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HLRA for Kernel Methods

Support Vector Machines

yi = �1
<latexit sha1_base64="rnzB3jyOamGjXShnZ+MN0+vGJW4=">AAACAHicdVDLSsNAFL3xWeur6tLNYBHcWBIRbBdC0Y3LCvYBbSiTyaQdO5mEmYkQSjd+gVv9Anfi1j/xA/wPJ22EVvTAhcM593LvPV7MmdK2/WktLa+srq0XNoqbW9s7u6W9/ZaKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vdF15rcfqFQsEnc6jakb4oFgASNYG6mV9tnlqdMvle2KPQWaI7Va1anWkJMrZcjR6Je+en5EkpAKTThWquvYsXbHWGpGOJ0Ue4miMSYjPKBdQwUOqXLH02sn6NgoPgoiaUpoNFXnJ8Y4VCoNPdMZYj1Uv71M/MvrJjqoumMm4kRTQWaLgoQjHaHsdeQzSYnmqSGYSGZuRWSIJSbaBLSwxVfZaROTy8/z6H/SOqs4ht+el+tXeUIFOIQjOAEHLqAON9CAJhC4hyd4hhfr0Xq13qz3WeuSlc8cwAKsj2+y/pcr</latexit><latexit sha1_base64="rnzB3jyOamGjXShnZ+MN0+vGJW4=">AAACAHicdVDLSsNAFL3xWeur6tLNYBHcWBIRbBdC0Y3LCvYBbSiTyaQdO5mEmYkQSjd+gVv9Anfi1j/xA/wPJ22EVvTAhcM593LvPV7MmdK2/WktLa+srq0XNoqbW9s7u6W9/ZaKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vdF15rcfqFQsEnc6jakb4oFgASNYG6mV9tnlqdMvle2KPQWaI7Va1anWkJMrZcjR6Je+en5EkpAKTThWquvYsXbHWGpGOJ0Ue4miMSYjPKBdQwUOqXLH02sn6NgoPgoiaUpoNFXnJ8Y4VCoNPdMZYj1Uv71M/MvrJjqoumMm4kRTQWaLgoQjHaHsdeQzSYnmqSGYSGZuRWSIJSbaBLSwxVfZaROTy8/z6H/SOqs4ht+el+tXeUIFOIQjOAEHLqAON9CAJhC4hyd4hhfr0Xq13qz3WeuSlc8cwAKsj2+y/pcr</latexit><latexit sha1_base64="rnzB3jyOamGjXShnZ+MN0+vGJW4=">AAACAHicdVDLSsNAFL3xWeur6tLNYBHcWBIRbBdC0Y3LCvYBbSiTyaQdO5mEmYkQSjd+gVv9Anfi1j/xA/wPJ22EVvTAhcM593LvPV7MmdK2/WktLa+srq0XNoqbW9s7u6W9/ZaKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vdF15rcfqFQsEnc6jakb4oFgASNYG6mV9tnlqdMvle2KPQWaI7Va1anWkJMrZcjR6Je+en5EkpAKTThWquvYsXbHWGpGOJ0Ue4miMSYjPKBdQwUOqXLH02sn6NgoPgoiaUpoNFXnJ8Y4VCoNPdMZYj1Uv71M/MvrJjqoumMm4kRTQWaLgoQjHaHsdeQzSYnmqSGYSGZuRWSIJSbaBLSwxVfZaROTy8/z6H/SOqs4ht+el+tXeUIFOIQjOAEHLqAON9CAJhC4hyd4hhfr0Xq13qz3WeuSlc8cwAKsj2+y/pcr</latexit><latexit sha1_base64="rnzB3jyOamGjXShnZ+MN0+vGJW4=">AAACAHicdVDLSsNAFL3xWeur6tLNYBHcWBIRbBdC0Y3LCvYBbSiTyaQdO5mEmYkQSjd+gVv9Anfi1j/xA/wPJ22EVvTAhcM593LvPV7MmdK2/WktLa+srq0XNoqbW9s7u6W9/ZaKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vdF15rcfqFQsEnc6jakb4oFgASNYG6mV9tnlqdMvle2KPQWaI7Va1anWkJMrZcjR6Je+en5EkpAKTThWquvYsXbHWGpGOJ0Ue4miMSYjPKBdQwUOqXLH02sn6NgoPgoiaUpoNFXnJ8Y4VCoNPdMZYj1Uv71M/MvrJjqoumMm4kRTQWaLgoQjHaHsdeQzSYnmqSGYSGZuRWSIJSbaBLSwxVfZaROTy8/z6H/SOqs4ht+el+tXeUIFOIQjOAEHLqAON9CAJhC4hyd4hhfr0Xq13qz3WeuSlc8cwAKsj2+y/pcr</latexit>

yi = 1
<latexit sha1_base64="fc7+QFlQa0NQ5zFLE1dkjRl2wrY=">AAAB/3icdVDLSsNAFL2pr1pfVZduBovgqiSl1XYhFN24rGBsoQ1lMpm0QycPZiZCCV34BW71C9yJWz/FD/A/nLQRrOiBC4dz7uXee9yYM6lM88MorKyurW8UN0tb2zu7e+X9gzsZJYJQm0Q8Ej0XS8pZSG3FFKe9WFAcuJx23clV5nfvqZAsCm/VNKZOgEch8xnBSkv2dMgurGG5YlZbzUar3kRm1ZwjI7WzVsNCVq5UIEdnWP4ceBFJAhoqwrGUfcuMlZNioRjhdFYaJJLGmEzwiPY1DXFApZPOj52hE614yI+ErlChufpzIsWBlNPA1Z0BVmP528vEv7x+ovymk7IwThQNyWKRn3CkIpR9jjwmKFF8qgkmgulbERljgYnS+Sxt8WR22kzn8v08+p/c1aqW5jf1SvsyT6gIR3AMp2DBObThGjpgAwEGj/AEz8aD8WK8Gm+L1oKRzxzCEoz3L2h7lwo=</latexit><latexit sha1_base64="fc7+QFlQa0NQ5zFLE1dkjRl2wrY=">AAAB/3icdVDLSsNAFL2pr1pfVZduBovgqiSl1XYhFN24rGBsoQ1lMpm0QycPZiZCCV34BW71C9yJWz/FD/A/nLQRrOiBC4dz7uXee9yYM6lM88MorKyurW8UN0tb2zu7e+X9gzsZJYJQm0Q8Ej0XS8pZSG3FFKe9WFAcuJx23clV5nfvqZAsCm/VNKZOgEch8xnBSkv2dMgurGG5YlZbzUar3kRm1ZwjI7WzVsNCVq5UIEdnWP4ceBFJAhoqwrGUfcuMlZNioRjhdFYaJJLGmEzwiPY1DXFApZPOj52hE614yI+ErlChufpzIsWBlNPA1Z0BVmP528vEv7x+ovymk7IwThQNyWKRn3CkIpR9jjwmKFF8qgkmgulbERljgYnS+Sxt8WR22kzn8v08+p/c1aqW5jf1SvsyT6gIR3AMp2DBObThGjpgAwEGj/AEz8aD8WK8Gm+L1oKRzxzCEoz3L2h7lwo=</latexit><latexit sha1_base64="fc7+QFlQa0NQ5zFLE1dkjRl2wrY=">AAAB/3icdVDLSsNAFL2pr1pfVZduBovgqiSl1XYhFN24rGBsoQ1lMpm0QycPZiZCCV34BW71C9yJWz/FD/A/nLQRrOiBC4dz7uXee9yYM6lM88MorKyurW8UN0tb2zu7e+X9gzsZJYJQm0Q8Ej0XS8pZSG3FFKe9WFAcuJx23clV5nfvqZAsCm/VNKZOgEch8xnBSkv2dMgurGG5YlZbzUar3kRm1ZwjI7WzVsNCVq5UIEdnWP4ceBFJAhoqwrGUfcuMlZNioRjhdFYaJJLGmEzwiPY1DXFApZPOj52hE614yI+ErlChufpzIsWBlNPA1Z0BVmP528vEv7x+ovymk7IwThQNyWKRn3CkIpR9jjwmKFF8qgkmgulbERljgYnS+Sxt8WR22kzn8v08+p/c1aqW5jf1SvsyT6gIR3AMp2DBObThGjpgAwEGj/AEz8aD8WK8Gm+L1oKRzxzCEoz3L2h7lwo=</latexit><latexit sha1_base64="fc7+QFlQa0NQ5zFLE1dkjRl2wrY=">AAAB/3icdVDLSsNAFL2pr1pfVZduBovgqiSl1XYhFN24rGBsoQ1lMpm0QycPZiZCCV34BW71C9yJWz/FD/A/nLQRrOiBC4dz7uXee9yYM6lM88MorKyurW8UN0tb2zu7e+X9gzsZJYJQm0Q8Ej0XS8pZSG3FFKe9WFAcuJx23clV5nfvqZAsCm/VNKZOgEch8xnBSkv2dMgurGG5YlZbzUar3kRm1ZwjI7WzVsNCVq5UIEdnWP4ceBFJAhoqwrGUfcuMlZNioRjhdFYaJJLGmEzwiPY1DXFApZPOj52hE614yI+ErlChufpzIsWBlNPA1Z0BVmP528vEv7x+ovymk7IwThQNyWKRn3CkIpR9jjwmKFF8qgkmgulbERljgYnS+Sxt8WR22kzn8v08+p/c1aqW5jf1SvsyT6gIR3AMp2DBObThGjpgAwEGj/AEz8aD8WK8Gm+L1oKRzxzCEoz3L2h7lwo=</latexit>

x3 = K(~x) = x2
1 + x2
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<latexit sha1_base64="k+pkQlq7HwTYe+33Us6M0yE/h6w=">AAACFnicbZDLSsNAFIYn9VbrrepON4NFqAgliYJuCkU3gpsK9gJtGibTaTt0cmFmUlJCwMfwCdzqE7gTt259AN/DaZuFbf1h4OM/53DO/E7AqJC6/q1lVlbX1jeym7mt7Z3dvfz+QV34Icekhn3m86aDBGHUIzVJJSPNgBPkOow0nOHtpN4YES6o7z3KcUAsF/U92qMYSWXZ+aPIvijfF9sjguMoOStHttExzyPb7Jh2vqCX9KngMhgpFECqqp3/aXd9HLrEk5ghIVqGHkgrRlxSzEiSa4eCBAgPUZ+0FHrIJcKKp39I4KlyurDnc/U8Cafu34kYuUKMXUd1ukgOxGJtYv5Xa4Wyd23F1AtCSTw8W9QLGZQ+nAQCu5QTLNlYAcKcqlshHiCOsFSxzW3pislpicrFWExhGepmyVD8cFmo3KQJZcExOAFFYIArUAF3oApqAIMn8AJewZv2rL1rH9rnrDWjpTOHYE7a1y/UIp6i</latexit><latexit sha1_base64="k+pkQlq7HwTYe+33Us6M0yE/h6w=">AAACFnicbZDLSsNAFIYn9VbrrepON4NFqAgliYJuCkU3gpsK9gJtGibTaTt0cmFmUlJCwMfwCdzqE7gTt259AN/DaZuFbf1h4OM/53DO/E7AqJC6/q1lVlbX1jeym7mt7Z3dvfz+QV34Icekhn3m86aDBGHUIzVJJSPNgBPkOow0nOHtpN4YES6o7z3KcUAsF/U92qMYSWXZ+aPIvijfF9sjguMoOStHttExzyPb7Jh2vqCX9KngMhgpFECqqp3/aXd9HLrEk5ghIVqGHkgrRlxSzEiSa4eCBAgPUZ+0FHrIJcKKp39I4KlyurDnc/U8Cafu34kYuUKMXUd1ukgOxGJtYv5Xa4Wyd23F1AtCSTw8W9QLGZQ+nAQCu5QTLNlYAcKcqlshHiCOsFSxzW3pislpicrFWExhGepmyVD8cFmo3KQJZcExOAFFYIArUAF3oApqAIMn8AJewZv2rL1rH9rnrDWjpTOHYE7a1y/UIp6i</latexit><latexit sha1_base64="k+pkQlq7HwTYe+33Us6M0yE/h6w=">AAACFnicbZDLSsNAFIYn9VbrrepON4NFqAgliYJuCkU3gpsK9gJtGibTaTt0cmFmUlJCwMfwCdzqE7gTt259AN/DaZuFbf1h4OM/53DO/E7AqJC6/q1lVlbX1jeym7mt7Z3dvfz+QV34Icekhn3m86aDBGHUIzVJJSPNgBPkOow0nOHtpN4YES6o7z3KcUAsF/U92qMYSWXZ+aPIvijfF9sjguMoOStHttExzyPb7Jh2vqCX9KngMhgpFECqqp3/aXd9HLrEk5ghIVqGHkgrRlxSzEiSa4eCBAgPUZ+0FHrIJcKKp39I4KlyurDnc/U8Cafu34kYuUKMXUd1ukgOxGJtYv5Xa4Wyd23F1AtCSTw8W9QLGZQ+nAQCu5QTLNlYAcKcqlshHiCOsFSxzW3pislpicrFWExhGepmyVD8cFmo3KQJZcExOAFFYIArUAF3oApqAIMn8AJewZv2rL1rH9rnrDWjpTOHYE7a1y/UIp6i</latexit><latexit sha1_base64="k+pkQlq7HwTYe+33Us6M0yE/h6w=">AAACFnicbZDLSsNAFIYn9VbrrepON4NFqAgliYJuCkU3gpsK9gJtGibTaTt0cmFmUlJCwMfwCdzqE7gTt259AN/DaZuFbf1h4OM/53DO/E7AqJC6/q1lVlbX1jeym7mt7Z3dvfz+QV34Icekhn3m86aDBGHUIzVJJSPNgBPkOow0nOHtpN4YES6o7z3KcUAsF/U92qMYSWXZ+aPIvijfF9sjguMoOStHttExzyPb7Jh2vqCX9KngMhgpFECqqp3/aXd9HLrEk5ghIVqGHkgrRlxSzEiSa4eCBAgPUZ+0FHrIJcKKp39I4KlyurDnc/U8Cafu34kYuUKMXUd1ukgOxGJtYv5Xa4Wyd23F1AtCSTw8W9QLGZQ+nAQCu5QTLNlYAcKcqlshHiCOsFSxzW3pislpicrFWExhGepmyVD8cFmo3KQJZcExOAFFYIArUAF3oApqAIMn8AJewZv2rL1rH9rnrDWjpTOHYE7a1y/UIp6i</latexit>

x1
<latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit>

x2
<latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit>

x1
<latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit>

x2
<latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit>

x3
<latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit><latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit><latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit><latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit>

Not linearly separable in the x1,x2 plane, but separable if we add x3

Kernel Method

Deep Neural Networks

x1
<latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit><latexit sha1_base64="CJUs/d+SIGhXiAZSFVVmBQpSWTw=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8lkMm1oJhmSjFiG4he41S9wJ279Fj/A/zDTzsK2HggczrmXe3KChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohwJpyJmjLMMPpQ6IojgNOO8HoOvc7j1RpJsW9GSfUj/FAsIgRbKx099T3+tWaW3enQMvEK0gNCjT71Z9eKEkaU2EIx1p3PTcxfoaVYYTTSaWXappgMsID2rVU4JhqP5tGnaATq4Qokso+YdBU/buR4VjrcRzYyRiboV70cvE/r5ua6NLPmEhSQwWZHYpSjoxE+b9RyBQlho8twUQxmxWRIVaYGNvO3JVQ59EmthdvsYVl0j6re5bfntcaV0VDZTiCYzgFDy6gATfQhBYQGMALvMKb8+y8Ox/O52y05BQ7hzAH5+sXrQaWDQ==</latexit>

x2
<latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit><latexit sha1_base64="Bs7lnYE02YU20eYI2NDfNzj7zho=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2skk6j7hh+d1FrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9frp2WDg==</latexit>

x3
<latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit><latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit><latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit><latexit sha1_base64="N84pdDdG35F+k7vXfhkNniIGiec=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A2lMlk0g6dTMLMRCyh+AVu9QvciVu/xQ/wP5ykWdjWAwOHc+7lnjlezJnStv1tlVZW19Y3ypuVre2d3b3q/kFbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO974JvM7j1QqFokHPYmpG+KhYAEjWBvp/mlwPqjW7LqdAy0TpyA1KNAcVH/6fkSSkApNOFaq59ixdlMsNSOcTiv9RNEYkzEe0p6hAodUuWkedYpOjOKjIJLmCY1y9e9GikOlJqFnJkOsR2rRy8T/vF6igys3ZSJONBVkdihIONIRyv6NfCYp0XxiCCaSmayIjLDERJt25q74Kos2Nb04iy0sk/ZZ3TH87qLWuC4aKsMRHMMpOHAJDbiFJrSAwBBe4BXerGfr3fqwPmejJavYOYQ5WF+/sDSWDw==</latexit>

x4
<latexit sha1_base64="uegxMxeQY10b9OwWiT5ratDs+DU=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2sks5F3TH8rlFrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9fscuWEA==</latexit><latexit sha1_base64="uegxMxeQY10b9OwWiT5ratDs+DU=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2sks5F3TH8rlFrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9fscuWEA==</latexit><latexit sha1_base64="uegxMxeQY10b9OwWiT5ratDs+DU=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2sks5F3TH8rlFrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9fscuWEA==</latexit><latexit sha1_base64="uegxMxeQY10b9OwWiT5ratDs+DU=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcuK9gFtKJPJpB06mYSZiRhC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6OOihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JTe53H6lULBIPOo2pG+KRYAEjWBvp/mnYGFZrdt2eAa0SpyA1KNAaVn8GfkSSkApNOFaq79ixdjMsNSOcTiuDRNEYkwke0b6hAodUudks6hSdGcVHQSTNExrN1L8bGQ6VSkPPTIZYj9Wyl4v/ef1EB1duxkScaCrI/FCQcKQjlP8b+UxSonlqCCaSmayIjLHERJt2Fq74Ko82Nb04yy2sks5F3TH8rlFrXhcNleEETuEcHLiEJtxCC9pAYAQv8Apv1rP1bn1Yn/PRklXsHMMCrK9fscuWEA==</latexit>

y
<latexit sha1_base64="1BM3h+88LewohhHD/nDny6fjoOg=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047IFWwttKJPJTTt0MgkzEyGEfoFb/QJ34taP8QP8DydtFrb1wMDhnHu5Z46fcKa043xblY3Nre2d6m5tb//g8Kh+fNJTcSopdmnMY9n3iULOBHY10xz7iUQS+Ryf/Ol94T89o1QsFo86S9CLyFiwkFGijdTJRvWG03TmsNeJW5IGlGiP6j/DIKZphEJTTpQauE6ivZxIzSjHWW2YKkwInZIxDgwVJELl5fOgM/vCKIEdxtI8oe25+ncjJ5FSWeSbyYjoiVr1CvE/b5Dq8NbLmUhSjYIuDoUpt3VsF7+2AyaRap4ZQqhkJqtNJ0QSqk03S1cCVUSbmV7c1RbWSe+q6RreuW607sqGqnAG53AJLtxACx6gDV2ggPACr/Bmzax368P6XIxWrHLnFJZgff0Cfl+Vag==</latexit><latexit sha1_base64="1BM3h+88LewohhHD/nDny6fjoOg=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047IFWwttKJPJTTt0MgkzEyGEfoFb/QJ34taP8QP8DydtFrb1wMDhnHu5Z46fcKa043xblY3Nre2d6m5tb//g8Kh+fNJTcSopdmnMY9n3iULOBHY10xz7iUQS+Ryf/Ol94T89o1QsFo86S9CLyFiwkFGijdTJRvWG03TmsNeJW5IGlGiP6j/DIKZphEJTTpQauE6ivZxIzSjHWW2YKkwInZIxDgwVJELl5fOgM/vCKIEdxtI8oe25+ncjJ5FSWeSbyYjoiVr1CvE/b5Dq8NbLmUhSjYIuDoUpt3VsF7+2AyaRap4ZQqhkJqtNJ0QSqk03S1cCVUSbmV7c1RbWSe+q6RreuW607sqGqnAG53AJLtxACx6gDV2ggPACr/Bmzax368P6XIxWrHLnFJZgff0Cfl+Vag==</latexit><latexit sha1_base64="1BM3h+88LewohhHD/nDny6fjoOg=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047IFWwttKJPJTTt0MgkzEyGEfoFb/QJ34taP8QP8DydtFrb1wMDhnHu5Z46fcKa043xblY3Nre2d6m5tb//g8Kh+fNJTcSopdmnMY9n3iULOBHY10xz7iUQS+Ryf/Ol94T89o1QsFo86S9CLyFiwkFGijdTJRvWG03TmsNeJW5IGlGiP6j/DIKZphEJTTpQauE6ivZxIzSjHWW2YKkwInZIxDgwVJELl5fOgM/vCKIEdxtI8oe25+ncjJ5FSWeSbyYjoiVr1CvE/b5Dq8NbLmUhSjYIuDoUpt3VsF7+2AyaRap4ZQqhkJqtNJ0QSqk03S1cCVUSbmV7c1RbWSe+q6RreuW607sqGqnAG53AJLtxACx6gDV2ggPACr/Bmzax368P6XIxWrHLnFJZgff0Cfl+Vag==</latexit><latexit sha1_base64="1BM3h+88LewohhHD/nDny6fjoOg=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047IFWwttKJPJTTt0MgkzEyGEfoFb/QJ34taP8QP8DydtFrb1wMDhnHu5Z46fcKa043xblY3Nre2d6m5tb//g8Kh+fNJTcSopdmnMY9n3iULOBHY10xz7iUQS+Ryf/Ol94T89o1QsFo86S9CLyFiwkFGijdTJRvWG03TmsNeJW5IGlGiP6j/DIKZphEJTTpQauE6ivZxIzSjHWW2YKkwInZIxDgwVJELl5fOgM/vCKIEdxtI8oe25+ncjJ5FSWeSbyYjoiVr1CvE/b5Dq8NbLmUhSjYIuDoUpt3VsF7+2AyaRap4ZQqhkJqtNJ0QSqk03S1cCVUSbmV7c1RbWSe+q6RreuW607sqGqnAG53AJLtxACx6gDV2ggPACr/Bmzax368P6XIxWrHLnFJZgff0Cfl+Vag==</latexit>

K(~x)
<latexit sha1_base64="0qX7TBdqbiS3sYQjmfu7nDfVYIA=">AAACBHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG8FNBduKbSiTyU07dDIJM5NiCd36BW71C9yJW//DD/A/nLRZ2NYDA4dz7uWeOV7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUtFiaTQpBGP5INHFHAmoKmZ5vAQSyChx6HtDa8zvz0CqVgk7vU4BjckfcECRok20uNttTsCmj5NTnvlil2zp8DLxMlJBeVo9Mo/XT+iSQhCU06U6jh2rN2USM0oh0mpmyiICR2SPnQMFSQE5abTxBN8YhQfB5E0T2g8Vf9upCRUahx6ZjIkeqAWvUz8z+skOrh0UybiRIOgs0NBwrGOcPZ97DMJVPOxIYRKZrJiOiCSUG1KmrviqyzaxPTiLLawTFpnNcfwu/NK/SpvqIiO0DGqIgddoDq6QQ3URBQJ9IJe0Zv1bL1bH9bnbLRg5TuHaA7W1y/nyZjx</latexit><latexit sha1_base64="0qX7TBdqbiS3sYQjmfu7nDfVYIA=">AAACBHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG8FNBduKbSiTyU07dDIJM5NiCd36BW71C9yJW//DD/A/nLRZ2NYDA4dz7uWeOV7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUtFiaTQpBGP5INHFHAmoKmZ5vAQSyChx6HtDa8zvz0CqVgk7vU4BjckfcECRok20uNttTsCmj5NTnvlil2zp8DLxMlJBeVo9Mo/XT+iSQhCU06U6jh2rN2USM0oh0mpmyiICR2SPnQMFSQE5abTxBN8YhQfB5E0T2g8Vf9upCRUahx6ZjIkeqAWvUz8z+skOrh0UybiRIOgs0NBwrGOcPZ97DMJVPOxIYRKZrJiOiCSUG1KmrviqyzaxPTiLLawTFpnNcfwu/NK/SpvqIiO0DGqIgddoDq6QQ3URBQJ9IJe0Zv1bL1bH9bnbLRg5TuHaA7W1y/nyZjx</latexit><latexit sha1_base64="0qX7TBdqbiS3sYQjmfu7nDfVYIA=">AAACBHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG8FNBduKbSiTyU07dDIJM5NiCd36BW71C9yJW//DD/A/nLRZ2NYDA4dz7uWeOV7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUtFiaTQpBGP5INHFHAmoKmZ5vAQSyChx6HtDa8zvz0CqVgk7vU4BjckfcECRok20uNttTsCmj5NTnvlil2zp8DLxMlJBeVo9Mo/XT+iSQhCU06U6jh2rN2USM0oh0mpmyiICR2SPnQMFSQE5abTxBN8YhQfB5E0T2g8Vf9upCRUahx6ZjIkeqAWvUz8z+skOrh0UybiRIOgs0NBwrGOcPZ97DMJVPOxIYRKZrJiOiCSUG1KmrviqyzaxPTiLLawTFpnNcfwu/NK/SpvqIiO0DGqIgddoDq6QQ3URBQJ9IJe0Zv1bL1bH9bnbLRg5TuHaA7W1y/nyZjx</latexit><latexit sha1_base64="0qX7TBdqbiS3sYQjmfu7nDfVYIA=">AAACBHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG8FNBduKbSiTyU07dDIJM5NiCd36BW71C9yJW//DD/A/nLRZ2NYDA4dz7uWeOV7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUtFiaTQpBGP5INHFHAmoKmZ5vAQSyChx6HtDa8zvz0CqVgk7vU4BjckfcECRok20uNttTsCmj5NTnvlil2zp8DLxMlJBeVo9Mo/XT+iSQhCU06U6jh2rN2USM0oh0mpmyiICR2SPnQMFSQE5abTxBN8YhQfB5E0T2g8Vf9upCRUahx6ZjIkeqAWvUz8z+skOrh0UybiRIOgs0NBwrGOcPZ97DMJVPOxIYRKZrJiOiCSUG1KmrviqyzaxPTiLLawTFpnNcfwu/NK/SpvqIiO0DGqIgddoDq6QQ3URBQJ9IJe0Zv1bL1bH9bnbLRg5TuHaA7W1y/nyZjx</latexit>z }| {

<latexit sha1_base64="z/ViHh1pIhELg7KhwXqQEl7uwJI=">AAACFXicbVDLSsNAFJ3UV62vqCtxEyyCq5IUQZdFNy4r2Ac0oUwmk3boPMLMRCgh+Bl+gVv9Anfi1rUf4H84abOwrQeGOZxz79w7J0woUdp1v63K2vrG5lZ1u7azu7d/YB8edZVIJcIdJKiQ/RAqTAnHHU00xf1EYshCinvh5Lbwe49YKiL4g54mOGBwxElMENRGGtonvjB2KCHCmT9WSXE3XcbyfGjX3YY7g7NKvJLUQYn20P7xI4FShrlGFCo18NxEBxmUmiCK85qfKmzen8ARHhjKIcMqyGZfyJ1zo0ROLKQ5XDsz9W9HBplSUxaaSgb1WC17hfifN0h1fB1khCepxhzNB8UpdbRwijyciEiMNJ0aApEkZlcHjaHJQ5vUFqZEqlityMVbTmGVdJsNz/D7y3rrpkyoCk7BGbgAHrgCLXAH2qADEHgCL+AVvFnP1rv1YX3OSytW2XMMFmB9/QIulKAj</latexit><latexit sha1_base64="z/ViHh1pIhELg7KhwXqQEl7uwJI=">AAACFXicbVDLSsNAFJ3UV62vqCtxEyyCq5IUQZdFNy4r2Ac0oUwmk3boPMLMRCgh+Bl+gVv9Anfi1rUf4H84abOwrQeGOZxz79w7J0woUdp1v63K2vrG5lZ1u7azu7d/YB8edZVIJcIdJKiQ/RAqTAnHHU00xf1EYshCinvh5Lbwe49YKiL4g54mOGBwxElMENRGGtonvjB2KCHCmT9WSXE3XcbyfGjX3YY7g7NKvJLUQYn20P7xI4FShrlGFCo18NxEBxmUmiCK85qfKmzen8ARHhjKIcMqyGZfyJ1zo0ROLKQ5XDsz9W9HBplSUxaaSgb1WC17hfifN0h1fB1khCepxhzNB8UpdbRwijyciEiMNJ0aApEkZlcHjaHJQ5vUFqZEqlityMVbTmGVdJsNz/D7y3rrpkyoCk7BGbgAHrgCLXAH2qADEHgCL+AVvFnP1rv1YX3OSytW2XMMFmB9/QIulKAj</latexit><latexit sha1_base64="z/ViHh1pIhELg7KhwXqQEl7uwJI=">AAACFXicbVDLSsNAFJ3UV62vqCtxEyyCq5IUQZdFNy4r2Ac0oUwmk3boPMLMRCgh+Bl+gVv9Anfi1rUf4H84abOwrQeGOZxz79w7J0woUdp1v63K2vrG5lZ1u7azu7d/YB8edZVIJcIdJKiQ/RAqTAnHHU00xf1EYshCinvh5Lbwe49YKiL4g54mOGBwxElMENRGGtonvjB2KCHCmT9WSXE3XcbyfGjX3YY7g7NKvJLUQYn20P7xI4FShrlGFCo18NxEBxmUmiCK85qfKmzen8ARHhjKIcMqyGZfyJ1zo0ROLKQ5XDsz9W9HBplSUxaaSgb1WC17hfifN0h1fB1khCepxhzNB8UpdbRwijyciEiMNJ0aApEkZlcHjaHJQ5vUFqZEqlityMVbTmGVdJsNz/D7y3rrpkyoCk7BGbgAHrgCLXAH2qADEHgCL+AVvFnP1rv1YX3OSytW2XMMFmB9/QIulKAj</latexit><latexit sha1_base64="z/ViHh1pIhELg7KhwXqQEl7uwJI=">AAACFXicbVDLSsNAFJ3UV62vqCtxEyyCq5IUQZdFNy4r2Ac0oUwmk3boPMLMRCgh+Bl+gVv9Anfi1rUf4H84abOwrQeGOZxz79w7J0woUdp1v63K2vrG5lZ1u7azu7d/YB8edZVIJcIdJKiQ/RAqTAnHHU00xf1EYshCinvh5Lbwe49YKiL4g54mOGBwxElMENRGGtonvjB2KCHCmT9WSXE3XcbyfGjX3YY7g7NKvJLUQYn20P7xI4FShrlGFCo18NxEBxmUmiCK85qfKmzen8ARHhjKIcMqyGZfyJ1zo0ROLKQ5XDsz9W9HBplSUxaaSgb1WC17hfifN0h1fB1khCepxhzNB8UpdbRwijyciEiMNJ0aApEkZlcHjaHJQ5vUFqZEqlityMVbTmGVdJsNz/D7y3rrpkyoCk7BGbgAHrgCLXAH2qADEHgCL+AVvFnP1rv1YX3OSytW2XMMFmB9/QIulKAj</latexit>

Learn the kernel/feature vectors (like x3)

Final layer does the classification
(what the SVM is doing)

K(~x� ~xi)
<latexit sha1_base64="KFoOtN5KxdF2J01pyPBDfqe1jAg=">AAACEHicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSEXRZdCO4qWAf0IYwmUzaoZNJmJkUa8hP+AVu9QvciVv/wA/wP5y0WdjqgWEO59zLPRwvZlQqy/oySkvLK6tr5fXKxubW9o65u9eWUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6zv3OmAhJI36vJjFxQjTgNKAYKS255sFtrT8mOH3ITovfpSeuWbXq1hTwL7ELUgUFmq753fcjnISEK8yQlD3bipWTIqEoZiSr9BNJYoRHaEB6mnIUEumk0/QZPNaKD4NI6McVnKq/N1IUSjkJPT0ZIjWUi14u/uf1EhVcOinlcaIIx7NDQcKgimBeBfSpIFixiSYIC6qzQjxEAmGlC5u74ss8WqZ7sRdb+EvaZ3Vb87vzauOqaKgMDsERqAEbXIAGuAFN0AIYPIJn8AJejSfjzXg3PmajJaPY2QdzMD5/AGeUnYU=</latexit><latexit sha1_base64="KFoOtN5KxdF2J01pyPBDfqe1jAg=">AAACEHicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSEXRZdCO4qWAf0IYwmUzaoZNJmJkUa8hP+AVu9QvciVv/wA/wP5y0WdjqgWEO59zLPRwvZlQqy/oySkvLK6tr5fXKxubW9o65u9eWUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6zv3OmAhJI36vJjFxQjTgNKAYKS255sFtrT8mOH3ITovfpSeuWbXq1hTwL7ELUgUFmq753fcjnISEK8yQlD3bipWTIqEoZiSr9BNJYoRHaEB6mnIUEumk0/QZPNaKD4NI6McVnKq/N1IUSjkJPT0ZIjWUi14u/uf1EhVcOinlcaIIx7NDQcKgimBeBfSpIFixiSYIC6qzQjxEAmGlC5u74ss8WqZ7sRdb+EvaZ3Vb87vzauOqaKgMDsERqAEbXIAGuAFN0AIYPIJn8AJejSfjzXg3PmajJaPY2QdzMD5/AGeUnYU=</latexit><latexit sha1_base64="KFoOtN5KxdF2J01pyPBDfqe1jAg=">AAACEHicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSEXRZdCO4qWAf0IYwmUzaoZNJmJkUa8hP+AVu9QvciVv/wA/wP5y0WdjqgWEO59zLPRwvZlQqy/oySkvLK6tr5fXKxubW9o65u9eWUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6zv3OmAhJI36vJjFxQjTgNKAYKS255sFtrT8mOH3ITovfpSeuWbXq1hTwL7ELUgUFmq753fcjnISEK8yQlD3bipWTIqEoZiSr9BNJYoRHaEB6mnIUEumk0/QZPNaKD4NI6McVnKq/N1IUSjkJPT0ZIjWUi14u/uf1EhVcOinlcaIIx7NDQcKgimBeBfSpIFixiSYIC6qzQjxEAmGlC5u74ss8WqZ7sRdb+EvaZ3Vb87vzauOqaKgMDsERqAEbXIAGuAFN0AIYPIJn8AJejSfjzXg3PmajJaPY2QdzMD5/AGeUnYU=</latexit><latexit sha1_base64="KFoOtN5KxdF2J01pyPBDfqe1jAg=">AAACEHicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSEXRZdCO4qWAf0IYwmUzaoZNJmJkUa8hP+AVu9QvciVv/wA/wP5y0WdjqgWEO59zLPRwvZlQqy/oySkvLK6tr5fXKxubW9o65u9eWUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6zv3OmAhJI36vJjFxQjTgNKAYKS255sFtrT8mOH3ITovfpSeuWbXq1hTwL7ELUgUFmq753fcjnISEK8yQlD3bipWTIqEoZiSr9BNJYoRHaEB6mnIUEumk0/QZPNaKD4NI6McVnKq/N1IUSjkJPT0ZIjWUi14u/uf1EhVcOinlcaIIx7NDQcKgimBeBfSpIFixiSYIC6qzQjxEAmGlC5u74ss8WqZ7sRdb+EvaZ3Vb87vzauOqaKgMDsERqAEbXIAGuAFN0AIYPIJn8AJejSfjzXg3PmajJaPY2QdzMD5/AGeUnYU=</latexit>

f(~x)
<latexit sha1_base64="tX4I66D1IpkUvgt4Q2ICwSoocqU=">AAACBHicbVDLSsNAFL2pr1pfVZduBotQNyURQZdFNy4r2Ae2oUwmk3boZBJmJsUSuvUL3OoXuBO3/ocf4H84abOwrQcGDufcyz1zvJgzpW372yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHQ8rypmgTc00p51YUhx6nLa90W3mt8dUKhaJBz2JqRvigWABI1gb6TGo9saUpE/T8365YtfsGdAqcXJSgRyNfvmn50ckCanQhGOluo4dazfFUjPC6bTUSxSNMRnhAe0aKnBIlZvOEk/RmVF8FETSPKHRTP27keJQqUnomckQ66Fa9jLxP6+b6ODaTZmIE00FmR8KEo50hLLvI59JSjSfGIKJZCYrIkMsMdGmpIUrvsqiTU0vznILq6R1UXMMv7+s1G/yhopwAqdQBQeuoA530IAmEBDwAq/wZj1b79aH9TkfLVj5zjEswPr6BRO4mQw=</latexit><latexit sha1_base64="tX4I66D1IpkUvgt4Q2ICwSoocqU=">AAACBHicbVDLSsNAFL2pr1pfVZduBotQNyURQZdFNy4r2Ae2oUwmk3boZBJmJsUSuvUL3OoXuBO3/ocf4H84abOwrQcGDufcyz1zvJgzpW372yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHQ8rypmgTc00p51YUhx6nLa90W3mt8dUKhaJBz2JqRvigWABI1gb6TGo9saUpE/T8365YtfsGdAqcXJSgRyNfvmn50ckCanQhGOluo4dazfFUjPC6bTUSxSNMRnhAe0aKnBIlZvOEk/RmVF8FETSPKHRTP27keJQqUnomckQ66Fa9jLxP6+b6ODaTZmIE00FmR8KEo50hLLvI59JSjSfGIKJZCYrIkMsMdGmpIUrvsqiTU0vznILq6R1UXMMv7+s1G/yhopwAqdQBQeuoA530IAmEBDwAq/wZj1b79aH9TkfLVj5zjEswPr6BRO4mQw=</latexit><latexit sha1_base64="tX4I66D1IpkUvgt4Q2ICwSoocqU=">AAACBHicbVDLSsNAFL2pr1pfVZduBotQNyURQZdFNy4r2Ae2oUwmk3boZBJmJsUSuvUL3OoXuBO3/ocf4H84abOwrQcGDufcyz1zvJgzpW372yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHQ8rypmgTc00p51YUhx6nLa90W3mt8dUKhaJBz2JqRvigWABI1gb6TGo9saUpE/T8365YtfsGdAqcXJSgRyNfvmn50ckCanQhGOluo4dazfFUjPC6bTUSxSNMRnhAe0aKnBIlZvOEk/RmVF8FETSPKHRTP27keJQqUnomckQ66Fa9jLxP6+b6ODaTZmIE00FmR8KEo50hLLvI59JSjSfGIKJZCYrIkMsMdGmpIUrvsqiTU0vznILq6R1UXMMv7+s1G/yhopwAqdQBQeuoA530IAmEBDwAq/wZj1b79aH9TkfLVj5zjEswPr6BRO4mQw=</latexit><latexit sha1_base64="tX4I66D1IpkUvgt4Q2ICwSoocqU=">AAACBHicbVDLSsNAFL2pr1pfVZduBotQNyURQZdFNy4r2Ae2oUwmk3boZBJmJsUSuvUL3OoXuBO3/ocf4H84abOwrQcGDufcyz1zvJgzpW372yqsrW9sbhW3Szu7e/sH5cOjlooSSWiTRDySHQ8rypmgTc00p51YUhx6nLa90W3mt8dUKhaJBz2JqRvigWABI1gb6TGo9saUpE/T8365YtfsGdAqcXJSgRyNfvmn50ckCanQhGOluo4dazfFUjPC6bTUSxSNMRnhAe0aKnBIlZvOEk/RmVF8FETSPKHRTP27keJQqUnomckQ66Fa9jLxP6+b6ODaTZmIE00FmR8KEo50hLLvI59JSjSfGIKJZCYrIkMsMdGmpIUrvsqiTU0vznILq6R1UXMMv7+s1G/yhopwAqdQBQeuoA530IAmEBDwAq/wZj1b79aH9TkfLVj5zjEswPr6BRO4mQw=</latexit>

You can express an arbitrary function using
a superposition of Gaussians
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<latexit sha1_base64="6Ul8knZpoRPotED19P/B5x+dil0="></latexit><latexit sha1_base64="6Ul8knZpoRPotED19P/B5x+dil0="></latexit><latexit sha1_base64="6Ul8knZpoRPotED19P/B5x+dil0="></latexit><latexit sha1_base64="6Ul8knZpoRPotED19P/B5x+dil0="></latexit>

The K matrix has
hierarchical low-rank
structure

Hierarchical Low Rank Approximation



HLRA for Deep Neural Networks?
Deep neural networks are
a bunch of dense matrix operations

Tensors in CNNs are turned into
dense matrix multiplications

Dense matrix operations can be
accelerated by HLRA

These matrices were way
too tall and skinny

Their numerical rank was
not very small either

Compression cost can not be amortized
if the matrix keeps changing

x

Can we use low-rank approximation
to design/prune the networks?

The objective is not to design an auto-encoder

The compressed network needs to retain
generalization capability and resilience
to adversarial attacks

Modern neural networks are not just nodes and edges,
e.g. residual units in ResNet, memory units in LSTM, skip connections in DenseNet

AutoML can handle complicated units and still find optimal designs

https://ai.googleblog.com/2017/11/automl-for-large-scale-image.html

https://arxiv.org/abs/1410.0759



Second Order Optimization Methods
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yp
<latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit>

yp
<latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit>

yp
<latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit>

yq
<latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit><latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit><latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit><latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit> Cross entropy loss function

softmax

ypi =
exp(z)P

i
exp(zi)

<latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit><latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit><latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit><latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit>ReLU

zi =
X

j

Wijxj + b
<latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit>

zi =
X

j

Wijxj + b
<latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit>

xi = max(0, zi)
<latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit><latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit><latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit><latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit>

Back propagation

@J

@Wij
=

@J

@ypi

@ypi
@zi

@zi
@Wij

<latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit><latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit><latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit><latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit>

@J

@b
=

@J

@ypi

@ypi
@zi

@zi
@b

<latexit sha1_base64="rJEzjkQdEZJTCoo/Upe1ckHzOos=">AAACf3icfVHLSsNAFJ3EV62PRt0obgaL6KokIqgLoehGXFWwD2hCmEwn7dDJg5mJEENWfqUf4MK/cNIGWlPxwsDhnHMfnPFiRoU0zU9NX1vf2Nyqbdd3dvf2G8bBYU9ECcekiyMW8YGHBGE0JF1JJSODmBMUeIz0veljofffCBc0Cl9lGhMnQOOQ+hQjqSjX+LB9jnBmx4hLihh8zhfYy+//UVM3i2meVxwluyDeXVr1FNTyFtdomi1zVnAVWCVogrI6rvFljyKcBCSUmCEhhpYZSycrBmJG8rqdCBIjPEVjMlQwRAERTjYLK4fnihlBP+LqhRLO2OWODAVCpIGnnAGSE1HVCvIvbZhI/9bJaBgnkoR4vshPGJQRLJKHI8oJlixVAGFO1a0QT5BKRqr/+bVlJIrTilysagqroHfVshR+uW62H8qEauAUnIFLYIEb0AZPoAO6AINvraEdaye6pl/oLd2cW3Wt7DkCv0q/+wGq/8aR</latexit><latexit sha1_base64="rJEzjkQdEZJTCoo/Upe1ckHzOos=">AAACf3icfVHLSsNAFJ3EV62PRt0obgaL6KokIqgLoehGXFWwD2hCmEwn7dDJg5mJEENWfqUf4MK/cNIGWlPxwsDhnHMfnPFiRoU0zU9NX1vf2Nyqbdd3dvf2G8bBYU9ECcekiyMW8YGHBGE0JF1JJSODmBMUeIz0veljofffCBc0Cl9lGhMnQOOQ+hQjqSjX+LB9jnBmx4hLihh8zhfYy+//UVM3i2meVxwluyDeXVr1FNTyFtdomi1zVnAVWCVogrI6rvFljyKcBCSUmCEhhpYZSycrBmJG8rqdCBIjPEVjMlQwRAERTjYLK4fnihlBP+LqhRLO2OWODAVCpIGnnAGSE1HVCvIvbZhI/9bJaBgnkoR4vshPGJQRLJKHI8oJlixVAGFO1a0QT5BKRqr/+bVlJIrTilysagqroHfVshR+uW62H8qEauAUnIFLYIEb0AZPoAO6AINvraEdaye6pl/oLd2cW3Wt7DkCv0q/+wGq/8aR</latexit><latexit sha1_base64="rJEzjkQdEZJTCoo/Upe1ckHzOos=">AAACf3icfVHLSsNAFJ3EV62PRt0obgaL6KokIqgLoehGXFWwD2hCmEwn7dDJg5mJEENWfqUf4MK/cNIGWlPxwsDhnHMfnPFiRoU0zU9NX1vf2Nyqbdd3dvf2G8bBYU9ECcekiyMW8YGHBGE0JF1JJSODmBMUeIz0veljofffCBc0Cl9lGhMnQOOQ+hQjqSjX+LB9jnBmx4hLihh8zhfYy+//UVM3i2meVxwluyDeXVr1FNTyFtdomi1zVnAVWCVogrI6rvFljyKcBCSUmCEhhpYZSycrBmJG8rqdCBIjPEVjMlQwRAERTjYLK4fnihlBP+LqhRLO2OWODAVCpIGnnAGSE1HVCvIvbZhI/9bJaBgnkoR4vshPGJQRLJKHI8oJlixVAGFO1a0QT5BKRqr/+bVlJIrTilysagqroHfVshR+uW62H8qEauAUnIFLYIEb0AZPoAO6AINvraEdaye6pl/oLd2cW3Wt7DkCv0q/+wGq/8aR</latexit><latexit sha1_base64="rJEzjkQdEZJTCoo/Upe1ckHzOos=">AAACf3icfVHLSsNAFJ3EV62PRt0obgaL6KokIqgLoehGXFWwD2hCmEwn7dDJg5mJEENWfqUf4MK/cNIGWlPxwsDhnHMfnPFiRoU0zU9NX1vf2Nyqbdd3dvf2G8bBYU9ECcekiyMW8YGHBGE0JF1JJSODmBMUeIz0veljofffCBc0Cl9lGhMnQOOQ+hQjqSjX+LB9jnBmx4hLihh8zhfYy+//UVM3i2meVxwluyDeXVr1FNTyFtdomi1zVnAVWCVogrI6rvFljyKcBCSUmCEhhpYZSycrBmJG8rqdCBIjPEVjMlQwRAERTjYLK4fnihlBP+LqhRLO2OWODAVCpIGnnAGSE1HVCvIvbZhI/9bJaBgnkoR4vshPGJQRLJKHI8oJlixVAGFO1a0QT5BKRqr/+bVlJIrTilysagqroHfVshR+uW62H8qEauAUnIFLYIEb0AZPoAO6AINvraEdaye6pl/oLd2cW3Wt7DkCv0q/+wGq/8aR</latexit>

✓t+1 = ✓t � ⌘
@J

@✓
<latexit sha1_base64="mMD8MCUm7cn7WMBs1z6LWsFn57M="></latexit><latexit sha1_base64="mMD8MCUm7cn7WMBs1z6LWsFn57M="></latexit><latexit sha1_base64="mMD8MCUm7cn7WMBs1z6LWsFn57M="></latexit><latexit sha1_base64="mMD8MCUm7cn7WMBs1z6LWsFn57M="></latexit>

Gradient descent

J(✓) = Eq(� log p✓(y|x))

=
X

(x,y)

�q(y|x) log p✓(y|x)

= �yq log yp � (1� yq) log(1� yp)
<latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit><latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit><latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit><latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit>

=
X

x

{�yq log yp � (1� yq) log(1� yp)}
<latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit><latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit><latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit><latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit>

✓t+1 = ✓t � ⌘
@Jbatch
@✓

<latexit sha1_base64="OXiMnYwwwVmqwNRS9qxuQjMydIc="></latexit><latexit sha1_base64="OXiMnYwwwVmqwNRS9qxuQjMydIc="></latexit><latexit sha1_base64="OXiMnYwwwVmqwNRS9qxuQjMydIc="></latexit><latexit sha1_base64="OXiMnYwwwVmqwNRS9qxuQjMydIc="></latexit>

Mini-batch gradient descent

Stochastic gradient descent

✓t+1 = ✓t � ⌘
@Jsingle

@✓
<latexit sha1_base64="12Zw77eVmLn3PQI5wOW3+fTqOmY="></latexit><latexit sha1_base64="12Zw77eVmLn3PQI5wOW3+fTqOmY="></latexit><latexit sha1_base64="12Zw77eVmLn3PQI5wOW3+fTqOmY="></latexit><latexit sha1_base64="12Zw77eVmLn3PQI5wOW3+fTqOmY="></latexit>

Minima

Newton’s method

✓t+1 = ✓t � ⌘

✓
@2J

@✓2

◆�1
@J

@✓
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If the loss function is convex
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Gauss-Newton method

Difference between the Hessian and (empirical) Fisher information matrix
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AlexNet
(ILSVRC 2012)

8 layers

VGG
(ILSVRC 2013)

19 layers

GoogLeNet
(ILSVRC 2014)

22 layers

ResNet
(ILSVRC 2015)

152 layers

The Fisher Matrix is a 100Mx100M Dense Matrix

Approximate it
Use gradient from past updates (L-BFGS) [Liu et al. 1989]
Low rank approximation of the whole thing (TONGA) [Le Roux et al. 2012]
Use an iterative solver (Hessian-free) [Martens 2014]
Sparse approximation (FANG) [Grosse 2015]
Kronecker Factorization (K-FAC) [Martens 2016]

Make the off-diagonals weaker (and use diagonal approximation)
Path-wise data normalization [Neyshabur et al. 2015]
Layer-wise data normalization (PRONG) [Desjardins et al. 2015]
Weight normalization [Salimans et al. 2016]
Low rank weight normalization [Luo 2017]
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Positive Semi-definite



Second Order Optimization Methods

0.9

0.1

1

0

data (label)

model (output)

yp
<latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit>

yp
<latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit>

yp
<latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit><latexit sha1_base64="VgUDlYE9AS+C2+UrDeHNzjyo0Oo=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclaQq1V3RjcuK9gFtKJPJpB06mYSZiRBK8Qvc6he4E7d+ix/gfzhpg9jqgYHDOfdyzxwv5kxp2/60lpZXVtfWCxvFza3tnd3S3n5LRYkktEkiHsmOhxXlTNCmZprTTiwpDj1O297oOvPbD1QqFol7ncbUDfFAsIARrI10l/bjfqlsV+wpkF05r1Xty1P0ozg5KUOORr/01fMjkoRUaMKxUl3HjrU7xlIzwumk2EsUjTEZ4QHtGipwSJU7nkadoGOj+CiIpHlCo6n6e2OMQ6XS0DOTIdZDtehl4n9eN9HBhTtmIk40FWR2KEg40hHK/o18JinRPDUEE8lMVkSGWGKiTTtzV3yVRZuYXpzFFv6SVrXiGH57Vq5f5Q0V4BCO4AQcqEEdbqABTSAwgCd4hhfr0Xq13qz32eiSle8cwBysj286aZZn</latexit>

yq
<latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit><latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit><latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit><latexit sha1_base64="jAVbIkRL9rrG3ZU+ibMjNd4DWNE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmVF+4A2lMlk0g6dTNKZiRBC8Qvc6he4E7d+ix/gfzhps7CtBwYO59zLPXO8mDOlbfvbKq2tb2xulbcrO7t7+wfVw6O2ihJJaItEPJJdDyvKmaAtzTSn3VhSHHqcdrzxbe53nqhULBKPOo2pG+KhYAEjWBvpIR1MBtWaXbdnQKvEKUgNCjQH1Z++H5EkpEITjpXqOXas3QxLzQin00o/UTTGZIyHtGeowCFVbjaLOkVnRvFREEnzhEYz9e9GhkOl0tAzkyHWI7Xs5eJ/Xi/RwbWbMREnmgoyPxQkHOkI5f9GPpOUaJ4agolkJisiIywx0aadhSu+yqNNTS/OcgurpH1Rdwy/v6w1boqGynACp3AODlxBA+6gCS0gMIQXeIU369l6tz6sz/loySp2jmEB1tcvFG6WTg==</latexit> Cross entropy loss function

softmax

ypi =
exp(z)P

i
exp(zi)

<latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit><latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit><latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit><latexit sha1_base64="qI+5igbc+YZPMZv2tpGg8jNdFHw="></latexit>ReLU

zi =
X

j

Wijxj + b
<latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit>

zi =
X

j

Wijxj + b
<latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit><latexit sha1_base64="QQLw+OMLnVfoDiUKzW8a00e1wfk=">AAACEXicbVDLSsNAFJ3UV62vqLhyEyyCIJREBN0IRTcuK9gHtCFMJpN22plJmJmINeQr/AK3+gXuxK1f4Af4H07aLGzrgQuHc+7lHo4fUyKVbX8bpaXlldW18nplY3Nre8fc3WvJKBEIN1FEI9HxocSUcNxURFHciQWGzKe47Y9ucr/9gIUkEb9X4xi7DPY5CQmCSkueefDkkaueTJg3bHspGWaP3vDU98yqXbMnsBaJU5AqKNDwzJ9eEKGEYa4QhVJ2HTtWbgqFIojirNJLJI4hGsE+7mrKIcPSTSfxM+tYK4EVRkIPV9ZE/XuRQiblmPl6k0E1kPNeLv7ndRMVXrop4XGiMEfTR2FCLRVZeRdWQARGio41gUgQndVCAyggUrqxmS+BzKNluhdnvoVF0jqrOZrfnVfr10VDZXAIjsAJcMAFqINb0ABNgEAKXsAreDOejXfjw/icrpaM4mYfzMD4+gWcu54y</latexit>

xi = max(0, zi)
<latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit><latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit><latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit><latexit sha1_base64="2BGZ+ZzPzcQ5Kg10tchxAWhID9g=">AAACC3icdVDLSsNAFJ3UV62PRl26GSxCBSmJCLYLoejGZQX7gDaEyWTSDp1JwsxEWks/wS9wq1/gTtz6EX6A/+GkjdCKHhg4nHMv98zxYkalsqxPI7eyura+kd8sbG3v7BbNvf2WjBKBSRNHLBIdD0nCaEiaiipGOrEgiHuMtL3hdeq374mQNArv1DgmDkf9kAYUI6Ul1yyOXHrZ42hUtk4fXHrimiWrYs0AF0itVrWrNWhnSglkaLjmV8+PcMJJqDBDUnZtK1bOBAlFMSPTQi+RJEZ4iPqkq2mIOJHOZBZ8Co+14sMgEvqFCs7UxY0J4lKOuacnOVID+dtLxb+8bqKCqjOhYZwoEuL5oSBhUEUwbQH6VBCs2FgThAXVWSEeIIGw0l0tXfFlGm2qe/n5PPyftM4qtua356X6VdZQHhyCI1AGNrgAdXADGqAJMEjAE3gGL8aj8Wq8Ge/z0ZyR7RyAJRgf369Nmug=</latexit>

Back propagation
@J

@Wij
=

@J

@ypi

@ypi
@zi

@zi
@Wij

<latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit><latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit><latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit><latexit sha1_base64="ZIwvxihCjeeGE7AkWlyh529yri8="></latexit>

J(✓) = Eq(� log p✓(y|x))

=
X

(x,y)

�q(y|x) log p✓(y|x)

= �yq log yp � (1� yq) log(1� yp)
<latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit><latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit><latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit><latexit sha1_base64="5rj6GdvCMrpAES3OGNC7FCUU1H4="></latexit>

=
X

x

{�yq log yp � (1� yq) log(1� yp)}
<latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit><latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit><latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit><latexit sha1_base64="+UXfKXmzkxMMbf1H0lEzIRY+eo4="></latexit>

=
X

x

L(x, ✓)
<latexit sha1_base64="T06arE92HNZVKBBisQ0q+hYT9gs="></latexit><latexit sha1_base64="T06arE92HNZVKBBisQ0q+hYT9gs="></latexit><latexit sha1_base64="T06arE92HNZVKBBisQ0q+hYT9gs="></latexit><latexit sha1_base64="T06arE92HNZVKBBisQ0q+hYT9gs="></latexit>

=
X

x

@L
@Wij

=
X

x

@L
@zi

zi
Wij

=
X

x

giaj
<latexit sha1_base64="jX+z5rnjm4mqGjbCJNPGRo9u8UM="></latexit><latexit sha1_base64="jX+z5rnjm4mqGjbCJNPGRo9u8UM="></latexit><latexit sha1_base64="jX+z5rnjm4mqGjbCJNPGRo9u8UM="></latexit><latexit sha1_base64="jX+z5rnjm4mqGjbCJNPGRo9u8UM="></latexit>

Kronecker Product

⇡<latexit sha1_base64="aibkNYaLsKDun2O567PAKzEqth0=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWQymTY0kwxJRixDV36BW/0Cd+LWL/ED/A8z7Sxs64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxqa5kqQltEcqm6AdaUM0FbhhlOu4miOA447QTj29zvPFKlmRQPZpJQP8ZDwSJGsLFSp4+TRMmnQbXm1t0Z0CrxClKDAs1B9acfSpLGVBjCsdY9z02Mn2FlGOF0WumnmiaYjPGQ9iwVOKbaz2Zxp+jMKiGKpLJPGDRT/25kONZ6Egd2MsZmpJe9XPzP66UmuvYzJpLUUEHmh6KUIyNR/ncUMkWJ4RNLMFHMZkVkhBUmxja0cCXUebSp7cVbbmGVtC/qnuX3l7XGTdFQGU7gFM7BgytowB00oQUExvACr/DmPDvvzofzOR8tOcXOMSzA+foFWb2YIw==</latexit><latexit sha1_base64="aibkNYaLsKDun2O567PAKzEqth0=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWQymTY0kwxJRixDV36BW/0Cd+LWL/ED/A8z7Sxs64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxqa5kqQltEcqm6AdaUM0FbhhlOu4miOA447QTj29zvPFKlmRQPZpJQP8ZDwSJGsLFSp4+TRMmnQbXm1t0Z0CrxClKDAs1B9acfSpLGVBjCsdY9z02Mn2FlGOF0WumnmiaYjPGQ9iwVOKbaz2Zxp+jMKiGKpLJPGDRT/25kONZ6Egd2MsZmpJe9XPzP66UmuvYzJpLUUEHmh6KUIyNR/ncUMkWJ4RNLMFHMZkVkhBUmxja0cCXUebSp7cVbbmGVtC/qnuX3l7XGTdFQGU7gFM7BgytowB00oQUExvACr/DmPDvvzofzOR8tOcXOMSzA+foFWb2YIw==</latexit><latexit sha1_base64="aibkNYaLsKDun2O567PAKzEqth0=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWQymTY0kwxJRixDV36BW/0Cd+LWL/ED/A8z7Sxs64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxqa5kqQltEcqm6AdaUM0FbhhlOu4miOA447QTj29zvPFKlmRQPZpJQP8ZDwSJGsLFSp4+TRMmnQbXm1t0Z0CrxClKDAs1B9acfSpLGVBjCsdY9z02Mn2FlGOF0WumnmiaYjPGQ9iwVOKbaz2Zxp+jMKiGKpLJPGDRT/25kONZ6Egd2MsZmpJe9XPzP66UmuvYzJpLUUEHmh6KUIyNR/ncUMkWJ4RNLMFHMZkVkhBUmxja0cCXUebSp7cVbbmGVtC/qnuX3l7XGTdFQGU7gFM7BgytowB00oQUExvACr/DmPDvvzofzOR8tOcXOMSzA+foFWb2YIw==</latexit><latexit sha1_base64="aibkNYaLsKDun2O567PAKzEqth0=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APaoWQymTY0kwxJRixDV36BW/0Cd+LWL/ED/A8z7Sxs64HA4Zx7uScnSDjTxnW/ndLa+sbmVnm7srO7t39QPTxqa5kqQltEcqm6AdaUM0FbhhlOu4miOA447QTj29zvPFKlmRQPZpJQP8ZDwSJGsLFSp4+TRMmnQbXm1t0Z0CrxClKDAs1B9acfSpLGVBjCsdY9z02Mn2FlGOF0WumnmiaYjPGQ9iwVOKbaz2Zxp+jMKiGKpLJPGDRT/25kONZ6Egd2MsZmpJe9XPzP66UmuvYzJpLUUEHmh6KUIyNR/ncUMkWJ4RNLMFHMZkVkhBUmxja0cCXUebSp7cVbbmGVtC/qnuX3l7XGTdFQGU7gFM7BgytowB00oQUExvACr/DmPDvvzofzOR8tOcXOMSzA+foFWb2YIw==</latexit>
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Hierarchical Low-rank?

Kronecker Factorization

Fisher Matrix
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Regularization

Eigenvalues of the Fisher Matrix
- Extremely long tail
- Very few are very large
- Many are close to 0

Cross entropy loss function + L2 regularization
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Gradient: Weight decay

Hessian: Diagonal component
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What the inverse Hessian does
- Stops moving in the direction 

of largest eigenvalues (sharp)
- Moves a lot in the direction 

of small eigenvalues (flat)
- Regularization keeps the 

update from becoming too 
large in flat directions
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Convergence of K-FAC

Data
SVHN (Street View
House Numbers)
32 x 32 images
10 digit classes
600,000 examples

Model
ResNet-50
50 Layers
25.5 M parameters
3.8 GFLOPs per inference

https://supercomputersfordl2017.github.io/Presentations/K-FAC.pdf
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Top-1 accuracy of GoogLeNet with various communiation types on TSUBAME-KFC/DL 
(Mini-batch size of 256)

Distributed Deep Learning

T.	Ben-Nun,	T.	Hoefler:	Demys4fying	Parallel	and	Distributed	Deep	Learning

Data/model/pipeline parallelism

Synchronous vs asynchronous parallelism

Reduced precision communication/compression



Pushing the Limits of Large Mini-batch Learning

1. Increase learning rate proportional to the mini-batch size
2. But use a smaller learning rate for the first few epochs



Why Does Large Mini-batch Have Lower Accuracy?



Why Does Large Mini-batch Have Lower Accuracy?

full batch large mini-batch small mini-batch



K-FAC fits in Rabenseifner AllReduce

After the expectation and inverse are calculated
             turns into a triple matrix multiplication



Training ImageNet in Minutes



Top-1 Validation Accuracy

Our results for 16K batch

Accuracy (Imagenet1K, RN50, about 20 iters/epoch)

LARS: Layerwise normalization

No weight decay for Batch Norm layer

K-FAC is invariant to reparameterizations such as Batch Norm



Parallel Scalability

Imagenet1k, ResNet50
Local batch size: 32
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Reduce-Scatter for each layer Cross-over from data-parallel to model-parallel

Cross-over from model-parallel to data-parallel

TSUBAME3.0

ABCI



Further Possibilities for K-FAC

Large Scale Distributed Learning
Distributed Second-Order Optimization Using Kronecker-factored 
Approximations [Ba et al. 2017]

Recurrent Neural Networks
Konecker-factored Curvature Approximations for Recurrent Neural 
Networks [Martens et al. 2018]

Approximating Real-Time Recurrent Learning with Random Kronecker 
Factors [Mujika et al. 2018]

Kronecker Recurrent Units [Jose et al. 2018]

Reinforcement Learning
Scalable trust-region method for deep reinforcement learning using 
kronecker-factored approximation [Wu et al. 2017]

An Empirical Analysis of Proximal Policy Optimization with Kronecker-
factored Natural Gradients [Song & Wu 2018]

Variational Inference
Noisy Natural Gradient as Variational Inference [Zhang et al. 2017]



Summary & Outlook

1. Large mini-batch and second order methods have the same problem
- They overfit (fall into sharp minima)

2. Proper regularization is the only way to solve this problem
- Once solved, second order methods become advantageous

3. Second order methods can take larger steps in the correct direction 
- For large-batch learning this is a huge advantage
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