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User (Wardrop) equilibrium

o inefficient network utilization

@ Braess’ paradox

2:12 @
25 min - 12 mi.
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Navigation apps side-effects

Ehe New York Eimes

Navigation Apps Are Turning Quiet
Neighborhoods Into Traffic
Nightmares

J.-G. B. (2018)

Y de-fr waze-kappii-qui-agace.. % 4 W @
Circulation : Waze, I'appli qui agace les
erains

Le succes de I'appli préférée des automobilistes génére quelques
effets pervers. En détournant une partie du trafic sur des routes
secondaires, elle déplace les nuisances et suscite la colére chez les
riverains des villes traversées.

‘The corner of Fort Lee Road and Broad Ave Leonia, N.J. With
i

I Bryan Anselm for The New York Times

L.W. Foderaro (2017)
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Outline of the talk

@ Conservation laws on networks

© A multi-class model on networks

© Examples
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Outline of the talk

@ Conservation laws on networks
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Conservation laws on networks!

Finite collection of directed arcs I; =]ae, be[ connected by nodes

! [Holden-Risebro 1995; Garavello-Piccoli 2006]
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LWR model?

Non-linear transport equation: PDE for mass conservation
Otp+0:f(p) =0 r€eER,t>0
e p=p(t,z) €0, pmax] mean traflic density
e f(p) = pv(p) flux function
Empirical flux-density relation: fundamental diagram

Jp) )

J )

0 P Pmax P Per Pmax P

N 11-D:
Greenshields 35 ewell-Daganzo

2[LighthiII—Whitham 1955; Richards 1956]
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Riemann problem at junctions

Otpe + Oz fe(pe) =0
pe(0,2) = pe,o
{=1,....,n+m

Riemann solver: RS : (p1,05- -+, Prtm,0) —> (P1s-- -, Prtm) S.t.
@ conservation of cars: > | fi(p:) = ;Li:jrl £ (p5)

@ waves with negative speed in incoming roads

@ waves with positive speed in outgoing roads

Consistency condition:

RS (RS1(p1,05-- -+ pntm0)) = RSs(p1,0,- -, putmo)  (CC)
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Riemann problem at junctions

Otpe + Oz fe(pe) =0
pe(0,2) = pe,o
{=1,....,n+m

Riemann solver: RS : (p1,05- -+, Prtm,0) —> (P1s-- -, Prtm) S.t.
@ conservation of cars: > | fi(p:) = ;Li:jrl £ (p5)

@ waves with negative speed in incoming roads

@ waves with positive speed in outgoing roads

Consistency condition:

RS (RS1(p1,05-- -+ pntm0)) = RSs(p1,0,- -, putmo)  (CC)

Set 3¢ = fi(pr)

8/30



Demand & Supply 3

Incoming roads ¢ = 1,...,n: A 1(p)

max i (pi if 0 < pio < p*°
vi o (pio) :{ fl_n(]g;’o) if Cr_<pl,0_ <p

T P X pPi,0 S 1
Outgoing roads j =n+1,...,n+m: 5 1(p)

)
NI if 0 < pjo0 < p™
v (pg0) { filpjo) if p™ < pjo<1

3[Lebacque]

9/30



Demand & Supply 3

Incoming roads ¢ = 1,...,n:

max _ f1(pz,0) if 0 < pio < pcr
W o) = { i if p” < pio <1

Outgoing roads j =n+1,...,n+m:

if 0 < pjo < p

if p* < pjo <1

7 (pr0) = { fj(Pj 0)

Admissible fluxes at junction:

3[Lebacque]

Ql — [vay;nax]
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Priority Riemann Solver?

(A) distribution matrix of traffic from incoming to outgoing roads

n+m
A:{aji}eRmX”: Ogajigl,zaji=1
j=n+1

(B) priority vector
n
P=(pi,...,pn) ER": p; >0, Zpizl
i=1

(C) feasible set

n n+m
Q:{(fyl,...,fyn)GHQiCA'(’Yl;"'fYn)TG H QJ}

i=1 j=n-+1

4[DelleMonache-Goatin-Piccoli, CMS 2018]
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Priority Riemann Solver

Algorithm 1 Recursive definition of PRS

Set J =0 and J*={1,...,n}\ J.
while |J| < n do
Vi€ J° — h; =max{h: hp, <"} = 71

Vie{n+1...,n+m} — h; =sup{h: ZzeJaﬂQl +h(X e e aiipi) <

g/
Set h = minij{hi, hj}
if 3jst. hj =h then
Set @ =hP and J={1,...,n}.

else
Set I ={i€J°:h;="h}and Q; = hp; forie I.
Set J=JUI.
end if
end while
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PRS in practice

2 X 2 junction (n =2, m = 2):
'\/1

@ Define the spaces of the
incoming fluxes

Y2

12 /30



PRS in practice

2 X 2 junction (n =2, m = 2):

'\/1
@ Define the spaces of the
incoming fluxes
max @ Consider the demands

T

ma.
v2 72
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PRS in practice

2 X 2 junction (n =2, m = 2):

'\/1
@ Define the spaces of the
VX = aq,171 + a4,272 incoming fluxes
max @ Consider the demands

71
© Trace the supply lines

5 = a3, 171 + as,272

ma.
v2 V2
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PRS in practice

2 X 2 junction (n =2, m = 2):

7
@ Define the spaces of the
YIRAX = a4 191 + aq,2v2 incoming fluxes
max @ Consider the demands

71
© Trace the supply lines

@ The feasible set is given

by 2
Q
5 = a3, 171 + as,272
,\/énax ’YQ
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PRS in practice

2 X 2 junction (n =2, m = 2):

'\/1
@ Define the spaces of the
VP = ag 191 + agby2 incoming fluxes
max P @ Consider the demands

71
© Trace the supply lines

@ The feasible set is given

by 2
Q
YPAX = a31791 + as,272 @ Trace the priority line
,\/énax ’7/2
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PRS in practice

2 X 2 junction (n =2, m = 2):

7
@ Define the spaces of the
VP = ag 191 + agby2 incoming fluxes
max P @ Consider the demands

71
© Trace the supply lines

@ The feasible set is given

by 2
Q
5% = a3 171 + az 272 @ Trace the priority line
max Different situations can occur
72 72

12 /30



PRS: optimal point

P intersects the supply lines in 02

max

max

V3

o P

max

V2

Y2
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PRS: optimal point

P intersects the supply lines outside 2

max

max

V2 72
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PRS: summary

General Riemann Solver at junctions:

@ no restriction on A

@ no restriction on the number of roads

@ priorities come before flux maximization
@ compact algorithm to compute solutions

o general existence result via Wave-Front-Tracking
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Outline of the talk

© A multi-class model on networks
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Multi-class model on networks®

p¢ density of vehicles of class ¢ =1,..., N on link I,
pe =Y. pi total traffic density on link I,

Oipi + Oz (pive(pe)) =0 = € It >0,

5[Garavello—PiccoIi, CMS 2005; Cristiani-Priuli, NHM 2015; Samanayarake&al, Tr. Sci.
2018]
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Multi-class model on networks®

p¢ density of vehicles of class ¢ =1,..., N on link I,
pe =Y. pi total traffic density on link I,

Oupl + 0x(pive(pe)) =0  x €It >0,

Summing on ¢ =1,..., N. we get

Orpe + Oz (peve(pe)) =0 x € Iy, t >0,

5[Garavello—Piccoli, CMS 2005; Cristiani-Priuli, NHM 2015; Samanayarake&al, Tr. Sci.
2018]
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Multi-class junction conditions

@ Compose the total distribution matriz.
A = {(L;Z}z ; distribution matrices for each class c=1,..., N.. Set

A:={a;;}, where aj;:= Zac pl_ (D

weighted distribution matrix for the total density of the populations at
the junction.

@ Compute the fluzes (1, .., Yn+m)
using the selected Riemann solver RSy = RS% corresponding to (1).

© Distribute the fluxes among the various classes.
The incoming and outgoing fluxes for each class are given by

’Yz %’71, t=1,...,n, ’7;:20513,57 j=n+1,...,n+m.
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Strategy modeling on network

Goal: minimize the weighted distance from the target 7

Value function

ug(y) = inf {d.(y,z): x € T}

where

dc<y,x>=inf{/y " +Z/ tp))d}

g¢ being the running cost, thus giving the “shortest path”
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Strategy modeling on network (cont'd)

Weighted distance from the target 7°: uy viscosity solution of
Outit(®) + Gty =0 €L
ZE(r)l}ﬁl(iJ}g)ug(O) = ug(Ly) Je € T\NTE, L € Inc(Jx)
u?(Lz) =0, Wg(Lz) eT*

where ¢° is the running cost (¢ =1 or ¢° = vy)

— eikonal equation on network
[Schieborn-Camilli 2013; Camilli-Festa-Schieborn 2013]
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Strategy modeling on network (cont'd)

Weighted distance from the target 7°: uy viscosity solution of

c 1 _
0oui(2) + ey =0 €l

ZE(r)l}ﬁl(iJ}g)ug(O) = ug(Ly) Je € T\NTE, L € Inc(Jx)

u?(Lz) =0, Wg(Lz) eT*
where ¢° is the running cost (¢ =1 or ¢° = vy)

— eikonal equation on network
[Schieborn-Camilli 2013; Camilli-Festa-Schieborn 2013]

We set
Wy = {l € Out(Ji): wu;(0)= min uf(O)}

FjEOut(Jy)

and ,
A,i:{ aj; = 1/|Wgl, if j € Wy

aj; =0, otherwise
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System discretization

Conservation laws:
c,v
pc,u+l _ pc,u At pZ,l Fl/ '-_)/CW
2,1 — FPe1 T £,1 7 e
’ A Pz,l

c,v c,v
c,v+1 — OV At <pﬁ,h Fu p@,h—l Fl/ )

Oh — 0h—1
Az P n h—

C,V
c,v+l _ cw At _c,v pﬁ Ngley
PeNg = Peny T AL Yeng = > Feng—1
¢,Ny PN, -1

where
Fyp = Fo(pi n, Pl ny1) = min {DZ(PZ,h)a Sz(pz’f,h+1)} (Godunov scheme)
At < ming j, Azg,/Ve (CFL condition)

Eikonal equations:

c,v c,v
Ugpy1 — “z,h 1 -0
Az gp(Pe n)
Cc,v _ c,v
ugy, = min gy, xen, =Jk €T

i€0ut(Jy)
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System discretization (cont'd)

Junction coupling conditions:

Wy = {l € Out(Jx): uyy = min ufl"} ,

i€Out(Jy) ©
c,v e c,v
Ac,u — {ac,u} . ac,u — 1/|Wk |7 lf] S Wk )
k gt Sgi Tt 0, otherwise,
N¢ c,v
AY v Pi,N;
k= aj; — )
c=1 Pi,N; ji
v _v v v
(7[17 L) Fyfnk+mk) = RSAZ (pll PEEEE) p@nkerk)
pc v
v iN; _v .
iN; — v I'Viy ZE[nC(Jk),
Pi,N;

by,
Y=Y a5, § € Out(Jy),
i=t;
Initial and boundary conditions

Te,h+1

cv . ecv c
pi(z)dz, U Ny, = Pe,N, = 0, men, €T,
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Outline of the talk

© Examples
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Example 16: Pasadena
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8[Thai-LaurentBrouty-Bayen, IEEE ITS 2016]
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Example 1

g'(p =1 '’ =01-P)p, pi°=Pp 5=09
@Pp)=1-p P-0.5

population 1 time=0 population 2 time=0

population 1 time=1.2 population 2 time=1.2

population 1 time=2 population 2 time=2
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Example 1

01 0z 03 o4 05 06 07 08 09 1
Vehicles rate P

Total Travel Time in the Total Travel Time in the
whole network for each of main road and in the two
the two populations and for detours to reach destination
the whole population de- depending on the penetra-
pending on the penetration tion rate of routed vehicles
rate of routed vehicles P P

Ny Ny

TTT(p) = AtAz > > "> " pi,
v=0LeL h=1
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Example 2: Sophia Antipolis

0 200 400 600 800 1000 1200 1400 1600

27 /30



Example 2

initial condition p = 0.8

P=0.5

population 1, time=0 population 2, time=0

0 0.6 0
0.5 -200
0.4
-400
0.3
-600
0.2
s 0.1 -800 s
0 -1000
500 1000 1500 0 500 1000 1500
non informed informed
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initial condition p = 0.8

P=0.5

_population 1, time=752

-200
-400

-600

-800
b :

-1000
0 500 1000 1500

non informed

Example 2

0.6

0.5

0.4

0.3

0.2

0.1

population 2, time=752

0
26
-200
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-400 30
-600
]
-800 s
4 -4
-1000
0 500 1000 1500
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initial condition p = 0.8

P=0.5

population 1, time=1504

-200
-400 30
-600

-800

-1000 " 1 '
0 500 1000 1500

non informed

Example 2

population 2, time=1504

0
126
-200
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i
-600 ~
.
-800
5
-1000 ES— .
0 500 1000 1500
informed
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0.3

0.2

0.1

28/30



initial condition p = 0.8

P=0.5

population 1, time=2256
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Example 2
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Conclusion

[A. Festa and P. Goatin, Modeling the impact of on-line navigation devices in
traffic flows, 2019 IEEE 58th Conference on Decision and Control (CDC), Nice,
France (2019), 323-328.]

Multi-population model accounting for routing choices:

o Can be applied to any Riemann Solver at junction

@ Solves eikonal equations on networks

@ Reproduces expected behaviour

@ Can be extended to route choice based on traffic forecast

o Convergence?
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Related reference

[N. Laurent-Brouty, A. Keimer, P. Goatin and A. Bayen, A macroscopic traffic
flow model with finite buffers on networks: Well-posedness by means of
Hamilton-Jacobi equations, Comm. Math. Sci., 18(6) (2020), 1569-1604.]

Multi-buffer junction model accounting for variable routing ratios:

o Hamilton-Jacobi formulation of LWR
o Well-posedness by fixed-point theorem
@ Suitable for solving optimal control problems as DTA

e Can (in principle) be extended to multi-commodity
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Multi-buffer junction model accounting for variable routing ratios:

o Hamilton-Jacobi formulation of LWR
o Well-posedness by fixed-point theorem
@ Suitable for solving optimal control problems as DTA

e Can (in principle) be extended to multi-commodity
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