning

Iteratbon 0, Number of training points: 4
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* denotes the training data actively collected by the scheme. 0 20 40 60 80
* denotes the next sampling point suggested by the active learning scheme. n

Raissi, M., Perdikaris, P, & Karniadakis, G. E. (2017). Inferring solutions of differential equations using noisy multi-fidelity data. Journal of Computational
Physics, 335, 736-746.



Extension to non-linear equations

Example: 1D viscous Burgers —> The equation, along with the choice of a time-stepping scheme

define a GP prior!

Ou + u@ = V@ rc[-1,1], tec][0,1] du™1(z) d>u" ()

ot or o2’ D Ak + Lou" T (2) = u"THz) + At u" () o — At v T = u"(x)
u(0,2) = u’(z)

w(t,0) =u(t,1) =0. v =m/100 e.g., Backward Euler time-stepping

Time: 0.00

24 training points
15—

o Remarks:
- Despite starting from a stationary prior:
Wt (g) ~ GP(0, KT (1) 2 6))
the structure of the of the kernel:
Kz, 2’ 0) = Lo Lo kT (2, 21 0)
can generate discontinuous solutions!

« This is a general approach applicable to any
nonlinear equation and any time-stepping
scheme.

* We only need to derive the kernel K™ (x, z': 0)

u(0, )

* Under this setup, fully implicit time-stepping
schemes have the same complexity as their
explicit counterparts. Hence, one can obtain highly
accurate and stable schemes at no extra cost.

psl AT e ]
-1

“r <1

Raissi, M., Perdikaris, P, & Karniadakis, G. E. (2018). Numerical Gaussian Processes for Time-Dependent and Nonlinear Partial Differential
Equations. SIAM Journal on Scientific Computing, 40(1),A172-A198.



Discovery of “hidden physics”
e+ Nyh=0,xeQ, te[0,T])

a )
Temporal discretization:h™ + At./\/xkh” —h" 1 K'(x) ~GP(0,k(x, X, 0))
L Je.1 kn,n—l
|:hn—1 :| ~ gP (O’ |:kn—1,n kn—l,n—1 ])
k"M (x, X' 0), KW (x, x: 0, ), K" =k, KW = £k,
 —
kn—l,n(x, X/; 9, )\), kn—l,n—l(X, X/; 9, )»)‘ kn—l,n _ E;‘k, kn—l,n—l _ ﬁ;‘ﬁf}k
\_ W,
C N N A
—logp(h|0,\,0%) = ih K "h+ 5 log | K| + 5 log(2m),
hn
where h = [h"‘1 } p(hl|@, ,0%) =N (0, K), and K is given by
kn,n(xn, xn) kn,n—l (xn, xn—l) ,
. K = |:kn—1,n(xn—1 , X”) Jen—1,n—1 (xn—1 , xn—l) + ol }

Raissi, M., & Karniadakis, G. E. (2018). Hidden physics models: Machine learning of nonlinear partial differential equations. Journal of Computational
Physics, 357, 125-141.



Discovery of “hidden physics”

Example: Kuramoto-Sivashinsky equation: ~ Uy + AqUUx + ApUxx + A3Uxxxx =0

u(t, x)
80 e | — 2
'H___W\—__—_
3 L  —— e — 0
40 e —————— e —— | — J— —
20 "__-‘-————_—-—_3% =2
—— ——— ——————
0 10 20 30 40 50 60 70 80 90 100
t
ti= 81,20 t = 81.60
301 training data 299 training data
27 \ 4 _ ¥
8 \ ¥ 4 & % | P v
< 0 (¢ & 3T
¢ 3 2 UKD z: % : '}
3 j . “.:* ; : P ‘ ! : E: A3 ~f.
_2 " I ‘ . l I} I 2 I : l ‘_" I I :
20 40 60 80 100 60 80 100
44 z
Correct PDE Up + Uy + Upy + Ugpge = 0

Identified PDE (clean data) | u; 4+ 0.952uu, + 1.005u,; + 0.980uyz0, = 0
Identified PDE (1% noise) | w; + 0.908uu, + 0.951u,, + 0.927u, 00, = 0

Kuramoto-Sivashinsky equation: Resulting statistics for the learned parameter values.

Clean data 1% noise 5% noise

MM Ao A3 MM A2 A3 MM A2 A3
First quartile 0.9603 0.9829 0.9711 0.7871 0.8095 0.5891 —0.0768 0.0834 —0.0887
Median 0.9885 1.0157 0.9970 0.8746 09124 0.8798 0.4758 0.5539 0.4086
Third quartile 1.0187 1.0550 1.0314 0.9565 0.9948 0.9553 0.6991 0.7644 0.7009

Raissi, M., & Karniadakis, G. E. (2018). Hidden physics models: Machine learning of nonlinear partial differential equations. Journal of Computational
Physics, 357, 125-141.



Physics-informed neural networks
u(t, x) f=u+ Nu; A

...some old ideas revisited with modern computational tools:

» Psichogios, D. C., & Ungar, L. H. (1992).A hybrid neural network—first principles approach to process modeling.
AIChE Journal, 38(10), 1499-1511.

* Lagaris, I. E., Likas,A., & Fotiadis, D. I. (1997). Artificial neural networks for solving ordinary and partial differential
equations. arXiv preprint physics/9705023.



Physics-informed neural networks
u(t, x) f=u+ Nu; A

Automatic differentiation

Yy =7
dy N
... PYTOHRCH
y = D(c)



Data-driven solution of PDEs
[ ug + Nu; A =0, x € Q, t € [O,T]]

We define f(t¢,x) to be given by the left-hand-side of equation (1); i.e.,
f=w+ Nlu; A, (2)

and proceed by approximating u(t,z) by a deep neural network. This as-
sumption along with equation (2) result in a physics informed neural network
f(t,x). This network can be derived by applying the chain rule for differ-
entiating compositions of functions using automatic differentiation [11]. It
is worth highlighting that the parameters of the differential operator A turn
into parameters of the physics informed neural network f(t,x).

_ y
f MSE = MSE, + MSE;, h
1 N
MSE, = ; u(ty, z,) — 'l
1 N
_ () 7\ |2
N i=1 y

Raissi, M., Perdikaris, P, & Karniadakis, G. E. (2017). Physics Informed Deep Learning (Part |): Data-driven Solutions of Nonlinear Partial Differential
Equations. arXiv preprint arXiv



Physics-informed neural networks
Example: Burgers’ equation in 1D

uy + uu, — (0.01/m)ug, =0, z€|—1,1], te€|0,1], (3)
u(0, x) = —sin(mx),
u(t,—1) =u(t,1) = 0.

Let us define f(¢,x) to be given by

f = us + uuy — (0.01/7) Uy,

def u(t, x):
u = neural_net(tf.concat([t,x],1), weights, biases)
return u

Correspondingly, the physics informed neural network f(t,x) takes the form

def f(t, x):
u = u(t, x)
u_t = tf.gradients(u, t)[0]
u_x = tf.gradients(u, x)[0]
u_xx = tf.gradients(u_x, x) [0]
f =u_t + uwku_x - (0.01/tf.pi)*u_xx
return f

Raissi, M., Perdikaris, P, & Karniadakis, G. E. (2017). Physics Informed Deep Learning (Part |): Data-driven Solutions of Nonlinear Partial Differential
Equations. arXiv preprint arXiv



Physics-informed neural networks

u(t, )
1.0 HEE
0.75
0.5 0.50
0.25
8 0.0 0.00
—0.25
—0.5 —0.50
—0.75
—1.0
t
t=0.25 t =0.50 t=0.75
1 1 4 1
0 0 0
i 0 \..i 0 - i 0
S S S
—1 1 —1 4 —1 1
| | | | | | | | |
—1 0 1 —1 0 1 —1 0 1
X T X
— Exact == = Prediction

Figure 1: Burgers’ equation: Top: Predicted solution u(t,z) along with the initial and
boundary training data. In addition we are using 10,000 collocation points generated using
a Latin Hypercube Sampling strategy. Bottom: Comparison of the predicted and exact
solutions corresponding to the three temporal snapshots depicted by the white vertical
lines in the top panel. The relative £ error for this case is 6.7-10~*. Model training took
approximately 60 seconds on a single NVIDIA Titan X GPU card.

Data I Models

Raissi, M., Perdikaris, P, & Karniadakis, G. E. (2017). Physics Informed Deep Learning (Part |): Data-driven Solutions of Nonlinear Partial Differential
Equations. arXiv preprint arXiv



Physics-informed neural networks

Vorticity
3
2
5 —
1
-1
-5 - _9
Ll 1 1 Ll 1 1 1 _3
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Predicted pressure

= 0

-2

Exact pressure
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1:3 1 —0.1
159 > 0 ’ —0.2
1.1 2 -0.3
1.0 o iy —0.4
0.9 —o —0.5
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Correct PDE

w + (uug + vuy) = —pz + 0.01(ugy + Uyy)
Vg + (wvz +vvy) = —py + 0.01(vgz + vyy)

Identified PDE (clean data)

ve + 0.999(uv, + vvy) = —py + 0.01047 (v + vyy)

Identified PDE (1% noise)

I

ut + 0.999(uug + vuy) = —pg + 0.01047 (ugy + Uyy)
)

wy + 0.998(uuy + vuy,

—Pe + 0.01057 (ugy + wyy)

)
vg + 0.998(uvy + vvy) = —py + 0.01057(vze + vyy)

Models

Raissi, M., Perdikaris, P, & Karniadakis, G. E. (201 7). Physics Informed Deep Learning (Part Il): Data-driven Discovery of Nonlinear Partial Differential

Equations. arXiv preprint



Learning constitutive relationships

Non-linear diffusion: V. [K(u)Vu(x)| =0, (z1,22) € (0,L1) x (0, Ls)

subject to the boundary conditions
Goal: Infer k(u) from

U, z, = L,;,  scattered noisy
measurements of u(x).

r1 — 0
L2 = {07 LQ}
= 0.35
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Probabilistic representations

Gaussian processes
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Capabilties:
Elegant mathematical formulation and exact inference

* Flexible encoding of (linear) constraints

* Robust in small data regimes
Built-in uncertainty quantification that enables effective
policies for data acquisition/experimental design

Limitations:
Limited expressivity
» Scalability to large data-sets
- Scalability to high-dimensions
Robustness with respect to prior assumptions

Bayesian neural networks

Capabilties:

- Highly flexible representations

» Scalable to high-dimensional data

» Scalable to large data sets

* Flexible encoding of (algebraic & differential) constraints

Limitations:

- Complex high-dimensional posteriors and
intractable inference

- Robustness of uncertainty estimates
Robustness in small data regimes

* Interpretability



Probabilistic latent variable models

z ~ p(z) z,y ~ q(z,y) = q(y|lz)q(x)

> R 8

Latent space <1 Physical space T
y=fo(z,2), z~p(z) & y~poylz,z)

LA

y = fo(z) +e, e~ N(0,0%)



Density ratio estimation by probabilistic classification

KL[p(x)||q(x)] := / log %p(w)dw = Fo@) {log %

Estimating density ratios is a challenging task:

* Each part of the ratio may itself involve intractable integrals

* We often deal with high-dimensional quantities.

* We may only have samples drawn from the two distributions, not their analytical forms.

4 a0 } o(x) (z)

This is where the density ratio trick enters: ann

it allows us to construct a binary classifier

that distinguishes between samples from the /\ N
=

two distributions. ,

The density ratio gives the correction factor
(.CI:‘) 'z x\y = —|—1) needed to make two distributions equal.




Joint distribution matching

Reverse KL: KL [pg(x,y)||q(x,y)] = — Hpg(x,y)] — Epy () logq(x,y)]

:_HPH(way)
.t
- — / log q(x, y)pe(x, y)dzdy
— po(zy) _, Spg S
a(zy) \ - / log q(x, y)pe(x, y)dxdy
| SpyNSE

S,, CS, Spy NS, =10

fo(x, z)—> generator
Ty (x,y) —» discriminator

q(x,y) : Observed data distribution 46 (2|T,y) —> encoder

Do (w, y) . Generated data distribution

min —E, ) [log(Ty (@, f5(@, 2)))] = Eq(a.y) log(1 = Ty (a, )]

I&i(anp(z)[Tw(w’ f@(wa Z))] =+ (1 — A)Ep(z)[log qu(Z‘a?, f@(a’), Z))]

Adversarial objective
Li, C., Li, J.,Wang, G., & Carin, L. (2018). Learning to Sample with Adversarially Learned Likelihood-Ratio.



Uncertainty propagation in physical systems

Inputs
(random)
p(ulx,t, z)
L, t — Outputs

Inputs
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Adversarial UQ in physics-informed neural networks

Model: plulx,t,z), z~p(z), st u+Nyu=0
Training: mgx Lp (¢)
Igi(bﬂ Lg(0,9) + BLppE(D)

Lp(¥) = Eq,typ(z)log o (Ty(, L, fo(2,t,2)))] + Eq(a.t,u) [log(1 — o (Ty (2,1, u)))]

£9(97 qb) — Eq(w,t)p(Z)[Tw(mata fQ(mata z)) T (1 _ >‘) log(qQﬁ(Z’wata f@(w,t, Z)))]
1

_ 2
Lppr(0) N, ;[Te(wi, t;) — 74
Prediction: | N.
o (x*, 1) = By, [u]z*, t*, 2] ~ N ng(w*,t*,zi),
5 =1
N

1
o (", 1) = Vary, [ula”, 1", 2] = <= 3 [fol@", 17, 2) — pal@”, 1))
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Adversarial UQ in physics-informed neural networks

Noise-free data
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Adversarial UQ in physics-informed neural networks

u= fo(x,t,2),z ~ p(2z) 1.0

. 0.5
Burgers equation:

up + utty — (0.01/m)uge =0, = 77
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We develop application-driven computational .,
tools for modeling, analyzing, and optimizing

complex systems using;

* First mathematical principles
* Machine learning

* High-performance computing
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z,y ~ q(z,y) = q(ylr)q(z)
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Uncertainty quantification in drug-induced arrhythmias

likelihood prior

(u|z, 2) p(z|z)
plu|x, z)p(z|x
p(zlu, @) =

—_— p(u|z)
posterior N

marginal likelihood

Data-driven discovery using physics-informed deep learning

Deep learning for personalized risk assessment in health and disease

Data Models



Questions?

Funding: Collaborators:

Yibo Yang (UPenn)
Alex Tartakovsky (PNNL)
George Karniadakis (Brown)

Maziar Raissi (Brown)
Luca Bonfiglio (MIT)

SR, U.S. DEPARTMENT OF

J %
< %
Z) 57
=\ N
// ~.\\
O <
ZATES OF

& Penn

UNIVERSITY 0f PENNSYLVANIA Email: pg p@SeaS " Upenn " Edu


mailto:pgp@seas.upenn.edu

